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INTRODUCTION AND PRELIMINARIES
Definition 1.1: [2] By a BCH-algebra we shall mean an
algebra (X,*,0) of type (2,0) satisfying the following
axioms: for every x,y, z €X,

1) xxx=0,

(I12) x*y=0and y*x=0implyx=y,

13) (x*y)* z =(x *z) *y,

Proposition 1.2: [1, 2, 3] In a BCH-algebra X, the
following holds forall X, y, z €X,

(1) x*x0=x,
(2) (x*(x*y)*y=0,
() 0*(x*y)= (0 x)* (0 y),
(4) 0%(0*(0%x)=0*x
(5) x<yimpliesO*x=0x*y
[2] A BCH-algebra X is called proper if it is not a
BCl-algebra. It is known that proper BCH-algebras exist.
In any BCH/BCI/BCK-algebra X we can define
a partial order< by putting x<y if and only if x*y=0,

[4,5,7].

Definition 1.3: [2] Let I be a nonempty subset of X.
Then 1is called an ideal of X if it satisfies:

(i) Oel
(i) x*yelandy elimply x €l

Definition 1.4: An ideal I is called a closed ideal of X if
for every xel, we have 0*xel.

Definition 1.5: [2] Let S be a subset of X. S is called a
subalgebra of X if for every x, y €S, we have x*yeS.

ATOMS OF BCH-ALGEBRAS

From now on X is a BCH-algebra, unless otherwise
is stated.

Definition 2.1: A BCH-algebra X is called medial if
(x*y)*(z *u) =(x*z) *(y *u)

forallx,y, z,ueX.

Definition 2.2: A BCH-algebra X that satisfying in

condition 0*x=0=>x=0 is called a P-semisimple BCH-
algebra.

Definition 2.3: A BCH-algebra X is called associative
BCH-algebra if (x*y)*z =x* (y*z), for all x, y, z, ueX.

Definition 2.4: In a BCH-algebra X, define

X, :{xeX|x20}
and
L, (X)={aeX, \{0]x<a=x = ay xe X\{0}]
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L, (X):={aeX|x<a= x= a¥ xe X}
L(X)={a eX\{0]x <a=x= ay xc X\{0}]
L, (X):=L ,(X)\{0}

L, (X):=L«(X) w{0}
L{X}:=L(X)u{0}.

Example 2.5: Let X= {0, a, b, ¢, d}. The following table
shows the BCH-algebra structure on X

UO o o O %
o0 o v oo
o0 o o o e
o0 oo oo
oo oM OO0
[l oy o Ny o R « T o

Then Ly(X) = {a}, Ly (X) = {0, d} and L (X) = {a,d}.

Example 2.6: Let X = {0, 1, 2, 3}. The following table
shows the BCH-algebra structure on X.

W - O %
W NN = O O
S O O O =
S O WO N
SN WO W

It is clear that Ly (X) = {3}, Ly (X) = {0} and [; (X) = {3}

Example 2.7: Let X={0,a,b,c,d,e,f,gh,ijklmn}. The
following table shows the BCH-algebra structure on X.

*0 a b ¢c d e f g h i j k1 mn
00 0 0 0 0O 0 0 O h h h h I I n
a a 0 a 0 a 0 a 0 h h h h ml n
bbb o0 0 f f f f i h k k I I n
c ¢c b a 0 g f g f i h k k m 1l n
ddd o 0 0 0 d dj h h j I 1 n
e e e a 0 a 0 e d j h h j m1l n
f £f f 0 0 0 0 0 0 k h h hl I n
g g f a 0 a 0 a 0 k h h h a I n
h h h h h h h h h 0 0 0 0 n n 1
i i i h h k k kK kK b 0 f f n n 1
j j j h h h h j j d 0 0 d n n 1
k k k h h h h h h f 0 0 0 n n 1
1 1 1 1 1 1 I I 1 n n n n O 0 h
mm 1l m 1l m1l1l m1l n n n n a 0 h
nn nnnnmnmnmnl 1 h 1 h h 0
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Then LKOQ ={af}, LP(X) ={0,h,Ln}

and

LX)={athln}.
Proposition 2.8: In X, the following properties hold:

(1) Lp (X) =Med(X), where Med (X) = {xeX]| 0%(0*x) =
x} is the medial part of X,

(i) Ly)NLEX)=9¢,

(i) LO=L()UL,(X)

(iv) X is a P-semisimple BCH-algebra if and only if Lp(X)
=X

Proof: (i) Let ac Lp(X). Then 0*(0*a) = a follows from
(0*(0*a))*a = 0. Hence acMed(X).

Conversely, let acMed(X) and xX be such that
x*a=0. Then

axx=(0*O0=*a)pk x=(0*x)*(0*a)
=((x *a) *x)*#(0 *a) =((x *x)*a)* (0 *a)
=(0=*a)*(0=a)=0.

Hence a = x and aeLp(x). Therefore Lp(x) = Med (X).

(i) Ifa e Ly(x)N Lp(x), then ae X, Lp(x) = {0} and so
a=0, which is a contradiction. Hence Lg(x) N

Lp(x) =¢.
(iii) Straightforward.

(iv) Let X be P-semisimple. Since X = Med(X), it follows
from (i) that X = Lp(x).
Conversely, if X = Lp(x) then Med(X) = X.

Remark 2.9: If X is a BCK-algebra, then L(X) = L.(x).
But the converse is not true [6]. In Example 2.6 we have
X=X and LX) = {0, 3} =L.(X). On the other hand we
have (0*¥2)*(0*1) = 0 % 3 = 1*2. Hence X is not a BCK-
algebra.

Definition 2.10: The elements of I (X) (resp. Ip(X),
Li(X) are called a K-atom (resp. P-atom, I-atom) of X. For
any aeX. Let

V(a)={x eX1a <x}
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If aely(X) (resp. L(X), Li(X)), we say that V (a) is K-
branch (resp. P-branch, I-branch) of X with respect to a.

Note that {P-atoms} U {K-atoms} = {I-atoms}.
Obviously,V(@cV(0)=X,, for all aelgX and X

=Y, V@. But X' 24, V@, where X'= X\{0} as

shown in the following example.

Example 2.11: Let X= {0, 1, 2, 3, 4}. The following table
shows the BCH-algebra structure on X.

AW N = O

AW D= O O
AW D OO =
AW O O O N
A O O = O W
(= L e

It is routine to check that [;(X) = {1,4} and L(X) = {0, 1,
4}. It is clear that i) Va)={124=X .

Note: In the above example, we see that there exists xe X
which is not contained in any I-branch of X.

Definition 2.12: IfX =u

AE(X)

V(@), we call X the BCH-

algebra generated by I-atoms.

Example 2.13: Let X = {0, 1, 2, 3, 4, 5}. The following
table shows the BCH-algebra structure on X.

“wn AW N = O

wn A WD = O O
[ N S - =T
A A LW O O O P
wn b O N~ O W
[N e R LY N
(= L L Y

It is routine to check that Ly(X)={l,3,4} andV
(D)=1{1,2},V(3)={3}, V(4 = {4,5}. Thus

X' =V(1)uVE)U V@)
and so X is a BCH-algebra generated by I-atoms {1,3,4}.
Lemma 2.14: ac¢(X) if and only if ac L;(X)nX..

Proof: By definition we have [x(X)c X, and L;(X). The
converse is clear.
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Lemma 2.15: If ae LX) satisfies the condition
x*(x*a)e X\ {0} for some xeX, then aeX.

From above lemma we have the following theorem.

Theorem 2.16: Let a be an I-atom of X which satisfies in
the following condition x*(x*a)eX,\{0} for some xeX.
Then a is a K-atom of X.

Proof: We have from Lemma 2.15, aeX, also ac;(X)
hence ael; (X) nX,. By Lemma 2.14, we get that
aelg(X) soais a K-atom.

We have a characterization of P-atom by I-atom.

Theorem 2.17: Let acX. Then a is a P-atom of X if and
only if ac;(X) and x*(x*a) #0, for all xeX.

Proof: Let a be a P-atom and
ael(X)c LX) =L(X) U0}
Then acLy(X), since (x*(x*a))*a=(x*a)*(x*a)=0 it follow
that x*(x*a)=a=0.
Conversely, let ac;(X) and x*(x*a)0, for all xeX.
We show that azly(X). If ae Ly(X), then 0*a=0. So
0*(0*a) =0. Which is a contradiction.

The following theorem is a characterization of an I-
atom in a BCH-algebra.

Theorem 2.18: Let ac X' and X(a)= {x eX|x*(x*a) #0}.

Then the following conditions are equivalent:

(i) A is anI-atom of X,
(i) a=x*(x*a) for all x e)?a),

(i) (x*y)*(x*a)=a*y, for ally eXx e% .

Proof: (i) =(ii) By (x*(x*a))*a=0 and (i) we have a=
x*(x*a).

(i) =(ii)) By hypothesis we have (x*y)*(x*a) =
x*(x*a)*y=a*y.

(ii)=(ii) Let xe% and y = 0. Then x*(x*a) =
(x*0)*(x*a)=a*0=a.

(i)=(@) Let b=0)eX. Since w*a=0, then w*(w*a) =
w*0 = w20 and sowe%. It follow from (ii) that a =
w*(w*a) =w. Therefore a is an [-atom of X.

Remark 2.19: [6] If X is a BCl-algebra, then the
following conditions are equivalent:
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(i) aisanl-atomofX,

(i) a=x*(x*a), for all xe X

(i) (x*y)*(x*a)=a*y for ally eX,x e%.

(iv) a*(x*z)<z*(x*a), for all zeXx eX(a),

(v) (a*y)*(x*z) <(z*y)*(x*a), for ally,ze X x eX(a),
(vi) x*(x*(a*y))=a*y, forall yeX,x e%.

We can see that these relations need not be true in
BCH-algebras. Since in Example 2.7, if xe X, then %=
{a, c, g;m} alsoais an I-atom then (i) holds. If x=g then

a*(g*1) =04 1= 1*(g*a).

So (iv) does not hold. If y =0, x = g and z=1, then
we have

@*0)*(gxD=a g*1), (1+0)*(g*a) =1 *(g*a) .

Then
a*(gx1)#l *(g=*a).

Furthermore if x=g e% and y = mthen
gx(g*(a*m)) =g *(gx D= gr a= f£l=a*m .
So that (v) is not true.
Theorem 2.20: If X is an associative BCH-algebra,
then the conditions (i),(ii),(iii),(iv),(v),(vi) of remark 2.19

are hold.

Proof: Let X be an associative BCH-algebra. For all x, y,
ze X, we have

((xxy)*(xz)px (zy) = ((x *(x*2)p y)* (2* y)
=(((x*x)*2) *y) %(z #y) =((0x 2)* y)* (z*y)
=0*(zxy)¥ (z+ y)= 0% (2 y)*(z*y)
=0*0=0.

Then X is a BCl-algebra.

Corollary 2.21: For any nonzero element a of X, the
following conditions are equivalent:

(i) aisaP-atom of X,
(i) a=x*(x*a)for all xeX,

(i) (x*y)*(x*a)=a*y, forall X, yeX.

Proof: Let ax0)eX. If a is a P-atom of X, then
(x*(x*a))*a=0 also a is an I-atom of X and x*(x*a) = x=0,
for all xeX. Thus conditions (ii), (iii) follows from
Theorem 2.18.

Conversely, assume that conditions (ii) and (iii)
holds. Then we know that x*(x*a) =0, for all xeX. It
follows from Theorem 2.18, that a is an I-atom of X.
Hence by Theorem 2.17, a is a P-atom of X. This
completes the proof.

Corollary 2.22: Let a(=0)eX and

X(a), =& eX|x*(x*a)>0, x* (x *a) %0} #¢.

Then the following conditions are equivalent:

(i) aisaK-atom of X,
(i) a=x*(x*a), for all xeX(a).,
(i) (x*y)*(x*a) =a*y, for ally eX, xeX (a), .

Proof: Assume that a is a K-atom of X, then ac;(X)
since L(X)=L(X)UL,(X). Note that X(a), g%, so from
Theorem 2.18, we get that any one of (ii)-(iii) holds.

Conversely, if any one of the condition (ii)-(iii) holds,
then 0<x*(x*a) <a for any xeX (a), i.e. aeX.. Let
ye%. Then y*(y*a) #0, since y*(y*a) <a we have
y*(y*a) >0. This show that yeX (a). and so %=
X(a).. From Theorem 2.18 we get that ac4(X), so that
ael; (X) nX,=Lk(X). Then a is a K-atom.

Theorem 2.23: Any finite BCH-algebra is generated by
[-atoms.

Proof: Let X be a finite BCH-algebra and xe X . Let

(x]={a eX*|a£ x}.

Then clearly x € (x] and so (x]#¢. Hence we can take
a minimal element of (x], say a,. We claim that. a,e L;(X).
For any zeX’', assume that z*a, = 0. Then z<a,<xand so
z € (x]. Since a, is a minimal element of (x] it follows that
z = a; Hence aely(X) and xeV(a;). Therefore
X' = ubeL[(X)V(b)'

Theorem 2.24: 1,(X) and L.(X) are subalgebras of X.

Proof: Let a,belp(X). We have L(X) = Med(X), so
0*(0*a) =a and 0*(0*b) = b, then
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0+(0*(a*b))=0 *((0+ a)* (0% b))
=0#0*a)) (0+ (0 b)) a* b

It follows that a*beMed(X) = Ly(X).

Note: The following example shows that L(X) may not
be a subalgebra of X.

Example 2.25: Let X be BCH-algebra in Example 2.7.
Then L(X) = {0, a, f, h, I, n} is not subalgebra of X, since
a, 1 € L(X), but a*1 = mg L(X)

Definition 2.26: An ideal I of X satisfies the following
condition xe I and aeX\I imply x*a€l, is called a *-ideal
of X.

Note: Every *-ideal is an ideal.

Lemma 2.27: Let I be an ideal of X. ThenIis a closed *-
ideal of X if and only if Ly(X) 1.

Theorem 2.28: In X, the following conditions are

equivalent:

(i) Every nonzero element of Xisa K-atom of X, i.e.,
X = Le(X){0},

(i) x*y=x, for all x, y € X with x=y,

(i) x*(x*y)=0, forall x,ye X with x£y,

(iv) every subalgebra of X is a *-ideal of X.

Proof: (i)=(ii) Assume that (i) holds and letx, y € X be
such that x#y. Then x*y<x since y eX = Lg(X)u{0}. If
x = 0, then obviously x*y=0 = x. Assume that x=0. Then
xelx(X). Note that x*y=0, because if y = 0, then

x*y=x#0 and if y=0 and x, yeLg(X) we have [x(X) is a
subset of X, then 0=x*yeLy(X). Therefore x*y=x.

(i) =(iii) It is clear.

(il))=(i) Assume that (iii) holds and xe X. If x = 0, then
we are done. Suppose x#0. Then by (iii), we have

0*(0*x) =0 therefore 0*x =0*(0*(0*x) = 0*0 = 0, then
X=X, and so Li(X) = [x(X).

Finally if X# ©Li(X)u{0} then there exists
7z(#0)e X\L1(X) such that a*z=0, for some a(=0), zeX. It
follows that a*(a*z) = a*0= a#0, which is a
contradiction. Therefore X = L;(X)u {0}= Ly (X)u {0}.
(i)=(iv). Let S be a subalgebra of X and x*y,yeS.
If x =y, then clearly x € S. If x#y, then x=x*yeS. Hence
S is an ideal of X.

(iv)=(@). Note that L(X) is a subalgebra of X. It
follows from (iv) that L(X) is a *ideal of X. Clearly
L.(X) is closed. Hence Lp(X)c L.(X) and so Lp(X)={0}

since Lp(X)N Li(X)={0}. This shows that L(X) = L.(X).
Now let a be a nonzero element of X and 0#zeX be such
that z*a=0. Note that S: = {0, a} is a subalgebra of X and
hence S is a *-ideal of X by (iv). Since S is an ideal of X,
it follows from z*a=0 that ze S and so z = a. This means
that aci(X)c L(X) = L(X). Since a0, it follows that
aelyg(X),i.e., ais a K-atom of X.

In the following we study branches of X. Note that
V(@nV(b)=d, for some a, b € L;(X) with a=b as shown
in the following example.

Example 2.29: Let X = {0, 1, 2, 3, 4}. The following table
shows the BCH-algebra structure on X.

AW NN = O

A WD = O O
L S SN e e
A= O = O N
A O ©O ©O O W
S W NN = O B

Then L(X) = {1,2,4} and V(1)={1,3}, V()=
{2, 3}. Therefore V (1) NV (2) = {31.

Now, we want to define a proper I-branch of X and
the proper I-branch BCH-algebra.

Definition 2.30: Let acl((X). Then a branch V (a)is
called a proper I-branch if for all b e L;(X), V(anV(b) # ¢
whenever azb. If every I-branch of X is a proper I-
branch of X, we say that X is a proper I-branch BCH-
algebra.

Lemma 2.31: Ifa e ,(X)., then 0*(0*x) =a, for all xe V(a).

Proof: Let acly(X) and 0*(0*x) =a,, forall x €V (a).

Then 0*(0*a,) =0*(0*(0*(0*x))) =a, and so a,eMed(X) =
Lp(X). Then

a*a, = (0x (O*a)y (0 0+ x)p 0% (0* @*x)) =0
Since a,eLp(X), it follows that a=a,=0*(0*x)).

Theorem 2.32: If a BCH-algebra X satisfies the

following conditions:

(i) c*a=c forall aclg(X) and ceV(a)\{a},

(i) every subalgebra S of X with |S|>3 is an ideal of X,
then X is a proper I-branch BCH-algebra.
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Proof: Let aely(X). Then either aelyg(X) or
ael,(X).Consider the case ael,(X).We claim that

V(@nV(b)=¢, for all bel;(X) with a#b. In fact, if
V(@ V(b)z¢, for some bely(X) with azb, then there
exits ceV(a)nV(b). It follows from above lemma that
0*(0*c) =a. In this case, b must be in L,/(X) because if

belg(X), then 0<b<c and so ceX,, which implies that
a=0*(0*c) = 0, which is a contradiction. By above
lemma, we have a = 0*%(0*c) = b which is a contradiction.
Therefore V(a)"V(b)=¢, for all beL;(X) with a=b.

Now, consider the remaining case, if aeLg(X).
Assume that V(a)"V(b}=¢ for some bel(X) with a=b,
then there exists ce V(a)"V(b). If ¢ = a, then b<a implies
b = asince aeLg(X). If c#a, then c*a=c by (i). Hence S =
{0, a, c} is a subalgebra of X. It follows from (ii) that S is
an ideal of X. Hence b*c=0€eS and ceS imply b €S. But
beL(X) implies b=0 and so b=c or b=a. Since ¢ not in
Li(X), it follows that b = a, which is a contradiction. This
prove that every I-branch of X is proper so that X is a
proper I-branch BCH-algebra.

Theorem 2.33: Let X be a proper I-branch BCH-algebra
and a,b e[4(X). Then a*y=a, for all acLp(X) and y e X...

Proof: Let aclp(X) and yeX,. We have a*y<a, since
aelp(X), then a*y=a.

SOME TYPES OF IDEALS IN BCH-ALGEBRA

Definition 3.1: A nonempty subset I of X is called a
P-ideal of X if

i Oel
(i) (x*z)*(y*z)eland y elimply xe [, forallx,y,z € X.

Proposition 3.2: Any P-ideal of X is an ideal of X.

Proof: Let I be a P-ideal, x*yel and ye I. Then x*y=
(x*0)*(y*0) €l and y €l imply that xe L.

The following example shows that the converse of
above proposition is not correct in general.

Example 3.3: Let X = {0, 1, 2, 3, 4}. The following table
shows BCH-algebra structure on X.

*

AW O = O

AW O = O O
AW O O O =
AL O O O N
A O O = O W
S A B b~ b
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Then I = {0, 1} is an ideal of X, but it is not a P-
ideal, since (2*2)*(1*2)=0€el and 1 €1, but 2¢L

Lemma 3.4: If I is a P-ideal of X, then X, I

Proof: Let I be a P-ideal and aeX.. Then 0*a=0¢<I and
(a*a)*(0*a)=0€el since I is a P-ideal, therefore acl.

Remark 3.5: In BCl-algebra converse of above lemma is
true but in BCH-algebra is not true. In Example 2.7 it is
routine to show that I ={0, a, b, c, d, e, f, g} is an ideal
and X.cl. Which is not a P-ideal because (m*1)* (g*1)
=a*a=0el and g €I, but mgl.

Theorem 3.6: Every nonzero element of X is a P-atom if
and only if every subalgebra of X is a P-ideal of X.

Proof: Assume that every nonzero element of X is a P-
atom and S is a subalgebra of X. Since X = Lp(X),
therefore X is P-semisimple and hence is medial. It
follows from Definition 2.1 that (x*y)*(0*y)
(x*0)*(y*y) = x and

(xxz)*(y*2)= (e y) (2 2= (¢ y) G x*y

Let (x*z)*(y*z)eS and y €8, for all x, y, ze X. Then

x=(x*y)* (0 *y) =((e 2)* (y* )} (0*y)eS

Therefore S is a P-ideal of X.

Conversely, suppose that every subalgebra of X is
a P-ideal of X. Since Lp(X) is a subalgebra of X and so is
a P-ideal of X. Then we get that X.cLp(X). Note that
XiNLp(X) = {0}, so that X, = {0} and X=Lp(X). This
implies that every nonzero element of X is a P-atom of X.

Definition 3.7: A nonempty subset I of X is called an
implicative ideal of X if

i O0el,
(i) (x*(y*x))*zelandz elimplyx €], forallx,y,z € X.

Proposition 3.8: Any implicative ideal of X is an ideal
of X.

Proof: Let I be an implicative ideal, x*zel and z €l. Then
x*z=(x*0)*z = (x*(x*x))*zel and z € [ imply x €l.

Every ideal need not be an implicative ideal as
shown in the following example.
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Example 3.9: In Example 2.7, we can check thatI = {0, a,
b, ¢, d, e, f, g} is an ideal of X but (h*(0*h))*a = (h*h)*a
= 0el and a €I, but hel. Hence I is not an implicative
ideal.

By the following examples we show that notions of
implicative ideal and P-ideal are independent.

Example 3.10: Let X = {0, a, b}. The following table
shows the BCH-algebra structure on X.

* 0 a b
0 0 0 0
a a 0 a
b b b 0

Now, we can see that I = {0, a} is an implicative
ideal but is not P-ideal, because (b*b)*(0*b)=0<l and
Oc I,butb gl

Example 3.11: Let X = {0, a, b, c}. The following table
shows the BCH-algebra structure on X.

* 0 a b c
0 0 a b c
a a 0 c b
b b c 0 a
c c b a 0

Then I = {0, a} is a P-ideal, also (b*(0*b))*a =
(b*b)*a = ael and ae I, but bgl. So I is not an

implicative ideal.

Theorem 3.12: Let I be an ideal of X. Then I is an
implicative ideal if and only if x*(y*x) €l imply that xe L.

Proof: Assume that I is an implicative ideal and
x*(y*x)el. Consider (x*(y*x))*(x*(y*x)) Oel, by
hypothesis we get that x € L.

Conversely, let I be an ideal. Now, let (x*(y*x))*zel
and ze I and so x*(y*x)el, By hypothesis x € [,
therefore I is an implicative ideal.

Theorem 3.13: Any nonzero element of X is a K-atom if
and only if every subset of X is an implicative ideal of X.

Proof: Assume that every nonzero element of X is a K-
atom, hence X = [x(X) and I are subalgebras of X. We
have (x*(y*x))*x = 0*(y*x) = (0*y)* (0*x) =0 forall X, y €
X Since x is a K-atom therefore x = x*(y*x). Now,

consider (x*(y*x))*zel and ze I, then (x*(y*x))*z =
x*zel, for all x,y,z € X. Also we have (x*z)*x = 0*z=0.
Since x is a K-atom therefore x*z = x, hence xe I. So S is
an implicative ideal of X.

Conversely, suppose that every subalgebra of X is
an implicative ideal of X. We first show that 0*x = 0 for
all xe X. Since A= {0} is nonempty subalgebra of X,
therefore A is an implicative ideal. We deduce that

(0=x)* (((0* x)* x)* (0% x))
=(0+(((0%x) *x)*(0*x)))* x

=((0* ((0% x) *x)) #(0*(0*x)))* x
=(((0 (0= x)) * (0*x)) * (0* (0= x))) *x
=(0* (0% x))*x

=(0*x) *(0 *x) =0

Hence ((0*x)*(((0*x)*x)*(0*x)))*0=0€A and Oe A imply
0*xeA. Therefore 0*x=0. Further for xX\{0}, we get
that I = {0, x} is subalgebra of X, then is an implicative
ideal. Now let y*x=0 for some yeX\{0}, then y*x =
(y*(y*y))*x = Oel and x €l imply that y € I. Hence y =x.
Therefore xis a K-atom.

Definition 3.14: A nonempty subset I of X is called a
positive implicative ideal of X if

@ 0el
(i) (x*y)*zeland y*zel imply x*zel forallx,y,z € X.

Proposition 3.15: Every positive implicative ideal is an
ideal.

Proof: Let X*yel and y € 1. Then (x*y)*0 = x*yel and
y*0 = yel, by hypothesis we get that x = x*0el. Hence |
is an ideal.

Example 3.16: Let X = {0, 1, 2, 3}. The following table
shows the BCH-algebra structure on X.

* 0 1 2 3
0 0 0 0 0
1 1 0 1 1
2 2 2 0 3
3 3 3 3 0
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Then I = {0, 3} is an ideal of X, but is not a positive
implicative ideal, since (2*3)*1 = 3el and 3*1 = 3€l but
2*]1=2isnotinl.
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Remark 3.17: The next examples shows that the
notions positive implicative ideal, implicative ideal and
P-ideal are independent.

(1) Let X = {0, a, b, e}. The following table shows
the BCH-algebra structure on X.

* 0 a b e
0 0 0 0 0
a a 0 a 0
b b b 0 0
e e e e 0

Then I = {0, 3} is an ideal of X. But I is not a normal
ideal, since 2*(2*1) I, but 1*(1*2) L

In the following example, we show that every
normal ideal need not be a P-ideal, implicative ideal or
positive implicative ideal.

Example 3.21: Let X = {0, a, b, c}. The following table
shows the BCH-algebra structure on X.

We can check that 1= {0, a} is a positive implicative
ideal which is not an implicative ideal, since (b*(e*b))*a
=(b*e)*a=0ecl and a €], butb ¢I.

Also I is not a P-ideal, since

(bxb)*(a*b)=0*a=0€el
and a €], but b gl

(2) In example 3.11, considerI = {0, a}. ThenIisaP-
ideal, but is not a positive implicate ideal, since

(a*by b= cx b=ael
and b*b=0¢€l, buta*b =cisnotin L.

Remark 3.18: We showed if every subset I of X is an
implicative ideal, then every nonzero element a of X is
K-atoms. Also if every subset I of X is P-ideal then a is
P-atoms.

In remark 3.16 we showed that a positive implicative
ideal is not necessary implicative ideal or P-ideal. So
there is no relationship between K-atoms and P-atoms
and positive implicative ideal.

Definition 3.19: An ideal [ of X is called a normal ideal if
x*(x*y)el implies y*(y*x) €], for all x, ye X.

Example 3.20: Let X = {0, 1, 2, 3}. The following table
shows the BCH-algebra structure on X.

*

o o O

o O O

oo O W
oo o o o
S O P O ©

o
o

* 0 1 2 3
0 0 0 0 0
1 1 0 0 1
2 2 3 0 3
3 3 0 0 0

Then I = {0, a} is a normalideal. But I is not a P-
ideal, since (b*b)*(0*b) =0ecland O< I, but b ¢I.

Also I is not an implicative ideal, since (b*(c*b))*0
=(b*b)*0=0€l and 0 € I, butb is not in L.

I is not a positive implicative ideal, since (c*b)*b =
b*b=0ecland b*b =0 €I, but cxb=bel

Proposition 3.22: Let I be a normal ideal of X. Then I is
a closed ideal.

Proof: Consider (0*x)*((0*x)*0) = (0*x)*(0*x) = (L
Since I is a normal ideal, we get that 0*x = (0*(0*(0*x)))
el.

Remark 3.23: The converse of above proposition is
not true in general, since in Example 3.20, consider
the ideal I = {0, 3}, which is a closed ideal but is not a
normal ideal.

Definition 3.24: An element x €X is called positive if
0<x and an ideal I of X is called a positive ideal of X if
any xe I be positive.

In the following example, we show that every
positive ideal need not be a P-ideal or positive
implicative ideal.

Example 3.25: Let X = {0, 1, 2, 3}. The following table
shows the BCH-algebra structure on X.

w N = O

W N = O O
(= = =
S O O o N
S W = O W

1453



World Appl. Sci. J., 7 (11): 1446-1455, 2009

(1) We can check that = {0, 3} is a positive ideal.

(2) Tis not a P-ideal, since (1*1)*(0*1) = Oel and O€l,
but 1 isnotin L.

(3) Also I is not a positive implicative ideal, since
(1*2)*3=0eland 2*3 =3<l, but1* 3= 1¢ 1.

In the following example we show that a normal
ideal need not be a positive ideal.

Example 3.26: Let X = {0, 1, 2, 3}. The following table
shows the BCH-algebra structure on X.

Hence x*(y*(y*x)) = Oel, therefore by lemma 3.28 we
conclude that I is a fantastic ideal. If xy=#0, by
hypothesis x*(y*(y*x)) = x*yel, then I is a fantastic
ideal.

We show in the following example that the
converse of above proposition is not true in general.

Example 3.32: Let X = {0, 1, 2, 3}. The following table
shows the BCH-algebra structure on X.

W - O %
W N = O O
[N S - =
[l \S T ST \S
S O NN W

* 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0

Then I = {0, 1, 2} is a normal ideal but is not a
positive ideal, since 0*2=2+0.

Definition 3.27: A nonempty subset I of X is called a
fantastic ideal if

(1 Oel,
(i) (x*y)*zelandz el imply (x*(y*(y*x)))el, for all x, y,
zeX.

Lemma 3.28: Let I be an ideal of X. Then I is a fantastic
ideal if and only if x*y el implies (x*(y*(y*x)))l.

Proof: Let I be a fantastic ideal and (x*y) = (x*y)*0el.
Since 0 el then x*(y*(y*x))el.

Conversely, let (x*y)*zel and =zI. Since I is an
ideal, then x*yel.

x*(y*(y*x)) €l.

By hypothesis we get that

Definition 3.29: An ideal I of X is called an obstinate
ideal if X, y not in I imply x*yel or y*xel.

Remark 3.30: Every ideal is not an obstinate ideal
because in Example 2.7, consider the ideal 1= {0, a, b, c,
d, e, f, g} of X. We can check that h,lgl h*l=ngl

and 1* h=ngl

Proposition 3.31: Let x*(y*(y*x)) = x*y, for all
x,y 1. Then {0} is a fantastic ideal of X.

Proof: Let x*yel = {0}. If x = 0 then x*(y*(y*x)) =
0*y*(y*0)) = O<l. therefore by Lemma 3.28 we conclude
that I is a fantastic ideal. If y =0 then x =x*0 =x*y =0.

Then {0} is a fantastic ideal, but 1*¥(2*(2*1))=0= 3
=1%2,

In the following example, we show that every
obstinate ideal need not be a P-ideal, implicative ideal or
positive implicative ideal.

Example 3.33: Let X = {0, 1, 2, 3}. The following table
shows the BCH-algebra structure on X.

W NN = O

W o = O O
S W o o =
S O O O N
O W = O W

Then I = {0, 3} is an obstinate ideal of X. We know
that (1*¥2)* (0*%2) = Ocl and 0 €I, but 1¢I then Iisnot a
P-ideal.
Also (2* (3*2))*3el and 3 €I, but2¢l, then I is not an
implicative ideal
I is not positive implicative ideal, since (1*2)*3 = 0el
and 2*3 =3el,but 1*3=1¢1.

CONCLUSION

We introduced the notion of K-atoms, P-atom and
[-atom and research relations between them. Also we
introduced the notion of (P, implicative, positive
implicative, normal, positive, obstinate and fantastic)
ideals in BCH-algebras and gave characterizations of (P,
implicative, positive implicative, normal, positive,
obstinate and fantastic) ideals. We also studied the
relations between P-ideals, implicative ideals, positive
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implicative ideal, positive ideal, obstinate ideal, normal
ideals and fantastic ideals.
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