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Abstract: This paper deals with mixed three-level and four-level factorial designs. A proposed procedure uses
the coefficient of polynomial contrast for fitting response surface models to mixed three-level and four-level
factorial designs. This procedure avoids using the least squares method, which is particularly cumbersome
when the number of independent variables is more than two, The new formulae are fixed for all mixed three-level
and four-level factorial designs regardless of the number of factors. and also allows the possibility of
calculating each coefficient of the model individually. The results of the proposed procedure for linear,
quadratic, interaction are in agreement with the results of least squares method. The procedure provides a quick
and easy way to fit response surface models to mixed three-level and four-level factorial designs and to verify
the result of any coefficient without disturbing other coefficients in the model. Statistical packages are available
for analyzing response surface models. However, these packages are either expensive or require a specific skill
set to perform the analysis. This paper could motivate researchers to study the possibility of applying a fixed

formula to all factorial designs.

Key words: Three-level factorial design *+ Four-level factorial design + Response surface methodology

INTRODUCTION

Response surface models are widely used to describe
the behavior of different experiments in different fields.
In the twenties of last century Fisher announced the birth
of a new subject called factorial experiment [1]. A
significant contribution was given by Yates in 1937 for
analyzing two-level designs [2, 3]. Then Davies developed
this procedure to fit a second-order response surface
model to three-level designs [3]. The interest moved to
analyzing and fitting response surface models to mixed
design. For instance, Margolin [4] developed the
procedure given by Yates (two-level factorial design) and
Davies (three-level factorial design) for analyzing and
fitting response surface model to mixed two-level and
three-level factorial designs. Fitting mixed two-level and
three-level factorial designs and mixed two-level and
four-level factorial designs were studied by Draper &
Stoneman [5] discussing the number of runs needed to fit
response surface models to these types of designs.

The contribution to factorial experiments increased
day after day. This encourages the researcher to review
the contributions. The contribution that had been
published from 1957 was reviewed by Herzberg & Cox [6]
to provide detailed bibliography regarding factorial
designs. Addelman [1] reviewed the contribution from
1957 to 1972 and found that most of the contributions
were given to fractional factorial designs. Edmondson [7]
suggested a new procedure by using pseudo-factors to
represent four-level for fitting a second-order model to
four-level design. Bisgaard [8] presented a method for
accommodating four-level factors in two-level designs.
This method converts two or more columns to
accommodate multi-level factors. Analyzing two-level
design was studied by Abbas’ et al. [9] suggesting a new
procedure for analyzing this type of experiment.
Furthermore, a new procedure for analyzing and fitting
response surface model to three-level factorial designs
was given by Abbas [10]. Analyzing and fitting response

surface to mixed two-level and three-level factorial
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designs was studied by Abbas & Low [11]. Analyzing
four-level design was studied by Wasin et al [12]
suggesting new formulae for fitting this type of
experiment by using the coefficients of orthogonal
contrast.

Fitting response surface models to mixed three-level
and four-level factorial designs and to provide fixed
formulae for linear, quadratic and interactions coefficients
is the objective of this research in order to avoid the
complicated procedure in using the least squares method
and to estimate each coefficient independently as well.
Thus, the main interest of this research is to provide a
quick and easy way for fitting response surface models to
mixed three-level and four-level factorial designs.

Mixed Three-Level and Four-Level Factorial Designs:
Three-level and four-level factorial experiment is a factorial
design with mixed levels, m factors each at three levels
and ¢ factors each at four levels denoted by 3”47 The
simplest design for three-level and four-level factorial
design is the design with two factors one at three levels
and second at four levels. The total number of runs
required for 3'4' is 12 runs for one replicate [3, 13].

Proposed Procedure: Fitting response surface models to
3747 experiment using the proposed procedure can be
achieved by using the coefficients of orthogonal contrast
(-3 -1 1 3) to find the linear coefficients and the interaction
between different factors and (1 -1 -1 1) to find the
quadratic coefficients for four-level factor and coefficients
of orthogonal contrast for three-level factor is (-1 0 1) to
find the linear coefficients for three-level factor and the
interaction between three-level factors and (1 -2 1) to find
the quadratic coefficients. The coefficients for the
interaction between three-level and four-level factors can
be found by using the orthogonal contrast for three and
four levels.

The proposed procedure for fitting a response
surface model to mixed three-level and four-level factorial
design depends on combining the two procedures for
fitting experiments of type 3" [9] and experiments of type
47112].

The formulae for three-level factors are
Linear coefficient

Li trast for A
p, = Linear COZ rast_for Lo1=12 ., m
n

Quadratic coefficient

b Quadratic contrast for 4;
= >
2n

Interaction coefficient

_ Linear contrast for A4y
i 4xn ’

I#L

and the formulae for four-level designs are

Linear coefficient

¥ _ Linear contrast for Af
L 20xn ’

Quadratic coefficient

_ Quadratic contrast for Ay,

YiL = 16xn ’

Interaction coefficient

Linear contrast for Ap 4y

Pro= 400%n ’

The formula for calculating the coefficients of
the interaction between factors that have three
levels and factors that have four levels is given in
equation (1).

L+#Q

B Linear contrast for A4y (1
L= 40xn ’

where [, represents the regression coefficient for factor
I which has three levels and factor L which has four levels
and n represents the number of replicates at the joint
levels.

To find the interaction between different factors C”,
(Y, experiments of the form 3'4' should be studied to find
the interaction between factors that have three levels and
factors that have four levels.

The formula for the intercept b, for mixed three-level

and four-level factorial design is given in equation (2).

bOzf_bll)?l_"'_bmm)?m_YIIZI_"'_quZq (2)

2 2 .
here _ Zi Xi and k is the total number of
W zzizk ! ,Xzizk : i

observations.

Proposed Formula: Suppose there are m factors each at
three levels (X, X,, ..., X,,) and g factors each at four levels
(Z,, Z,, ..., Z,). Consider a second-order response surface
model as given below:
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Yl = bo + leli +b2X2i +.. +memi +b12X1iX2i + "’+b(m—1)mX(m—l)iXm
2 2 2
bl lei +bmm mi T }/lzli + }/2221' + ot }/qzqi N IZIi ot }/qqzqi

tV12Z1iZyi + ot Vg-1)gZ(g-1iZqi + BuXiiZii ¥ ot BugXmiZyi

The model obeys some constraints.

*  Constraints for the factors at three levels

k k k k
. . _ - 2y _ . 2_
Y x=0 2 Yxx;=0 3Yxlx,=0 4 xxi=
i=1 i<j i<j i<j
k
2 XXX, =0 6 2){2 2X4 2x3m! 7-2‘4(){,}(}.)2=4><3’”‘2
i<j<h i<j

*  Constraints for the factors at four levels

k k
-3 7,=0 2-322,=0 32222 43 7723 =

i=1 i<j i<j

k k k k k
53172 =20x47™ 6- 3 7 = 164477 - 7777 =400x497 8- Y 7.7,7. =0 9-Y(2,Z;)" =400x417

i=1 i=1 i<j i<j<z i<j

« Constraint for the joint effects between factors at three levels and factors at four levels

k k k k k k

- 2 -1 -1 - 2 2 - —

-V (zix)? =40x @7 x3" ) 2N X2, =Y X772, =Y X,z =0 3 ) XXz = Y zz,x,=
i=l i=l i=l i=l

i<j<l i<j<l

The constraints are obtained from the coefficients of orthogonal contrasts.

To illustrate the procedure, consider a 3> 4* experiment without losing information for the general case.

Suppose there are four factors: X, X, at three levels and Z,, Z, at four levels. The model for this experiment is given
in equation (3).

2 2 2 2
Y; = by +bXy; + by Xy + b1 X + by X5, + b0 Xy Xoi + Zyi + VaZoi +V11Zi; + Y2225

1122122 + BuiXZy; + BiaXiiZo; + B X2iZy; + BaaX0iZs; 3)
i=1, 2, ., k

The treatment combinations for this experiment are given in Table 1.
The levels of each factor represent the coded form which is the linear coefficients of the orthogonal contrast. The
relationship between actual and coded variables for three levels is:

_ C—(High+ Low)/2
(High—Low)/2

and for four levels is

Y= C — Average of all levels (a; +a,+as+ay)/4

(Range of any two consecutive levels)/2
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Table 1: A design with four factors where X; and X, have three levels each
and Z, and Z, have four levels each
X, -l -1 -1 0 0 0 1 1 1

X, -1 0 1 -1 0 1 -1 0 1
A

'3 '3 YI YI7 Y33 Y49 Y65 YXI Y§17 YII3 YIJQ
_1 _3 YZ YIA‘ Y34 Y5(l Yﬁﬁ YXZ YVA' YIM Yl3(l
1 '3 Y3 Y19 Y35 Y)'[ Y67 YR] Y99 Y[]5 YI}[
3 '3 Y4 YZO Y36 Y)'_’ Y68 YM YI{?() Y[]6 YI52
'3 'l Y5 Y_71 Y37 Y53 Y69 Y&? Yl(ll YII7 Yl33
_1 _1 Yﬁ )/_72 YJX Y54 Y70 Y(‘?ﬁ Yl(l.? YIIA‘ Yl34
1 '1 Y7 Y23 Y39 Y55 Y71 YR7 YI{73 Y[]9 YI55
3 'l Y(? Y24 Y40 Y)' Y7Z YRc‘? YI{74 Y[Z{? Y156
'3 1 Y9 Y_75 YAI Y57 Y73 YXQ Yl(l5 YIZI Yl37
_1 l YH) )/_76 YAZ Y5A' Y74 YWI YI(M YIZZ YI3A‘
1 1 Y[I YZ7 Y45 Y59 Y75 Y9[ YI{77 Y[Z3 YI.W
3 l Y[Z YZc‘? Y44 Y6{7 Y76 Y92 YI{?R Y[Z4 YI40
'3 3 Y13 Y_79 Y45 Yﬁl Y77 Y93 Yl(lV Y125 Yl41
_1 3 Y14 Y3/l YAﬁ Y62 Y78 Y94 YIH) YIZﬁ Yl42
1 3 Y[)' Yil Y47 Y63 Y79 Y95 YI[I Y[Z7 YI43
3 3 Y[6 Yi_’ Y4R Y64 Y(?ﬂ Y% YI[Z Y[Z(? YI44

Based on the proposed procedure, there are two types
of factors, three-level factors and four-level factors.
So three-level factors can be considered as 3° factorial
design and four-level factors can be considered as 4’
factorial design. Interaction between factors that have
three levels and factors that have four levels can be
studied by constructing C," C,? experiments of the form
3'4'. The procedure is illustrated below:

First, separate the experiment into two experiments
3? and 4’ and analyze each experiment using the formulae
given earlier.

Second, in order to complete the analysis, interaction
coefficient between factors at three levels and factors at
four levels should be obtained and the intercept formula
as well.

The formula for b, in equation (3) can be derived by
summing equation (3) over i and applying the constraints
will result in the formula for b,

by =Y —b Xy b Xy =11 Z, — Y7,

g 25 2
where , k kand k is the total number of
observations.

The formula for the interaction coefficient between
factors at three levels and four levels can be derived by
multiplying equation (3) by X|Z, and summing over i,
which will give:

2
zXliZIiYi = ﬁnZ(XuZu)

Similarly for §,,, B,; and f3,,.

In general, the formula is given below:

X Z7:Y;
By = 2 li“Li 12, =1 2, ..
N (XuZpi)
This formula can be written in the form of contrast.
Consider the formula for S,

_ ZXIiZIiYi
B = W 4

The denominator of equation (4) is equal to

Z(X,Z,)* =40 (473" = 40 (4'3") = 480. This is equal to
40 x 12, where 12 represents the number of replicates at
each joint level.

The numerator of equation (4) is:

144

2 X1iZ1i%; = CEDEI + EDEDHR +EDMB + DS + -+ (CDG)Yag
i=1

HO)()g9 + -+ (036 + (D317 + ...+ (NB) 64

Yoo+ -—3%a1 —Nap + Va3 +3N44

=Y +¥5+19 +Y3+Y7 + 11 + 15+ 19+ 133 + 137 + 141 + Y45+ Yoo + o4

+iog +¥12 +X16 + 120 + Y24 +¥i28 +¥i32 +¥i36 + Y40 +Y44)

HY +X6 + Yo +Yjg +Yg +10 + Yo +130 + 134 + 138 + 142 +146 + 109
i3 +¥o7+ Y11+ H15+ {19+ Y423+ o7+ {31+ Y35+ Y39 +Y43)
—B+¥ +Y+Y5+ Yo+ 13+ 17 +131 +B5+ Ko + 143 + 147 + 168
iz +¥o6 + 110+ M 14 + 118+ Y22 + Y26+ 130 + Y34 + 138 +Y42)
B +R+Yp +Y+ 10 +1og +1og + 130 + B3 + 138 +1ag + 148 + 197

+o1 +Yos + Yoo +¥113 +¥17 +X21 + H25 + {29 + Y33 + Y37 + {41
(5)

The same result can be obtained if the contrast is
used. In order to show that the numerator of equation (4)
is equal to the joint linear contrast between X, and Z,,
experiment of type 3' x 4' where one factor has three
levels and the other has four levels will be considered.
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Table 2: The results for factors X; (at three levels) and Z, (at four levels)

Table 3: The actual and coded form for the selected variables

zZ, X Response pH 2 4 6 8
300- Y Y+ Yo+ Y 4+ Y 4+ Y, + Y5+ Yoyt Yo+ Yo+ Y, + Y s Cation concentration 0.4 0.6 0.8 1
-1 -1 Yo+ Y+ Yyt Y Y 5+ Yoyt Yos+ Yyt Y+ Yis+ Y 0+ Y g Coded -3 -1 1 3
1 -1 Yt Y,A4Y 4 Y5+ Y 04 Yo+ Yot Yy + Yo+ Yo+ Y+ Y0 Pectin dosage 1 4.5 8

3 -1 Yt Ys+ Yot Y5+ Yogt Yo+ Yogt Yoo+ Vgt Yo+ Yyt Yo Coded -1 0 1

300 Yoot Y+ Yyt Yot Yost Yoot Yost Y5+ Yo+ Y5+ Yoot Yos

0 Yoot Yot Yot Yot Yot Vgt Vot Vot Yot Vgt Vgt Yo, The design used to run this experiment is 3'4* design. The
PO Kl Y Vo Yt Xt Y Vi Yo total number of runs is 48-run. The levels of each factor in
3 0 Yot Ysst Yoot Yout Yogt Yoot Yot Yot Yot Yagt Yo, tYog . R

31 VeVt Yt it Yt Yt Y+ Yt Yoot Y4V, 4 Y, Actual and coded form are given in Table 3.

1 1 Yos+Yiost Y1+ Yirot Yirut Yirst Yoot Yisg+ Yisot Yisst Yiss+ Yigs The researcher wants to fit a second-order response
L1 Yot Yist Yot Yo+ Y st Yot Yot Yoot Yt Vst Yot Yigs surface model to this experiment. The model is given in
3 1 Y100t YioutYiosTY 10T Y116H Y120t Y124t Y 25t Y 1500 Y 36T Y100+ Y14y equati()n (6)

Summing the observations in the cells, which have
the same joint level before finding the joint contrast is
shown in Table 2 for X,Z,. Similar tables can be
constructed for X,Z,, X,Z, and X,Z,.

From Table 2, the linear joint contrast for X,Z,is:

=(3) ) M +¥5+10 +Y3+ X7 + 151 + 125+ 19+ ¥33+1¥37+14 +145]
H=D) (D) [ +36 + Yo +Yia +Yig + Y22 +Yo6 + 130 + Y34 + 138 + a0 + Yag] +
«+@) () [Yoo+Yo4+¥og +H12+H16+H20+ 24 +Xig + 132 +Xi36 +
Y40 +Y44]

Comparing this result with equation (5), revealed that
the two results are the same which means that the
numerator of equation (4) can be written as a linear joint
contrast for X, and Z,. Thus equation (4) can be written by
using the linear contrast as given below:

ZX 7.y, Linear contrast for XlZl
ﬂ]] _ 1i1iti _
Y (X2, 40x12

where 12 represents the number of replicates at each joint
level and A4, represents the factor at two levels and B,
represents the factor at four levels. the formula for other
coefficients.

In general, let n represents the number of replicates
at the joint levels. Then the formula becomes:

Linear contrast for A4y
L™ 40xn

l#L

Application: This application is only to illustrate the
implementation of the new formulae. The effect of three
factors, namely pH (X)) at four levels (2, 4, 6 and 8), Cation
concentration (X,) at four levels (0.4, 0.6, 0.8 and 1 mM)
and pectin dosage (X;) at three levels (1, 4.5 and 8 mg/L)
on flocculating activity as a response was studied.

2
b33 X3 + b X1 X5 + b3 X1 X5 + by X5 X 6)

Two methods will be used to fit the model in equation
(6). The methods are the least squares method and the
proposed procedure for fitting this type of experiments.

Proposed Procedure: Fitting a response surface model to
this type of experiment using proposed procedure
requires separating this experiment into two experiments,
one experiment of type 3' and another experiment of type
4,

Based on the proposed procedure, either experiment
can be analyzed first. So 4* experiment will be analyzed
first. Four-level experiment can be analyzed using the
formula given by Wasin et al. [12]. This requires dealing
with each factor as an experiment of type 4' to find the
linear and quadratic coefficients and then study 4°
experiment to find the interaction between different
factors.

The linear (L) and quadratic contrasts (Q) for X, are:

Ly ==3 (934.7)+(=1) (1008.)+1 (11102)+3 (1193.8) =879.4
Ox, =1 (934.7)+(=1) (1008.1)+(-1) (11102)+1 (11938)=102

The number of observations at each level is 12, thus
the number of replicates is n = 12.

The linear and quadratic coefficients for X; are:

_ Linear contrast for X;  879.4

| = = =3.664167
20xn 20x12
j or X .
by = Quadratic contrast for X _ 10.2 = 0.053125
16xn 16x12
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The same formulae are used to find the linear and
quadratic coefficients for X;.

_ Linear contrast for X, 1109.6

H = = =4.623333
20X n 20x12
by, = Quadratic contrast for X, _ -153.8 — 080104
16Xn 16x12

The coefficient of the linear interaction between X,
and X, is

B _ Linear contrast for X;X,
2 400 n

The linear contrast for XX, is:

Similarly, the same steps can be used to find
Ly x, =(3) (-3) (153D +(3) (1) 2108)+ ..+() (1) (298.2)
H3)(3)2994) =—1626.2

The number of observations at each joint level is 3
which represents the number of replicates n =3. Thus, the
value of b, is:

_ Linear contrast for X;X, -1626.2

- =-1.33517
b2 400 n 400(3)

Next step is to analyze the second experiment; Only
X; at three levels,

The linear and quadratic coefficients for Xj are:
The linear contrast for X is:

Ly, =(-1)(1379.2) + (0)(1416.8) + (1)(1450.8) = 71.6
Oy, =(1)(1379.2) +(-2)(1416.8) + (1)(1450.8) = -3.6

The number of observation at each level is 16 which
represents the number of replicates n = 16.

The linear and quadratic coefficients for .X; are:

_ Linear contrast for X3  71.6

= =2.2375
2n 2(16)
by = Quadratic contrast for X _ -3.6 — 201125
2n 2(16

The coefficient of the linear interaction between XX
and X,X; can be calculated using the following formula:

Linear contrast for AjAj
40xn

by =

The linear contrast for X, X] is

Ly, x, =(3)X-D924) +(BY0)BI5.)+ .. +3(0)(397.1+3()(397.1) =134

The number of observation at each joint level is 4
which represents the replicates n = 4. The value of b, is:

bX1X3 -

Linear contrast for X\X5 —134
40xn 40(4)

=-0.8375

The same formula is used to find the interaction
between X, and X; (b,;).

_ Linear contrast for X, X3 73

by x. = =-0.45625
XX 40%n 40(4)

The intercept b, is calculated as follows:

by =Y —by X; —byp X, —b33 X3
by =88.475-0.53125(240/48) —(—0.80104)(240/48)
—(—0.1125)(32/48) =92.28958

The second-order response surface model given in
equation (6) becomes:

Y =92.2895+3.6642.X; +4.623X, +2.2375X; +0.053125X} —
0.80104.X3 —0.1125X7 —1.3552X,X, —0.8375X;; —0.45625.X,.X;

To write this equation in actual variables, the
relationship between the actual and coded form is used.

0.7 x3-45
5

¥ =92.2805+3.6642 [x] ~5]+4623 [%]uzm )

10053125 [ 52 ~080104 [’“20;10'7]27041125 [’83;54'5]2

x =07 x3-45 x-07 x3-45
—1.3552 —5|[~=———]-08375 =5JF —045625 [- 1
[ =5 o1 1 [x =51 35 ] TR Y

]

Y =-56.30+13.696x] +232.004x) +2.831x3 + 04053)(12 ~80. 104.% —04009%
—13.552x1x) —0.239x]x3 —1.304x03

Table 4: Comparison between the proposed procedure and the least squares

method for fitting a second-order model to 3'4? design

Parameter Proposed procedure Least squares method
b, -56.30 -56.30
b, 13.696 13.696
b, 232.004 232.004
b; 2.831 2.831
b 0.053 0.053
b, -80.104 -80.104
b3 -0.009 -0.009
b, -13.552 -13.552
b;; -0.239 -0.239
by -1.304 -1.304
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The results of the least squares method and the
proposed procedure are given in Table 4.

It can be seen from Table 4 that both methods, the
least squares and the proposed procedure, gave the same
results. Furthermore, the proposed procedure estimated
the coefficients independently which cannot be calculated
by using the least squares method.

CONCLUSION

The results showed that the new formulae for fitting
a second-order model to mixed three-level and four-level
designs provide fixed formulae regardless of the number
of factors in the experiment as well as easy and simple
formulae for statisticians and non-statisticians to avoid
the complication in using the least squares method and

the possibility of estimating each coefficient
independently as well.
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