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Abstract: For any type D empty 4-space, in the canonical null tetrad, we determine the Andersson-Edgar’s
potential for the Lanczos spintensor.
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INTRODUCTION

Here we consider an arbitrary empty spacetime, type D in the Petrov classification [1-3], with a canonical null

tetrad (/4 pH gt gty [4] such that:

v,=0, r2, y,#0, k=0=21=v=0,

In terms of the Newman-Penrose (NP) formalism [1, 5-9]. Besides, the Bianchi identities acquire the form:

Dy, =3py,, Ay, =-3uy,, 8y, =31y, &y, =-3my,.

On the other hand, the Lanczos spintensor X, [10, 11] generates the conformal tensor via the equations

8, 12-14]:

Vo =2110Q¢ — DQy + (-0 =3B + 7)Q + 300 +(p —3e —€)Qy —3kQs5],

2y = fIAQy + 380 +8Q, —3DQs — By +7 + 31— L)Q +3(—0 — B + T +7)Q + 60, +
Bot =B +3T+T)Qy +3(e —€ — p + P)Qs — 6K ],

Wy = fIAQ +8Q, — 8Qs — DQg vy — QU -+ Y +7)Q + (—0 + B + T +27)Q, + 003 +
AQy + (00— B+2m +T)Qs — (£ +E — P +2p)Q — KQ4 ],

2y3 = f[3AQ, + 005 —35(26 —DQ, -6V +3(T—U =7 +Y)Q + (-0 +3B +31+T)Qs +
6AQs +3(—0t — B+ +T)Qg — (36 +& — P +3p)Q ],
Wy = 2f[AQ; — 80, — 3V, + (| + 3y —7)Q3 + 3AQ¢ + (<3a - B +T)Q,],

where the Q,, =r=0,...,7 are the NP components of K ;, and f{x') must be determined for the given geometry; with (1) and

(2) we can obtain the following solution of the Weyl-Lanczos equations (3) [15, 16]:
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Q, =0, k=0,3,47, f=-y3"3,

P. 2/3 T 2/3 T -2/3 H  _2/3
Ql=51l/2 , Qz=5‘l/2 , Q5=5‘I/2 ,(26:51//2 ) )

with the important participation of spin coefficients associated to the canonical null tetrad.

The Lanczos spinor [13, 17-21] is given by:

Lypep =1alplc(Qolp = Quop) + (Lylgoc + (0,4 * )l )(—lp + Qs0p) +
(040plc + (04 *1g)oc ) Qylp —Qgop) + 0 40500 (= 2l + Q70p), (%)

In terms of the spinors associated to the null tetrad:
Mo voB, o IAIB, m* & OAIB, m" o leB; (6)

Besides andersson-Edgar [22-24] proved that any Lanczos spinor can be generated via the relation:

Lascp =VED" spcps Taper = T 4c)E> ™
Such that:
Typce =lalplc(Molg —Agop) + (Lylgoc + (04 * 1) )(=Aylg + Asop) +
(040plc + (04 *Ig)oc)(Aolg = Aeop) + 0 4050c (=A3lpAq0E). (®)

Therefore, (5), (7) and (8) imply the following NP equations:

Qo =0Ay — DAy +(m —4a)Ag +3pA; + (26 + p)Ay —3KAs,

Q, =6A; — DAs —AAg + (= 200) Ay + 2pAy + TA 4 + pAs — 2KA,

Q, = 6Ay — DA —2AA; +7tA, + pA5 +2mAs +(p —2€)Ag — KA 7,

Q3 =06A3 —DA; —3AA, + 20t + )A5 +3mAg +(p —4€)A5, 9)
Qu=AAg— A, + (L —4Y)Ay+3TA; + (2B +T)A4 —30As,

Qs =AA| —0A5—VAy+ (U —2Y)A; +2TA, + UA 4 +TA5 — 20,

Qg =AANy) —6Ag —2VA| + UM, +TA3 +2UA5 + (T —2B)Ag —OA5,

Q7 =AA;—0A7 —3vA, + 2y + ) A3 +3UAg + (T —4B)A,

If we select the values:

A, =0, r#2.5, AZ:AS:%WZ_N?’, (10)

then with (9) we reproduce the expressions (4), that is, the Andersson-Edgar’s potential is given by:

(11

/3[

I _
Tapce =1g¥2" [algoc +(04*Ip)ic)og + (0 05lc + (0.4 *I)oc)Ig ],

for any type D empty spacetime in the canonical null tetrad.

The results (7), (10) and (11) are equivalent to the tensor relation:
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Kuve =Upvap™ - (12)

Such that U, has the algebraic symmetries of the Weyl tensor C,,,; and (12) implies the following NP equations:

Q) = Dy, = 6y +(4a—1)yy —2(2p +€)Y; + 3KV,

Q) = Dy, =8y + Ayg + 2(@ — )y, =3pY, +2K73,

Q, = Dy3 =87, + 24y, = 37y, + 2(€ = P)Y3 + V4

Q3 = Dy, - 8y3 + 347, — 227 + a)y; + (46 — p)Y4 (13)
Qy =8y - Ay +(4y — Yo —2Q2T + By +307,,

Qs =6y, — Ay +VYo +2(y — W) + 31y, + 2073,

Qg =06y — Ay, +2vy; =31y, + 2(B —1)y3 + 04,

Q7 =6y, —Ay3 +3vy, 22U —-Y)y3 + (4B = T)Y4,

where the v,, 7 = 0,1....,4 are the NP components of U,,,;, similar to the y, for C,,,; then (13) and the values:

7=0, r%2, 7 :_%w;/a (14)

Generate the expressions (4), that is, the Lanczos potential for any type D vacuum geometry has the structure (12)
in the corresponding canonical null tetrad, such that:
. 1 23
quaﬂ +l*U/JV0(ﬂ =—gl,l/2 (M,uvMaﬁ +V/JVUO!ﬁ +U,quaB)’
Vip =l xmy, Uy =m,xny, My=m, xm,+n, x1,. 15)

a

The relation (12) occurs in the Godel cosmological 7. Hasmani, A.H. and P.I. Andharia, 2011. Algebraic

model [25]. computations of spin coefficients in Newman-
Penrose formalism using Mathematica, J. of
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