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INTRODUCTION

In a different setting, Chen [1] defined biharmonic
submanifolds AMcE" of the Fuclidean space as those with
harmonic mean curvature vector field, that 18 AH = 0
where 1s the rough Laplacian and stated the following
Conjecture: Any biharmonic submanifold of the
Euclidean space is harmonic, that is minimal.

If the defimtion of biharmonic maps 15 applied to
Riemanman immersions into Euclidean space, the notion
of Chen's biharmonic submanifold is obtained, so the two
definitions agree.

The non-existence theorems for the case of non-
positive sectional curvature codomains, as well as the
Generalized  Chen's  Conjecture:  Biharmonic
submanifolds of a manifold N with Rien?” < 0 are minimal,
encouraged the study of proper biharmonic submanifolds,
that is submanifolds such that the inclusion map is a
biharmonic map, in spheres or another non-negatively
curved spaces [1-3].

There are a few results on biharmome curves in
arbitrary Riemannian manifolds. The biharmonic curves
are investigated in [4-12] by Kérpinar et al.

Eells and Sampson [2] proposed an mfinite-
dimensional Morse theory on the mamfold of smooth
maps between Riemannian manifolds. Though their main
results concern the Dirichlet energy, they also suggested
other functionals. The mterest encountered by harmonic

maps and to a lesser extent by p-harmonic maps, has
overshadowed the study of other possibilities, e.g.
exponential harmonicity. While the examples mentioned
so far are all of first-order functionals, one can investigate
problems involving higher-order functionals. A prime
example of these 1s the bienergy, not only for the role it
plays in elasticity and hydrodynamics, but also because
it can be seen as the next stage of investigation, should
the theory of harmonic maps fail.

A smoothmap ¢ : N ~ A 1s said to be biharmonic ifit
1s a critical point of the bienergy functional:

By (0)= [ ST

Where T(¢) . =trV®dep is the tension field of ¢¢  The Buler-
-Lagrange equation of the bienergy is given by T, (¢») = 0.
Here the section T, (¢ 13 defined by
T, (¢) = -A,T{¢) + uR(T(¢).d9)d¢, (L.1)
and called the bitension field of ¢. Non-harmonic
biharmonic maps are called proper biharmonic maps [13].
In this paper, we study timelike biharmonic curve in
the Lorentzian Heisenberg group Heis’. We define a
special case of such curves and call it Smarandache TN
curves in the Lorentzian Heisenberg group Heis’. We
construct parametric equations of Smarandache TN
curves in terms of timelike biharmonic curves in the
Lorentzian Heisenberg group Heis’.
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The Lorentzian Heisenberg Group Heis™: The T.orentzian
Heisenberg group Heis® can be seen as the space R’
endowed with the following multiplication:

(J_c,;, ;)(x,y, z)= (;Jr x,;Jr y,;Jr z— J_cy+ x;)
Heis’ is a three-dimensional, commected, simply commected

and 2-step nilpotent Lie group.
The Lorentz metric g is given by

g=-de’ +dy* + (xdy + dzy

The Lie algebra of Heis’ has an orthonormal basis

(2.1)
for which we have the Lie products
[ey,e3] = 2ep,[e3.€;] =0, [e;,6] =0
with
glei.e) = glene;) = 1, glese;) = -1
Proposition: For the covariant derivatives of the Levi-

Civita connection of the left-invariant metric g, defined
above, the following is true:

0 e3 ey
V=les 0 ¢,
e, —e 0 (2.2)

where the (if)-element in the table above equals Ve,
I

for our basis
{ek: k = 1:2:3} = (elan:eB}

Moreover we put
Rab:d =R (ea:eb:e:ed)

Where the mdices a,b,¢ and d take the values 1,2 and 3.
Ry =1, R =1, Ry = -3 (2.3)

Timelike in the
Heisenberg Group Heis*: Tet y: 7 ~Heis’ be a timelike

Biharmonic Curves Lorentzian
curve on the Lorentzian Heisenberg group Heis’
parametrized by arc length. Let {T,N,B} be the Frenet
frame fields tangent to the Lorentzian Heisenberg group
Heis’ along y defined as follows:

T is the unit vector field ¥ tangent to ¥, N is the unit
vector field in the direction of VT (normal to ¥) and B 1s
chosen so that {T,N,B} is a positively oriented
orthonormal basis. Then, we have the following Frenet

formulas:
VT = kN,
VeN=xT + 7B, (3.1)
VB = —TN,

where k is the curvature of y and 7 is its torsion, [14,15].
With respect to the orthonormal basis {e.e,e;} we can
write

T =Te, +Tre, +Tzeq,

N =N, + N,e, + Nge, (3.2)

B=TxN= B¢ + Bye, + Bieq

Lemma: ¢see [9]) Let v : I Heis' be a non-geodesic
timelike curve on the Lorentzian Heisenberg group Heis’
parametrized by arc length. ¥ 1s biharmonic 1f and only if

x = constant # 0,

T = constant, (3.3)
NyB, =0,
xr -t =1+ 4812..

Theorem: (see [9]) Let v : I- Heis’ be a non-geodesic
timelike biharmonic curve on the Lorentzian Heisenberg
group Heis’ parametrized by arc length. If N, = 0 then

T(s)=sinh[]e; + cosh[Isinhiy (s)e, + cosh [T coshyr{ {R1)
where 1€ R.

Smarandache Tn Curves in Terms of Timelike
Biharmonic Curves in the Lorentzian Heisenberg Group
Heis™

Definition: Let v : [-Heis’ be a unit speed regular timelike
curve in the Lorentzian Heisenberg group Heis®, whose
position vector is composed by Frenet frame vectors on
another regular curve, is called a Smarandache curve.

Now, Let Us Define a Special Form of Definition
Definition: Let v : I-Heis’ be a unit speed regular
timelike curve in the Lorentzian Heisenberg group Heis’
and {T,N,B} be its moving Frenet-Serret frame.

Smarandache TN curves are defined by

1
o= (T+N). (4.1)
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Theorem: Let y : [=-Heis’ be a unit speed timelike biharmonic curve and & its Smarandache TN curve on Heis .

Then, the parametric equations of 8 are

x (s)= Tl[costhosh[ERs +e]+ %cosh (R sinh[Rs + £]+ 2sinh [Tsinh[Rs + ]3],

v (s)= %[coshHsinh[iF{s +e]+ %cosh TI(R cosh[Rs+ 2]+ 2sinh [T cosh[Rs + £])],

(4.2)
z (s)= l[sinhH—[%coshHsinh[iRs +el+ sl]coshHsinh[ERs vel+
T
lcosh TT{R cosh[Rs + £]+ 2sinh TT cosh[Rs + £])
K
K . 2K . .
(— cosh [Tsinh[Rs + ]+ —zsthcoshHsmh[iRs +el+eys+egll
R R
where €, € ,8,, & are constants of integration andER ot K 2sinh 1D,
cosh [T
Proof. Since [V;T| = k we obtain
i —sinh 2T (4.3)
s)=———5s+¢,
v(s) cosh[T
where eeR.
Thus (3.4) and (4.3), we have
T =sinhITe, +coshlIsinh[Rs+ e]e, + coshllcosh[Rs + £ ]e;, (4.4)
where oK sinh 21T
coshIl
Using (2.1) in (4.4), we obtain
T = {cosh]] cosh[Rs+ &],cosh[[sinh[Rs + e],sinh [ [—x{s)cosh [ sinh[Rs + e]).
From (2.1), we get
4.5
T = {cosh [Tcosh[*®Rs + €], cosh ITsinh[Rs + £],sinh [T (% cosh[Isinh[Rs +e]+ sljcosh ITsinh[%s + €], (4.3)
where g 1s constant of integration.
Using (3.1) and (4.4), we get
VT = cosh TT(R cosh[Rs + £]+ 2sinh [Tcosh[#Rs + £ ]je, + (Hsinh[FKs + £]+ 2sinh [Tsinh[Rs + e])]e;.
By the use of Frenet formulas, we get
N= lVTT = lcosh]_[(EH cosh[Hs + e]+ 2sinh [Tcosh[Rs + e]e, + (Rsinh[Rs + e]+ 2sinh [Tsinh[Hs + £])es]. (4.6)
K K
Substituting (2.1) in (4.6), we have
N= lcosh TT{(Rsinh[Rs + €]+ 2sinh [ Tsinh[Rs + ], C(R cosh[Rs + ]+ 2sinh [Tcosh[Rs + £]), 47
K .

(Reosh[Rs + e]+ 2sinh [Tcosh[Rs + 105 coshITsinh[Rs + €]+ z—isinh]_[coshﬂ sinh[Hs + £]+ €55+ £)),
R R

where g, & are constants of integration.
Finally, we substitute (4.5) and (4.7) into (4.1), we get (4.2). The proof 15 completed.
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