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Abstract: We exhibit that the coefficients of the characteristic equation of any matrix 4,,,, the Stirling numbers
of the first kind and the quantities 3 (ﬂ) i=13""* can be written in terms of the complete Bell polynomials.
k=1, ™
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INTRODUCTION

In [1, 2] we find the following expression for the Bell polynomials:
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therefore:

BW=1 h=x, L=xi+x,, Vo=xi+3x;x,+x;, Vu=x;+6x3x,+4x,x3+3x5+x,,

+

@)
V. =x5+10x %, + 10 2] x3+ 15 x; x3 + 5%, x, + 10 x5 x5 + x5,

In Sec. 2 we exhibit that (1) allows generate the coefficients of the characteristic equation of any square matrix. In
Sec. 3 we indicate that the Stirling numbers of the first kind ¢ [3-5] and the quantities [6]:
n

S,(m) =28, (:] _i.: -, mmn=1, 3)

can be written in terms of (1).

Characteristic Equation: For an arbitrary matrix g4 = (&) its characteristic equation [7-9]:
nxn J
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m—1

A" +a,4 -+ a, A+a, =0, )

can be obtained, through several procedures [7, 10-13], directly from the condition det (4; — 48;) = 0. The approach of

Leverrier-Takeno [10, 14-19] is a simple and interesting technique to construct (4) based in the traces of the powers
A", r = 1,..,n Infact, if we define the quantities:

a;, =1, s, = tr A¥, &= 1,25 coxilh 5)

then the process of Leverrier-Takeno implies (4) wherein the «; are determined with the recurrence relation:

ra,t+s,a, 3 +s5,a,_ 3+ .. +5,_ya,+s5,=0, r=1,2,..,n, (6)
therefore:
a, = —S5y, 2la, =(s4)*—s,, 3lag=—(5)°+3s;5,—25;,

4la,= (s)*—6(s5))* s, +85;55+3 (5)° 65, (7
5! a; = —(s5,)%+ 10 (54)% 5, — 20 (5y)* 53— 15 5,(5,)* + 305, 5, + 20 5, 5; — 24 5, ...

in particular, det A = (-1)" a,, that is, the determinant of any matrix only depends on the traces s,, which means that A
and its transpose have the same determinant.

In [20-22] we find the general expression:

5y S2 53 "7 Sm—1 Sm
r—1y™m m-—1 51 52 Fm-2 Fm—-1
| Rt ]
a, = — 0 m—2 S5 7 S,y Sm-z|, m=1,..,1n. (8)
0 0 0 - 1 5

which allows reproduce the expressions (7). Now we can see that the formula (8) permits relate the coefficients of the
characteristic equation (4) with the complete Bell polynomials [3, 5, 23-25]; with (2) we can deduce (7) if we employ
Xy =5, Xy, =5, X3=—25;, x,=-—6s5,, %= ~245.. thatis [25, 26]:

G = — Y, (=01 53, —11 55, =21 55, —3! 5, ..., —(m = 2)! 5,,_y, —(m —1)! 5,,). 9)
In fact, it is simple to prove that (1) with x, = — (k— 1)! S, implies (8), thus the coefficients of the characteristic
equation (4) are generated by the complete Bell polynomials.

Stirling Numbers of the First Kind: Batir [6] studies (3), then here we show that his results in terms of harmonic sums
can be written with the help of Bell polynomials. In fact, for example, he obtains the expressions:

S.()=4H,, S5,.(2) =

b | e

(HZ2+ H“') 5.9 =3(H2+30, 87 +28P), (10)

s,@=2Hi+e6m2HY +8u HY +3HT) +6 H]
- (11)
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5.(5) = ﬁ[H” +10H3HD 420 H2H® + 15 H, (H?)? +30 H, H Y + 20 P HP + 24 5
with the participation of the harmonic sums [4, 27-29]:

HP =X, 5, k21, HY=H, =1+3+14..41, (12)

n n -

The relations (10) were also deduced by Flajolet-Sedgewick [30].

The expressions (2) allow reproduce the relations (10) and (11) if we employx, = (r — 1)! H,'f_"'"', r=1,..m,thus
2,25, 31]:
s.m)==v (H,1HZ, 2083, . (m-1)1H™) (13)

m! \ /

On the other hand, we know that the Bell polynomials give the Stirling numbers of the first kind [3-5] via the formula
[23, 31, 32]:

tm+1) f—1yMm+m

Spry ) == Y (H, —11HZ, 215, .., (m— 1)!H_,§”'-4'_], (14)

hence (13) and (14) are unified in the following relation:

( - . ) ] 5 m! 8, (m), i =
Y L&, A H»‘:—'.- JPH.IQJ e =1 !H.I;'“LI = 4=-13" T L im+1) .

which shows to the Bell polynomials as generators of the quantities (3) and the Stirling numbers.
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