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Effect of Viscoelasticity on Entropy Generation
in a Porous Medium over a Stretching Plate
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Abstract: In this article, boundary layer flow and heat transfer analysis of a second grade fluid over a stretching
sheet through a porous medium has been discussed and effect of viscoelasticity on entropy generation has
been taken in to account. Homotopy analysis method (HAM) is used to obtain the analytic solution for the
equations and a comprehensive parametric study is presented.
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For the last few years, viscoelastic fluid is of great
interest for engineers and scientists due to its
applications in industry. Fox et al. [11] used both exact
and approximate methods to examine the boundary layer
flow of a viscoelastic fluid characterized bu a power law
model. Vajravelu and Rollins [12] investigated the heat
transfer of the boundary layer flow of second grade fluid.
Char [13] studied the heat and mass transfer in a
hydromagnetic flow of a viscoelastic fluid, the Walters’ B
liquid, over a stretching sheet. Mahantesh et al. [14]
discussed the flow and heat transfer characteristics of a
viscoelastic fluid in a porous medium over an impermeable
stretching sheet with viscous dissipation.
In thermodynamical systems, thermal gradient,
friction force, diffusion and chemical reactions give rise to
energy losses, which induces entropy generation in the
system. The entropy generation has been of great interest
in the fields such as heat exchangers, turbomachinary,
electronic cooling, porous media and combustion and
several investigations have been made in this regard.
Datta [15] studied the entropy generation in a confined
laminar diffusion flame. Baytes [16] and [17] investigated
the minimization of entropy generation in an inclined
enclosure and inclined porous cavity. Bejan [18] showed
that for a convective heat transfer, entropy generation is
due to the temperature gradient and the viscous effect in
the fluid. Recently Hooman and Bahrami [19] have studied
the effects of entropy generation due to heat transfer in a
porous medium over a stretching surface with suction
and injection.

The study of boundary layer flow over a stretching
sheet is of great importance and has many applications
in fields of science and engineering such as liquid
composite molding, extrusion of plastic sheets, gas
blowing, wire drawing and hot rolling. The pioneer
work on the boundary layer flows over stationary
and continuously moving surfaces was initially
done by Blasius [1], Sakiadis [2] and Crane [3].
Ali [4] carried out a study for a stretching surface
subject to suction or injection for uniform and
variable surface temperatures. Seshadri et al. [5]
investigated non-Newtonian fluid flow and mass
transfer effects on the hydrodynamic field over a
stretching surface. S. J. Liao [6] presented an analytic
solution of unsteady boundary layer flows caused
by an impulsively stretching plate. A. Ali and
A. Mehmood [7] studied the unsteady boundary
layer flow adjacent to a permeable stretching
surface in a porous medium. Furthermore, the effects
of various heat transfer modes on velocity and
temperature fields over stretching surface through
porous medium were studied by various scientists and
engineers. Elbashbeshy and Bazid [8] and [9] discussed
the heat transfer over a continuously moving plate
embedded in a non-darcian porous medium and in a
porous medium with internal heat generation. Cortell [10]
extended the same work by including the power law
temperature distribution.
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The homotopy analysis method (HAM) is a powerful
method to solve non-linear problems. This method is
proposed by Liao [24] and in the recent few years, this
method has been successfully employed to solve many
types of nonlinear problems in science and engineering.
Xu and Liao [25] used HAM to find a series solution of
unsteady magnetohydrodynamic flow of non-Newtonian
fluids caused by an impulsively stretching plate.
Mehmood et al. [26] studied unsteady boundary-layer
flow due to an impulsively started porous plate and
obtained an analytical solution via homotopy analysis
method. Kazemipour and Neyrameh [27] made use of
HAM to retrieve an analytical solution of Goursat problem
via homotopy analysis method. Bataineh et al. [28]
obtained solution of singular higher order boundary
value problems by Homotopy analysis method and its
modified form.
In this study, flow of viscous incompressible second
grade fluid over a stretching plate with porous medium
having constant permeability is investigated. Heat
transfer effects and entropy generation rate are taken into
account and different physical properties are discussed
regarding fluid flow and heat transfer analysis.

Table 1: Convergence of HAM solution at different
orders
of
approximation when Re = 1, Pr = 1, De = 0.1, Br = 1, 1 = –
0.2628, 2 = – 1.4915
Order
f''(0)
– '(0)
1
-1.2903
-0.2809
2
-1.3396
-0.2372
3
-1.3470
-0.2148
4
-1.3482
-0.2124
5
-1.3483
-0.2096
6
-1.3484
-0.2095
7
-1.3484
-0.2104
8
-1.3484
-0.2103
9
-1.3484
-0.2103
10
-1.3484
-0.2103

u

∂y 2

+

1

 ∂  ∂2u  ∂3u ∂u ∂ 2u 
 u 2  + v 3 +
 − u,
∂y ∂y 2  K
 ∂x  ∂y  ∂y

(2)
Where v is the kinematic viscosity, 1 is the material
constant and K is the permeability coefficient of porous
medium. The hydrodynamic boundary conditions are:
=
u ( x*,0) u0 x*,

=
v( x*,0) 0,

u=
( x*, ∞) 0,

(3)

Where x* = x /L is the non-dimensional x-coordinate and
L is the length of the porous plate. We define the
following new variables

Mathematical Formulation of the Problem: We consider
a steady two dimensional flow of a viscous
incompressible second grade fluid through a homogenous
porous medium of permeability K past a flat sheet
coinciding with the plane y = 0 and the flow being
confined to y > 0. The flow is generated due to sheet
stretching with linear velocity distribution, i.e, uw = u0 x .

u
y
− 0 K f ( ),
=
.
u=
u0 x * f '( ), v =
(4)
L
K

Substituting for u and v into Eq. (2) gives

L

The origin is kept fixed while the wall is stretching and the
y-axis is perpendicular to the surface as shown in
Figure 1. Under the above assumptions and conditions,
the governing boundary layer equations for the
considered problem are given by
∂u ∂v
+
=
0,
∂x ∂y

∂2u

∂u
∂v
+v =
∂x
∂y

f '''+ Re( ff ''− f '2 ) + Re De(2 f ' f '''− ff IV − f ''2 ) − f ', (5)

Where

Re =

u0 K
L

is the Reynolds number and

De =

1
K

is

the Deborah number. The corresponding boundary
conditions are

(1)

f(0) = 1, f'(0) = 0, f'( ) = 0,

(6)

The local skin-friction coefficient or the frictional drag
is given by
1
(1 + 3 *) f ''(0),
Cf =
Re x

1u0
*=
.
(7)
L

Heat Transfer Analysis: The governing boundary layer
energy equation in the presence of viscous dissipation for
the two-dimensional flow problem under consideration is
given by

Fig. 1: Schematic figure of the problem.
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u

Using the non-dimensional quantities, we obtain the
entropy generation number in non-dimensional form

2
2
2 

 ∂u 
k ∂2T
1 u ∂u ∂ u + v ∂u ∂ u .
+
+




cp ∂y2
cp  ∂y 
cp  ∂y ∂x∂y ∂y ∂y2 

∂T ∂T
+v =
∂x
∂y

(8)
Ns
=

The following thermal boundary conditions are
considered:
T(x*, 0) = Tw, T'(x*, ) = T ,

(9)

T − T∞
( )=
.
Tw − T∞
Using (10), Eq. (8) can be written in the form

Where S

cp
k

(10)

brinkman number. Consequently the boundary conditions
(9) take the form
( ) = 0.

and
(13)

K

k
T2

(∇T )2 +

t .L
,
T

+

KT

u2,

(18)

f0( ) = 1–e

0

( )=e

(19)

∂2
L[Θ ( ; p)] = 2 − , (20)
∂

Convergence and validity of HAM Solution: In order to
show that f( ) and ( ) are approximate solutions of the
systems (6), (7) and (12), (13), it is necessary to show the
convergence of the solution series (43), (44) which
strongly depends upon the auxiliary parameters 1 and 2
once the initial guess and the linear operator have been
selected. To find out the appropriate values of 1 and 2
for our problem we have plotted the -curves of velocity
and temperature at 10th order of approximation in Figure 2
and Figure 3 respectively. To further ensure the
convergence of the series solutions, relative errors
between two consecutive iterations are plotted in
Figure 4 and Figure 5.

(14)

1v

Exp ( − n ) k ≥ 0, n ≥ 0},

The remaining facet of the method is renowned and
is therefore concealed for simplicity (see for instance
[24-30]).

The entropy generation rate per unit volume for
viscoelastic fluid is given by
2
2
∂u ∂ 2u
k  ∂T 
1   ∂u 
+
S gen = 2   +    + 1u
∂y ∂x∂y
T  ∂y  T   ∂y 

k

∂3 f ∂ 2 f
L[ F ( ; p )] = 3 + 2 ,
∂
∂

Entropy Generation: The entropy generation in a fluid is
caused by exchange of momentum and energy within the
fluid and at the boundaries. One part of entropy
generation is due to heat transfer in the direction of finite
temperature gradients and other part takes place due to
fluid friction irreversibility. Following Bejan [21], the
entropy generation rate per unit volume is given by
S gen =

(17)

kT∞ 2

Taking into account the boundary conditions, we
choose the initial guess and the linear operators as:

(12)

'(0) x

k (Tw − T∞ ) 2

{

The local Nusselt number is given by
Nu x = −

=

Solution of the Problem: Our boundary data (7) and (13)
suggest that the velocity and temperature distributions,
( , ) can be expressed by the set of
viz. f( , ),
following base functions

is the Prandtl number and Br is the

(0) = 1,

0 gen

In order to solve equations (5), (6) and (11), (12), we
use an analytic technique Homotopy analysis method
(HAM).

''+ Re Pr( f ') + Br f ''2 + Br Re De( f ' f ''− ff '' f '''), (11)
Pr =

(16)

 f ''2 + f '2 + Re De( f ' f ''2 − ff '' f ''')  ,



Where Tw is the temperature of the sheet and T is the
temperature of the fluid far away from the sheet. Defining
the non-dimensional temperature ( ) as

Where

S gen
1
1
=
+ Br
2
S0
(1 + T * )
(1 + T * )
gen

∂u ∂ 2u 

∂y ∂y 2 

(15)
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Graphical Illustration and Discussion: To understand
the physics of the problem we have investigated the
effects of different parameters on the solution through
graphs. In Figures 6 and 7, velocity profiles are plotted for
different values of Reynolds numberRe and Deborah
numberDe. It is clear that boundary layer thickness
decreases for large values of Reynolds number and
increases with increase in Deborah number. Figure 8
shows the effects of Deborah number on the skin
friction against the Reynold number. It is quite evident
that there is a decrease in skin friction with the increase
in Deborah number. To examine the effects of different
parameters on the temperature profiles we have
plotted the graphs in Figure 9-12. Figures 9 and 10 show
the effects of Reynolds number and Prandtl number on
the temperature profile from which it can be seen that
thermal boundary layer thickness decreases with the
increase in Reynolds number and Deborah number. Figure
11 shows that the thermal boundary layer thickness
decreases with the increase in Deborah number. Similarly
the thermal boundary layer thickness increases with
Brinkman number shown in Figure 12. In Figs. 13-15 local
Nusselt number has been plotted against Reynolds
number for different parameters. In Figure 13 we have
plotted – '(0) against Re for different values of parameter
Pr. It shows that Nusselt number increases by increasing
Prandtl number. Figure 14 shows that Nusselt number
increase with Deborah number. Figure 15 shows that
Nusselt number decrease with increase in Brinkman
number.
The variations in total entropy generation number Ns
are plotted against for different parameters in figures 16,
17, 18 and 19. It is seen in figure 16 that that entropy
generation number Ns increases with the increase in
Reynolds number. The reason is that the heat transfer rate
between two energy sources with different temperature
increases withRe. Figure 17 shows that with the increase
in Prandtl number, there is an increase in entropy
generation number. In figure 18 and 19 the effects of
Deborah number and Brinkman number on entropy
generation number have been examined which shows that
there is an increase in entropy generation number with
increasing values of Deborah number and Brinkman
number. The Bejan number is, Be is defined as:

Fig. 2: Relative error of velocity profile between 11th and
12th iterations when Re = 1, Pr = 1, De = 0.1, Br = 1.

Fig. 3: Relative error of temperature profile between 11th
and 12th iterations when Re = 1,

Fig. 4: Effects of Reynolds number on velocity profile
when Pr = 1, De = 0.1, Br = 1.

Be =

Fig. 5: Effects of Deborah number on velocity profile
when Re = 1, Pr = 1, Br = 1.
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Fig. 6: Effects of Reynolds number on temperature profile
when Pr = 1, De = 0.1, Br = 1.

Fig. 10: Effects of Deborah number on skin friction
plotted against Reynolds number.

Fig. 7: Effects of Prandtl number on temperature profile
when Re = 1, De = 0.1, Br = 1.

Fig. 11: Nusselt number plotted against Reynolds number
for different Prandtl numbers with De = 0.1,Br = 1.

Fig. 12: Nusselt number plotted against Reynolds number
for different Deborah numbers with Pr = 1, Br = 1.

Fig. 8: Effects of Deborah number on temperature profile
when Re = 1, Pr = 1, Br = 1.

Fig. 13: Nusselt number plotted against
Reynolds
number for different Brinkman numbers with
Pr = 1, De = 0.1.

Fig. 9: Effects of Brinkman number on temperature profile
when Re = 1, Pr = 0.1, De = 1.
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Fig. 14: The effects of Reynold number on nondimensional entropy generation number Ns with
Pr = 1, De = 0.1, Br = 1.

Fig. 18: The effects of Reynolds number on Bejan number
Be with Pr = 1, De = 0.1, Br = 1.

Fig. 15: The effects of Prandtl number on nondimensional entropy generation number Ns with
Re = 1, De = 0.1, Br = 1.

Fig. 19: The effects of Prandtl number Bejan number Be
with Re = 1, De = 0.1, Br = 1.

Fig. 16: The effects of Deborah number on nondimensional entropy generation number Ns with
Re = 1, Pr = 1, Br = 1.

Fig. 20: The effects of Deborah number on Bejan number
Be with Re = 1, Pr = 1, Br = 1.

Fig. 17: The effects of Brinkman number on nondimensional entropy generation number Ns with
Re = 1, Pr = 1, De = 1.

Fig. 21: The effects of Brinkman number on Bejan number
Be with Re = 1, Pr = 1, De = 0.1.
521

World Appl. Sci. J., 17 (4): 516-523, 2012

Bejan number ranges from 0 to 1 and when the
entropy generation due to heat transfer is dominant, Be is
close to 1. Figures 20 – 23 shows the effects of different
physical parameters on the Bejan number. It can be seen
that Bejan number increases with Reynolds number,
Prandtl number and Deborah number and decreases with
Brinkman number.

5.

Summary and Conclusion: Boundary layer second grade
fluid flow over a stretching surface is studied. Similarity
solution technique is applied and boundary layer
equations are transformed into ordinary differential
equations and are solved with homotopy analysis
method. Introducing non-dimensional numbers, a
parametric study is performed. Moreover thermal analysis
of the problem has been made. The highlights of this
study are:

7.

6.

8.

9.

Viscous boundary layer thickness decreases with
Reynolds number and increases with.

10.

Deborah number whereas the thermal boundary layer
thickness decreases with Reynolds, Prandtl number and
Deborah number and increases with Brinkman number.

11.

The Nusselt Number Nu increases with increase in
Prandtl number and Deborah number and decreases
with increase in Brinkman number.
Increasing Reynolds number, Prandtl number and
Deborah number enhances total entropy generation
number Ns significantly.
Brinkman number has a reverse effect on total
entropy generation number as Ns decreases with
increase in Brinkman number.

12.

13.

14.

REFERENCES
1.

2.

3.
4.

Blasius, H., 1908 Grenzschiechten in Flüssigkeiten mit
kleiner Reibung. Z. Math. u. Phys., 56: 1-37 (English
translation), NACATM 1256.
Sakiadis, B.C., 1961. Boundary layer behavior on
continuous solid surfaces: boundary layer on a
continuous flat surface, Am. Inst. Chem. Eng. J.,
7(1): 221-225.
Crane, L.J., 1970. Flow past a stretching plate, J. Appl.
Math. Phys., 21: 645-647.
Ali, M.E., 1995. On thermal boundary layer on a
power-law stretched surface with suction or injection,
Int. J. Heat Fluid Flow, 16: 280-290.

15.

16.

17.

522

Seshadri, R., N. Sreeshylan and G. Nath, 1995.
Viscoelastic fluid flow over a continous stretching
surface with mass transfer, Mech. Res. Commun.,
22: 627-633.
Liao, S.J., 2008. An analytic solution of unsteady
boundary layer flows caused by an impulsively
stretching plate, Commu. NonLinear Sci. Numer.
Simu., 13: 902-912.
Ali, A. and A. Mehmood, 2008. Homotopy analysis
of unsteady boundary layer flow adjacent to
permeable stretching surface in a porous medium.
Commun. NonLinear Sci. Numer. Simu., 13: 340-349.
Elbashbeshy, E.M.A. and M.A.A. Bazid, 2000. Heat
transfer over a continuously moving plate embedded
in a non-darcian porous medium, Int. J. Heat Mass
Transf., 43: 3087-3092.
Elbashbeshy, E.M.A. and M.A.A. Bazid, 2003. Heat
transfer over a stretching surface with internal heat
generation, Appl. Math. Comput., 138: 239-245.
Cortell, R., 2005. Flow and heat transfer of a fluid
through a porous medium over a stretching surface
with internal heat generation/absorption and
suction/blowing, Fluid Dyn. Res., 37: 231-245.
Fox, V.G., L.E. Ericksen and L.T. Fan, 1969. The
laminar boundary layer on a moving continous flat
sheet immersed in a non-Newtonian fluid, AIChE J.,
15: 327-333.
Vajravelu, K. and D. Rollins, 1991. Heat transfer in a
viscoelastic fluid over a stretching sheet, J. Math.
Anal. Appl., 158: 241-255.
Char, M.I., 1994. Heat and mass transfer in a
hydromagnetic flow of the viscoelastic fluid over a
stretching sheet, J. Math. Anal. Appl., 186: 674-689.
Nandeppanavar, M., M. Mahantesh, K. Subhas Abel
and Vajravelu, 2010. Flow and heat transfer
characteristics of a viscoelastic fluid in a porous
medium over an impermeable stretching sheet with
viscous dissipation. Int. J. Heat Mass Transfer.,
53: 4707-4713.
Datta, A., 2000. Entropy generation in a confined
laminar diffusion flame, Combust. Sci. Technol.,
159: 39-45.
Baytas, A.C., 1997. Optimization in an inclined
enclosure for minimum entropy generation in
natural convection, Int. J. Heat Mass Transfer,
22: 145-155.
Baytas, A.C., 2000. Entropy generation for natural
convection in an inclined porous cavity, Int. J. Heat
Mass Transfer, 43: 2089-2099.

World Appl. Sci. J., 17 (4): 516-523, 2012

18. Bejan, A., 1995. Convection Heat Transfer, second
ed., Wiley, New York.
19. Tamayol, A., K. Hooman and M. Bahrami, 2010.
Thermal Analysis of flow in a porous medium over a
permeable stretching wall, Transp Porous Med.,
85: 661-676.
20. Bejan, A., 1996. Entropy generation minimization,
CRC Press, Boca Raton, Fl.
21. Bejan, A., 1982. Entropy generation through heat and
fluid flow, 2nd ed Wiley, New York.
22. Famouri, M. and K. Hooman, 2008. Entropy
generation for natural convection by heated
partitions in a cavity, Int. Commun. Heat Transf.,
35: 492-502.
23. Hooman, K., H. Gurgenci and A.A. Merrikh, 2007.
Heat transfer and entropy generation optimization of
forced convection in porous-saturated ducts of
rectangular cross-section, Int. J. Heat Mass Transfer.
50: 2051-2059.
24. Liao, S.J., 2003. Beyond Perturbation: Introduction to
Homotopy Analysis Method. Chapman & Hall/CRC
Press, London/Boca Raton.
25. Xu, H. and S.J. Liao, 2005. Series solutions of
unsteady
Magnetohydrodynamic
flows of
non-Newtonian fluids caused by an impulsively
stretching plate. J. Non-Newtonian Fluid Mech.,
129: 46-55.

26. Mehmood, A., A. Ali and T. Shah, 2008. Unsteady
boundary-layer
viscous flow due to an
impulsively started porous plate, Canadian J. Phys.,
86: 1079-1082.
27. Kazemipour, S.A. and A. Neyrameh, 2010. Analytical
study on Goursat Problems, World Appl. Sci. J.,
10(8): 867-870.
28. Bataineh, A.S., I. Hashim, S. Abbasbandy and
M.M. Noorani, 2011. Direct Solution of Singular
Higher-order BVPs by the Homotopy Analysis
Method and its Modification, World Appl. Sci. J.,
12(6): 884-889.
29. Mehmood, A., S. Munawar and A. Ali, 2009. Letter to
the editor comments: “Homotopy analysis method for
solving the MHD flow over a non-linear stretching
sheet (Commu. NonLinear Sci. Numer. Simu. 14 (2009)
2653-2663)”, Commu. NonLinear Sci. Numer. Simu.,
15: 4233-4240.
30. Ali, A. and A. Mehmood, 2008. Analytic solution of
three-dimensional viscous flow and heat transfer over
a stretching flat surface by homotopy analysis
method, ASME-J. Heat Transfer., 130: 121701-1.

523

