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Finite Binomial Expansion of Gregory-Newton
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Abstract: We employ the Gregory-Newton's polynomial interpolation to prove the Newton's binomial theorem
and deduce relations involving harmonic and Stirling numbers & also Laguerre polynomials.
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INTRODUCTION
The function can be interpolated with a
polynomial of degree (n — 1) in the equidistant data points
[x1, x50 X55ee0X 1, X,] = [0,1,2,..., n-2, n — 1 ]via the finite
binomial Gregory [1-3] - Newton [4] expansion [5, 6]:
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with the simple differences of Euler (1755):
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and the remainder of Lagrangian interpolation [6, 7]:
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In Sec. 2 we apply (1) to several functions to obtain
the Newton binomial theorem [4, 8, 9], relations involving
Stirling and harmonic numbers [10-13] and also the
Laguerre polynomials [14-21].

Applications of Gregory-Newton Expansion: Here we
consider applications of (1) to various functions, for
example:

*  flx) =x". Therefore, (2) implies the Euler's expression

[11]:
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with the participation of the Stirling numbers of the
second kind S, [10, 11, 13]. Besides, f/ (x) = n!, thus

N E: and from (1):
N (x) = n! \
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because, SEln] -1.

. /< - Then (2) gives the Lanczos relation [6]:
f==.
X
A1) =0 a- N0 =EDFr o, ©)

where we employ the Rainville's notation /' = f{r) and L, (¢)
denotes a Laguerre polynomial [14-21]. Thus (1) implies
the expression:
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which for x = n-1 = m allows deduce the property:
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a . and from (1):

* f)=(+ %)x. Therefore ;)
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then for x = n-1 = m we obtain the Newton's binomial theorem [4, 8, 9]:

(a+b)" = ZZ_O[Z’]JW"‘. (10)
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