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INTRODUCTION

The concept of an incline was mtroduced by Cao [1]
and later developed by Cao, et al. [1]. Recently a survey
on inclines has been made by Kim and Roush [2].
An Incline algebra 1s a generalization of both Boolean
and fuzzy algebras and also 1s a special type of a semiring.
Tt has a semiring structure as well as a poset structure.
Tt can also be used to represent automata and other
mathematical systems, in optimization theory and the
study of inequalities for non-negative matrices of
polynomials. Tt is known that the two sided ideals of a ring
form an incline.

Derivations on various algebraic structures have
been an active area of research since the last fifty years
due to their usefulness in various areas of mathematics.
The notion of a derivation on a ring plays an important
role in the characterization of rings. The noton of
derivation on a lattice was defined and some of its
related properties were examined firstly by Szasz [3].
Ozturk [4] introduced the notion of a permuting
tri-derivation in prime and semiprime rings and proved
some results. Later on Ozturk, Yazarli and Kim [5] applied
this notion to lattices. As generalizations of derivations,
f - derivations, (#, g)-derivations, symmetric bi-derivations,
permuting tri-derivations, symmetric f -biderivations,
permuting f -triderivations, on prime, semiprime rings and
lattices are studied by a lot of researchers [6, 7, 4, 5, 3]
and therein.

The notion of a derivation for an mcline algebra
was introduced by Al-Shehri m [8]. In thus paper he also
discussed some of its properties. In this paper, as a
generalization of a derivation of an incline algebra, the

notion of a permuting tri-derivation on an incline algebra
18 introduced. Further using this notion some properties
of an incline algebra are also mvestigated.
Preliminaries: Inclines are additively 1dempotent
semirings in which products are less than (or) equal to
either factor. An incline algebra 1s a non- empty set R with
binary operations, denoted by + and *, satisfying the
following axioms forallx, y, ze R:

Dxty=ytx
IDx+(y+o=(x+tytz
IIDx*(y z)="y) "z
WMx*y+=x*y+x*z),
(M) (y+a*x= "x)+(z*x)
VDx+x=x,

FIDx+(x*y) =x,
VIIDy+(x*y) =y

Furthermore, an incline algebra R is said to be
commutative if x * vy =y * x for all x, y € R For
convenience, we will say + (*) as addition (multiplication).

Moreover, Incline theory is based on semiring
theory and lattice theory. BEvery distributive lattice is an
incline. An incline is a distributive lattice (as a semiring)
if and only if x *x = x for all x € R ([9], Propositon 1.1.1).
A subincline of an mcline R 1s a nonempty subset A of R
which 1s closed under addition and multiplication.

In an incline we define x < y if and only 1f x +y = y for
all x, y € R. It 1s easy to see that < 1s a partial order on R
and that for x, y € R, the element x + y 1s the least upper
bound of fx, y}. We say that < is induced by operation +.
It follows that
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¢ x*y<cyxandx*y<yforally, yeR,

* yezimplies x *y cx andy *x <z *xforanyx, y,
z€R,

o Ifxcyashthenxta<y+bx*asy*hb

An 1deal m an mecline R 15 a subincline A € R such
that if x € R and ¥ < x then ¥ € M. An element 0 in an
incline algebra R is a zero element ifx + 0 =x =0 +x and
x*0=0%x=0forxe R Anelement | # zero element in
an incline algebra R is called a multiplicative identity
ifforxeR, x*1=1%x=x A non-zero element ¢ in an
incline algebra R with a zero element is said to be a left
(resp. right) zero divisor if there exists a non-zero element
beRsuchthata * b= 0(resp. b * a = 0). A zero divisor
1s an element of R which 1s both a left zero divisor and a
right zero. An incline algebra R with a multiplicative
identity 1 and a zero element 0 18 called an integral incline
if 1t has no zero divisors.

Let (R, +*) be an incline algebra and D: R -~ R a
mapping. Then D is called a derivation on R if IX{x * y) =
(D) * )+ x * D) forall x, y € R Let (R, +,%) be an
incline algebra. A mapping I3(., .,.): R x R = R~ Ris called
a permuting mapping if D{x, ¥, 2) =D{x, z, v) =D(y, x, 2) =
Dy, z,x) =Dz, x,y) =Dz, y, x) forallx, y, ze R. Let (R, +,
*) be an incline algebra. A mapping 4: R - R defined by
d(x) = DAx, x, x) 15 called the trace of 12(.,.,.), where D(.,.,.):
R xR » R -~ R1s a permuting mapping.

RESULTS

Definition 1: Let (R, +*) be an incline algebra and
DR x R x R - R a permuting mapping, then D is said to
be a permuting tri-derivation on R if it satisfies the
following condition:

Dix*w,y, 2)=({DNx, 3, 2) *w)+(x *Dw, ¥, 2)) for all w,
x, ¥, ze R.

Remark 1: It 15 obvious that if D i1s a permuting tri-
derivation on R then it satisfies the relations D(x, y *w, z)
=DAx, y,2) *w)+ (¥ *Dlx, w, 2))yand D(x, y, z *w) = (D
(x, v, 2)*w)+(z *Dix, y, w)) forallw, x, y, ze R.

Example 1: Tet (R, +*) be acommutative incline
algebra and I RxRxR - R a permuting mapping
defined by D(x, y,2z) = (x *y) *z for allx, v,z e R.
Then it is easy to verify that D is a permuting tri-
derivation on R.

Example 2: Let (R, +,*) be a commutative incline algebra
and D: R x R x R » R a permuting mapping such that for
an element a€ R, D(x,y,z)=a *((x *y) * ) for all x, y,
ze R Then it is easy to verify that D) is a permuting
tri-derivation on R.

Proposition 1: Let (R, +,%) be an incline algebra and D a
pernuiting tri-derivation on R. Then the following hold
forallw,x,y, 7€ R

(D) D(x *w, y, 2) < D(x, y, 2) + D(w, y, z),
i Ifx<w, thenD(x *w, y, ) < w.
Y

Proof: (i) Letw, x, y, z € R. Using (1) we have D(x, y, z) *
w < D(x, y, zyand x *D{w, v, z) < D(w, y, z).

Using (3) we get, (D(x, v, 2) * witx *D(w, ¥, 2)) <
Dix, y, 2yHD(w, ¥, 7).
That 15, D(x *w, y, ) = Dix, y, 2) + D(w, y,2).

(#) Using (1) we get the relation D(x, v, ) * w < w. Letx <
w.

Usimg (1) and (3), we getx *D(w, y, 2) <w *D(w, y,
) < w.

Thatis, Dix *w, y, 2) = (D(x, y, 2) * w) + (x *D(w, ¥, 2)) <
w +w. Hence D(x *w, v, 2) < w.

Proposition 2: Let (R, +,*) be a commutative incline
algebra and D a permuting tri-derivation on R. [f R is a
distributive lattice, then D(x, y, z) < x, D(x, y, z) < y and
Dix,y,z) <z

Proof: Let R be adistributive lattice. Then D(x, y, z) =
Dix *x, v, 2) = (D(x, v, 2) *xrH-x *D(x, v, z)), which gives
D, v, 2tx=(Dx, y, 20" 0+ x *Dix, v, 2) +x=({Dlx, y,
) *x)+(D(x, v, 2) * x) + x. That is, D(x, v, 2) +x = (I(x, y,
2)*x)+x Using (VI11), wegetD(x, y, z) + x=x. Thus
Dix, y, z) < x. Sumilarly one can get D(x, y, z) < y and D(x,
¥, Z) <1

Corollary 1: Let (R, +,*) be an incline algebra with a
multiplicative identity and d the trace of the permuting
tri-derivation D of R.

Thenx * D(1, y, z) < Dix, y, 7).
Proof: Letxe R. Then IXx, v, 2)=D(x * 1, y, 2) = (IXx, y,

D* D+ *D, v, 2)=D(x, v, 2)+ (x *D(1, y, 2)). That 1s,
x*D(1,y 2) < Dix, y, 7).
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Proposition 3: Let (R, +,*) be an integral incline and D
a permuting tri-derivation of R. If a is an element of R
anda *D(x, y, 2)=0, thena= 0orD = 0.

Proof: Teta *Dix, vy, z)=0forallx, y, ze R Letw e R.
Replacing x by x * w in the last relation, we get 0 = a *
D(x*w, y,z). That 15, 0= (@ *(D(x, y, 2) *w)) + (@ *(x *
D(w, y, 2))). Using hypothesis from the last relation we
get 0 =a *(x * D(w, y, £)). Replacing x = I in the last
relation we get ¢ * D(w, v, z) = 0. Since R is an integral
incline, therefore either ¢ = O orD = 0.

Definition 2: Let (R, H,*) be an incline algebra and D:. R
x R x R~ R a permuting mapping. We call D a joinitive
permuting tri- derivation if

Dix+w, 32 =Dy, +Dw,y, 2) forallw, x, v, zeR.

Theorem 1: Let (R, +,*) be an integral incline algebra.
If D, and D, are joinitive permuting tri-derivations on R
such that D, (dx), x, x) = 0, where d ,and d are the
traces of D, and D, respectively, then either d = 0 or d
=0

Proof: Let D (d (x), x, x) = Oforallx e R. Using (V17 ), we
get 0 =D, (d(x) + (dx) * x), x, x). That 1s, 0 = D,(d,(x),
x, x) + (Dyd(x), x, x) Fx) +dfv) *Dyx, x, x). Using (VV
I1) from the last relation we get 0 = D (d,(x), x, x) + d{x)
* d,(x). Using hypothesis, we get 0 = d,(x) * d,(x) for all
x € R Since R 1s an integral incline, therefore either d, = 0
ord,= 0.

Corollary 2: Let (R, +.%) be an integral incline algebra
and D a joinitive permuiting tri-derivation on R with
trace d. If D(d(x), x, x) = 0, thend = 0.

Proof: The proof is obvious.

Theorem 2: Let (R, +,*) be an incline algebra and d the
trace of the joinitive permuting tri-derivation D of R.
Then

d(x +y) = d(x) + dy) + D(x, x, ¥) + D(x, y, ) and
dix) +d(y) < dx+y).

Proof: Letx, ye R. Thend(x +y)=D(x+y,x+y, x+y).
Thatis, dix+3)=D(x, x+y, x+3)+ Dy, x + 3, x + y),
which implies dix+ty) = D(x, x, xtyHD(x, v, xty)+D(, x,
Dy, v, xty). The last relation gives d(x+y) = Dix, x,
XD, x, YD, v, o D, 3, 3) + D0y, x, ) + D0y, x, v) +

D(y, v, x) +D(v, y, ¥). Thus d(x + y) = dix) + dy) + Dix, x,
V) +D(x, v, y), which gives dix) + d(y) < dx + y).

Corollary 3: Let (R, +,%) be an incline algebra and d the
trace of joinitive permuting tri-derivation D of R. Then
Dix *y, x, x) < d(x), for allx, y € R.

Proof: Letx, ve R. Using (V11 ), we getdix)=D(x, x, x) =
Dix+(x *y), x,x)=D(x, x, xX) +D(x * y, x, x).
Thus Dix * y, x, x) = d(x).

Proposition 4: Let the commutative incline algebra
(R, +,%) be a distributive lattice and D a permuting
tri-derivation on R with trace d, then d(x) < x, for all
xeR

Proof: Tet x € R. Then d(x) = D(x, x, x) = D(x *x, x, x).
That 1s, d(x) = (D(x, x, x) *x) + (x * D(x, x, x)), which
implies d(x) = (x * D(x, x, x)). This gives d(x) = x * d(x).
Hence d(x) < x.

Theorem 3: Let the commuitative incline algebra (R, +,%)
be a distributive lattice and D a permuting tri-derivation
on Rwith trace d. Then d(x *y) = (d(x)* y)+ (d(y) * x) +
(x *v)* {D(x, x, )+ D, p, )} forallx, y e R

Proof: Letx, y € R. Thend(x *y) =IXx *y,x *y,x *y).
Thatis, dix * ) =(Dix, x *v, x * ) * )+ (x *Dy, x * y,
x *y)), which implies dix * y) = [{Dix, 5, x * ) * ) + (& *
Dx, y, x ¥y} *yl+ [x {0, x, x *p) * )+ (x "Dy, y,
x *y)}]. From the last relation we get d(x * y) = {D(x, x, x
T Dy, x )T e T D )T
(x * )} + {ix *x) * Dy, y, x * y)}, which implies d(x * y) =
(D, 2, x * ) * DG,y x X ) (e * ) DGy
V) ¥ (x *w}+ fx *D(y, y, x * y)}. The last relation gives
dx * y) = [{DGx, x, ) * )+ (x * DA, x, y)}* v]+ [{D(x,
¥} ) e *Dix, vy, yDF e )]+ DG x, 00 7 p) - (x
Dy, x, y)F "t )+ [ {Dgy ) p) + T D,
y)} Thatis, dix * y) = {d(x) " (y * y)} + {DCx, x, p) " (x ~
YDy x) " (2 e M ynf DGy p) * (T et )
DG, x) "y F e ) DG ) T e e T )
Dy, v, x) * (x * )+ fx *x) * dy)}, which implies d(x *
y) = (dx) " y) + {D0x, x, 9) % G "y + D, y, x) * (x * y)f
Dy, ) " e * ) D, x, 20 e X )b+ {Dy, x, )
(x * )+ {0y, y, %) ™ (¥ p)p+ (e * d(y)). Thus dix *y) =
(dlx) * y) +(d(y) * x) + (e " ) * {D(x, x, ) + D, p, p)F

Definition 3: Let (R, +*) be an incline algebra.
An element a of R is said to be distributive if a * (x+y)
=(a*x)+(a*y) forallx, ye R
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Theorem 4: Let (R, +,*) be a conmmutative incline algebra
and r an element of R. Let ) RxR=R ~ R be a permuting
tri-derivation on R defined by D(x, y, z)=r *(x * (v * 2))
for all x, y, z € R. Then r is distributive if and only if D is
Joinitive.

Proof: Let D be joimtive. By definition of D, we have D(x
+w,y, z)=¢r*({(x+w)*(y*z) Since D is joinitive,
therefore D{(x, y, 2) +D(w, y, z) =r *(x *(y *2)) +r * (w *
(v*z). Hencer *(x+w)* (p *z)=r*x *(p *z)) +r*
(w *(y * z)). Thus r 1s distributive. Conversely let r be
distributive. Then# *(x+w)* (y *z))=¢r *(x * (y *z2))
+r *(w *(y * 2)), which alongwith defimtion of 22 implies.
D{x+w, 3, 2) =D(x, ¥, 2) + D(w, y, z). Hence D 1s joinitive.
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