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Abstract: In this paper, we apply modified decomposition method (MDM) to solve systems of partial differential
equations. Several examples are given to verify the reliability and efficiency of the method. Numerical results
clearly reveal the complete reliability of the proposed algorithm.
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INTRODUCTION

The partial differential equations are of great
significance in the diversified physical problems
related to physics, astrophysics, magnetic dynamics,
water surface, gravity waves, ion acoustic waves in
plasma, electromagnetic radiation reactions, engineering
and applied [1-16]. Several techniques
including decomposition, homotopy perturbation,
variational iteration have been
employed to solve such equations analytically and
numerically, see [1-16] and the reference therein.

sciences

exp-function  and

Inspired and motivated by the ongoing research in
this area, we applied modified decomposition method
(MDM) which is mainly due to Geijji and Jafari [4]
to solve system of differential equations. It is observed
that the proposed technique is highly suitable for the
solution of such problems. Several examples are given to
verify the reliability, efficiency and accuracy of suggested

MDM.

Modified Decomposition Method (MDM): Consider the
following general functional equations:

Jx) =0, (1

To convey the idea of the modified decomposition
method [4], we rewrite the above equation as:

y =N@)te, @)
Where N is a nonlinear operator from a banach space

B-B and f'is a known function. We are looking for a
solution of equation (1) having the series form:

y= i)’i- 3)
i=0

The nonlinear operator N can be decomposed as
0 o0 i i—1

N[zy,} oSV S S @
i=0 i=0 j=0 j=0

From equations (3) and (4), equation (2) is equivalent to

SN0+ YN Y0 -8 S o
i=0 i=0 =0 j=0

We define the following recurrence relation:

Yo =26,
1 =N)s (6)
Y1 =No+ 4 Yu) =N+t Yypy)s m=123,..,

then

(yl +...+ ym+1) = N(yo +...+ym), m= 1,2,3,...,
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and

0
y:f+zyi’
=1

if N is a contraction, i.e.
[Nx)-NO) [ <[lx=y]l, 0<K <1, then

I mst [FIN o+t ) = N(g + vt Vi)
<Kl ymll<K™ Iyl m=0,1,2,3,...,

absolutely and uniformly
i

and the series x\O®
converges to a solution of equation (1) [4, 11, 14-16],
which is unique, in view of the Banach fixed-point
theorem.

Numerical Applications: In this section, we apply the
modified decomposition method (MDM) to solve
systems of partial differential equations. Numerical
results are very encouraging.

Example 3.1:Consider the following linear system of
partial differential equations

u,+v.=0,
v, tu, =0,
With initial conditions

u(x,0)=e", v(x,0)=¢e"".

Applying the modified decomposition method (MDM),

we get

t
0

t
ity =e - [ 208 g
0

Consequently, following approximants are obtained

up(x,t)=c,
up(x,0)=e",
vO(xat) =c,

vo(x,t)=e™",

ul(xat) = NuO(xat)a
u(x,0)=e" +te ",
vi(x,1) = Nug(x,1),

X X

—te”,

vi(x,t)=e"

Uy (x,t) = N(uo(x,t)+u1(x,t)) = Nuy(x,1),
t2
Uy (x,1) = ex+te_x+aex,

vy (x,t) = N(uo(x,t)+u1 (x,t)) — Nugy(x,t),
2

- _
Y tet+—e™",
2!

Vy(x,t) =€

uz(x,t) = N(uo(x,t)+u1(x,t)+u2(x,t)) - N(uo(x,t)+u1(x,t)),
2 3

uy(x,)=e"+te ™" +%ex +§e_x,

v3(x,t) = N(uo(x,t)+u1(x,t)+u2(x,t)) - N(uo(x,t)+u1(x,t)),
2 1‘3

_ ~
vy(x,t) =e x—tex+Ee Yo"

5

—e
3!

The series solution is given as

2ot £
u(x,)=e*| 1+ —+—+--|+e ~ t+—+5—+--- ,

2! 4! 3! !

2 4 35
v(x,t):e‘x[l+t—+t—+~~~j—e"[t+t—+t—+-~],

21 4! 31 5!

and the closed form solution is given by

(u,v) = (e“ cosht + e *sinht, e *cosht—e*sinht).

Fig. 1: (U)

Fig. 2: (V)
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Example 3.2: Consider the following linear system of
partial differential equations

u,+v,2v=0,
v, tu, t2u=0,

With initial conditions

u(x,0) =sinux, v(x,0) = cosx.

Applying the modified decomposition method (MDM),

we get
(2200
0
J
0

u,1(x,t) =sinx —
V1 (x,1) = cosx— ( OV, (x, 5) ﬁn}lé.

Consequently, following approximants are obtained
uy(x,t)=c,

ug(x,t) =sinx,

vo(x,1) =c,

vo(x,7) = cos x,

ul(xat) = NuO(xat)y
uy(x,t) =sinx+zcosx,
vi(x,t) = Nugy(x,1),

vi(x,t) = cosx —tsinx,

Uy (x,t) = N(uo(x,t)+u1(x,t)) - Nuy(x,1),
2

uy (x,t) = sinx+tcosx—Esinx,

Uy (x,t) = N(uo(x,t)+u1(x,t)) - Nuy(x,1),

2
v, (x,t) = cosx — tsinx—;cosx,

uz(x,t) = N(uo(x, t)+u1(x,t)+u2(x,t))
2 A
uz(x,t) = sinx+tcosx—asinx—§cosx,

_ N(uo(x,t)+u1(X,l‘)),

v(x,1) = N(uo(x,t)+u1(x,t)+u2(x,t)) -
2 l‘3

v3(X,t) = COSX —sin X ——COSs X ——Sinx,
2! 3!

N(uo(x,t)+u1(x,t)),

The series solution is given by

11

914
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u(x,t)= sinx(l
2

t
v(x,t)=cosx|1——
(x,1) ( 3

and the closed form solution is obtained as

(u,v) = (sin(x +1), cos(x +1)).

wim't"*
v uu J
R ﬂ'é"

' 23!'&“ o’o’
OM

Fig. 4: (V)

Example 3.3 Consider the following nonlinear system of
partial differential equations

u+v,tu=1,
v, tu, -v=1,

With initial conditions

u(x,0)=e”, v(x,0)=e".

Applying the modified decomposition method
(MDM), we get

(vn (u, )x +u, — l)df,

U, (x,t)=e" -

vn+1(x’ 1)) =e " ~Vn— D déa

(_un (vn )x

S Oy~
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Consequently, following approximants are obtained:

ug(x,t)=c,
ug(x,t) =e",
vo(x,0) =c,
vo(x,0) =e %,

Proceeding as before, the series solution is given as

203 203
(u,v):(e"(l—t+t——t—+~--}e‘x[l+t+t——t—+---D,
21 3! 2! 3!

and in the closed form solution is obtained as

(u,v) — (exft,efxﬂ).

Fig. 6: (V) 4

Example 3.4: Consider the following nonlinear system
of partial differential equations

U+ VWy, =V, W, = —U,

y Wl =V,

Wi UV, UV =—W,

Ve +wu

with initial conditions
—X+y

Applying the modified decomposition method (MDM),
we get

t
R [
oy Ox
0
!
= () ()
oy ox
0
t
Ws1 (57,0 =¥ I([a“" [ﬁ”] [a""J[a”"j—wn]da
oy ox
0
Consequently, following approximants are obtained
up(x,t)=c,

ug (x,y,0) = e,
vy (x,0) =c,
vo(x,y,0)=e*"Y,
wo (x,t)=c,

wo (x,y,0)=e”*FY,

up(x,t)= Nug(x,1),

up(x,y,0)= etV (1-1),
vi(x,t) = Nug(x,t),

v (x,y,0) =" TV (1+0),
wi(x,¢) = Nug(x,?),

wi(x . =e T A,

uy (x,t) = N(uo (x,t)+uq (x,t)) - Nug(x,1),
t2

up(x,y,0) = eV (=14 20),

vy (x,t) = N(u() (x,0)+uy (x,t)) - Nug(x,1),
2

va(xy =T 1),

wp (x,t) = N(uo(x,t)+u1 (x,t)) = Nug(x,t),

2
wa (x,p,0) = e ¥V (14 t+’2—,>,

u3(x,t) = N(uo (e, t)+uy(x,t)+up (x,t)) - N(uO (x,t)+u1(x,t)),

2 3

u3(x,p.0) =t 11+ ;—f)

uz(x,t) = N (ug (x,0) +up (x,0)+up (x,1)) = N (ug (x,0)+u (x,1)),
2
t

v3(x, y,t)—ex y(1+t+—+ )

uz(x,t) = N(uo (x,t)+u1(x,t)+u2 (x,t)) - N(uO (x,t)+u1(x,t)),

A
w3(x,y,t)=e XY (4 t+—'— —)

The closed form solution is given as

(u’v’ W) — (ex+y7t’ex7y+t’e—x+y+t)’
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Fig. 9: (W, t=1)

CONCLUSION

In this paper, we applied modified decomposition
method (MDM) to solve systems of partial differential
equations. The method is applied in a direct way without
using linearization, transformation, discretization or
restrictive assumptions. It may be concluded that the
MDM is very powerful and efficient in finding the
analytical solutions for a wide class of boundary value
problems. The method gives more realistic series
solutions that converge very rapidly in physical problems.
It is worth mentioning that the method is capable of
reducing the volume of the computational work as
compare to the classical methods while still maintaining
the high accuracy of the numerical result.
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