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Abstract: We study how generate orthogonal 4x4-matrices using a quaternionic triple product, which leads in
natural manner to Dirac matrices and the analysis of rotations in three and four dimensions.
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INTRODUCTION

The quaternionic units obey the algebra [1-5]:

r=ry=K-=-1. NDK=-1.

which allows realize the product:

F=pF,
with:
F=F1+FJ+F,K+F, (2.b)
p=p 1+p, I +p;K+p, (2.¢)
then (2.a) acquires the matrix form [6]:
! Py P3Py Pi\ /R R
F, _ P3 Py —P1 P2 F, =p F,
3 -p, P1 Ps P3|\ R F 3)
g F+ : —P1 P2 P Ps Fy. F,
The square of the magnitude of F is defined by:
IFI?=FF=FF=F’>+F>+FR2+F? (4.2)
such that
F=-FI1-F]J-FK+F,, (4.b)
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and we note that for any A and B:

B=BA.
Thus from (2.a, 3, 4.a,¢):

|F|" =p IF*5=pp|F]> detP =(pP),

therefore if p is unitary:

- -

PP=p +p  +pt 0t =1, detP =1,

then the magnitude of F is constant:

- - i

A +E +R +E =FR2+RI+RI+FL

=

which is equivalent to:

'

Jr?'1. Fy
= -y F,
(F K K E)| S |=(F E F F) E
3 3
F, \Fy

hence (3) and (6.b) imply the orthogonal character of the transformation:

PTP =lyy,
Similarly, the product:
F=Fgq,

has the matrix representation:

R\ /a4 & -2 a)\ /R /By
E, | _[| 43 q. 4y 42 F | _ F,
El | @@ —au a4 a |\R|TY\R/
I;. 15 —4q2 —493 44/ \F,, \F,.

L ¥,

and (6.a) is valid if q is unitary, then Q is orthogonal with det O =1
The cases (2.a) and (8.a) can be unified via a triple quaternionic product:

F=pFq,

that is
;%\ -
;; =Dz, i; : b=pra,
£, Fs

(4.0)

(5.a)

(5.b)

(6.2)

(6.b)

(7

(8.2)

(8.b)

(9.2)

(9.b)
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thus [EI” = (P (@@ IFI* 4ng (6.a) is verified for [p| =|q| = 1 with P and Q orthogonal matrices, therefore:
DD =1, detD = 1, (9.c)

Now we shall realize applications of (9.a,b,c): The Sec. 2 shows that D reproduces the sixteen Dirac matrices [7] if
p and q coincide with the quaternionic units. The Sec 3 considers the case of special relativity because D generates
Lorentz transformations [8-10] if @ = P - The Sec. 4 is dedicated to 3-rotations when p is real and unitary, that is, [p| = 1,
p=p andq = p.

Dirac Matrices: In relativistic quantum mechanics are important the following sixteen 4x4-matrices [7]:

o_(I 0 s _(0 I TR R . ( 0 o\ r=123 (10)
Lo (,o _;j' i ( o]’ £ (—1 0_]‘ t —g, 0 ]‘
o = _g™0 = (: C'g)‘g_,-:c - _gki= (Cg 2:)’(]“) is a cyclic permutation of (123),

with the Cayley-Sylvester-Pauli matrices [1, 11-13]:

0 1 0 =i 1 0 PR,
‘Tl=(1 o) J”=(z' o) J3=(o —1) 1=V (11

Now in (9.a) we can select to p and q as the quaternionic units, for example, if p = 1, q = K, then from (9.b) we obtain
that D =i ¢°'; similarly, if p =1, q = J, therefore D = — y' ¥°, etc. Thus, this process allows construct the Table [14]:

pP\dq | I ] K
1 I ?,1 D i g1
I o2 —y3yS —ylys —y5 (12)
J 40,5 o 3? o12 { 2s2
K — }_.:}_.E 1-O.C-3 ; O_Ci .0

If w denotes any matrix into this Table, then is simple prove the properties:
w=wT, W =w, wi=+w, (13)
that is, all matrices are real, orthogonal and symmetric or antisymmetric.

Lorentz Transformations: In Minkowski spacetime [8] the linear Lorentz transformations connect the coordinates of two
reference frames in uniform relative motion [c is the velocity of light in vacuum]:

i al {1
iv | _ [y
iz | =2\ iz ) (14.)
\Cf.—’ '-\Ct_r

which in geometrical terms corresponds to 4-dimensional rotation:

10
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(cB)? —%2— 52— 22 = (ct)? —x* —y? — 2%, (14.b)

in according with the postulates of special relativity.
If the quaternion (2.b) is selected as:

F=ixI+iy]J+izK+ ct, (15)
then (6.a) and (9.b) reproduce (14.a,b) and (9.a) implies:

ixI+iv]+iZK+ci=p(ixI+iy]J+izK+ct) q, (16.a)
where we can apply the operations * and (4.b,¢) to obtain:

X1+ iv]+iZK+cf=q (ixI+iv]+izK+ct) P, (16.b)
whose comparison with (16.a) gives 4" = P. that is:

Q=7 lpl = 1. (17
Thus (9.a) acquires the structure [8, 15-26]:

E=pFp, PppP=1 (18)
then with (15) we can generate Lorentz transformations verifying (9.c). For example, if we select:

p=—i senhC—) K + cosh (:) (19.a)

we obtain the known relations:

Ii=x, ¥V=y, Z=y(z—wvt), t=y (r—;—;: ; . . (195)
A ce .

connecting to two observers with motion in the z-direction and relative velocity v.

Rotations in Three Dimensions: Here we consider Lorentz transformations such that:

]
Il
o+

(20)

which corresponds to 3-rotations. If we apply (20) into (16.a), then it is possible to eliminate ¢ when pq = 1, thus from (5.b)
and (17):

p=q* 2n

that is, the Lorentz matrices generate spatial rotations if in (9.a) p is unitary and real. Then (14.a) gives the expressions:

(

-t ol

ba
I
|
1]
|
[ F]
Il
b
1
|
Co
1
|
-1
[

X
')=R(_\'), RRT=1  detR=1, 52

e

(22.a)

From (9.a), (17) and (21) is immediate to deduce the following structure of R reported in the literature [24, 27-34]:
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(1—2(p3 +pi) 2(pyp: —Paps  2(PaP3 +P20s))
( 2(ppy +o3p: L —2(pi +p5) 2(paps — P1p2 |-
2(p1Ps —P2Ps 2(PaPe T P203) 1 —2(pf T 1)/
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