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Six Order Iterative Method for Solving Nonlinear Equations
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Abstract: In this paper, a new six order iterative method 1s derived for solving nonlimear equations, which s an
improvement of a method prescribed by Cordero and Torregrosa [5]. Several numerical examples are given to

llustrate the efficiency and performance of the new method.
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INTRODUCTION

Solving non-linear equations 1s one of the most
important problems in numerical analysis. In recent years,
several iterative methods have been proposed and
analyzed for finding the numerical solutions of nonlinear
equation fix), [1-3] and the reference therein. In this paper,
we consider three step iterative methods to find a simple
root ¢, i.e., fle) = 0 and () # 0, of a non-linear equation
flx,), where R ~ R, be continuously differentiable real
valued function

Newton’s method for a single non-linear equation 1s
defined by:

ACH)
Sx) (M

Tu+l = X

This is an important and basic method [4], which
converges quadratically.

MATERIALS AND METHODS

In this section, we describe our proposed method for
finding a simple root & of fix) by improving a method
prescribed by Cordero and Torregrosa [5]. The following
definition is needed for convergence of our method.

Definition: (Order of Convergence) [6]: Let v € Rx, € R,
n=0, 1, 2.... Then the sequence {x,} is said to converge to
o af

lim |x,1 - a| =0

F—pe0

In addition, there exists a constants ¢>0, an integer n,
> O and p > 0 such that for all #>n,

|xri+1 - a|£‘xn - a'p

then {x,} is said to convergence to & of order p.

The Open Newton’s method [5], which has third-order convergence, is given by

Sy
TS (2)
3/(%,)

. n=0,1,2..

Al = Ve —

3)

4

27y eyt Oy

4

Starting with an initial approximation x; in the neighborhood of the root @ this method converges cubically to «.
Using the idea proposed by [6], we construct a three step iterative method which is a modification of the method

given by the equation (2) and (3) as follows:
Forn=0, 1, 2 ... define
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Now, using the linear approximation on two points (x,, f(x,)) and (y,, f(,)) we get

X=X,

fx)=

Thus an approximation to f(z,) is given by

F )+ 2 pia)
—WVn

Y~ Xy Ay

2T )+
.
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Now using (4) and (5), we get

PO BF (- 3f )+ 2f’<3x’j 2oy Iy f (B *fy” 3

ACHE

2y ey g (B 2

Now replacing f(z,) in (6) by (7) we get the following algorithm:

Algorithm RM: INPUT 1mitial approximation x;; tolerance &, maximum number of iterations N,

OUTPUT approximate solution x,,,,, or message of failure.

Stepl : Setn=0andi=1.
Step2 : While i < N, do steps 3-5.
Step3 : Calculate

)
£

. 3 /()
27ty (a0 p Bt 3

Yn = Ay

2y = ¥

f(Zn){Zfr(:sxnIyn)—f'(xn ';yn)+ 2fr(%)}

Apl T Zn

Step 4 If |x,— x,,,|<€; then QUTPUT (x,,,); stop.
Step5 : Setn=ntl; i=i+] and go to Step 2.
Step 6 : OUTPUT ("Method failed after &V, iterations, N='N,); stop.

f’(xn){3f'(yn)—3f'(xn) + 2f’(3x”:“"” - p T g *433’” )}

(4

(5)

(6)

(7

(Ba)

(8b)

(8c)

Convergence Analysis: In this section, we shall establish the six-order convergence of proposed method in this paper

(1.e Algorithm RM).

Theorem 3.1: T.et « € I be a simple zero of sufficiently differentiable function #: I ¢ R ~ R for an open interval I. Tf x; is

sufficiently close to e, then the iterative method defined by Algorithm RM has sixth-order convergence.

1394



World Appl. Seci. J., 11 (11): 1393-1397, 2010

Proof: Let a be asimple zero of £ Since fis sufficiently differentiable, by expanding fx) and f{x) about «, we get

Flx) = £ (e, + caen + e3¢ +cqen + O]

and
f _ ot 2 3 4 5
F )= Flo[l+ 2egey, + 3ezey, + deye, + desey, + Oe;,)] ©
Where _ :f(j)(tx) forj=2,3... ande =x,—«a, i=n ntl.
e
Now,
7;,((3;)) =e, - cze,f + (2c22 —2¢3 )e,f + (Teqez — 4c§ -3¢y )e;1 + O(ei)
s )
Jix,)
:Cf+022}%+(203*2C%)e§:+(46%4’304*70263)2i+0(2}3)
and
Sy = e+ 26‘%2}% + deq(ey — czz)eg + (8031 -1 1c22c3 + 6c2c4)e;‘ + O(eg)] (10)
Subsequently,
Mftx:le +lc ez+(c 7c2)es+(2c3+gc *ZC e )e4+0(es)
2 2!12211 3 2% 22422311 i (11)
3x +y 3 1 2 1 2. 3 3 3 7 4 5
%7 o= Eeﬂ +Zczen 75(03 —c3)e, +(c3 +Zc4 7Ec2c3)en +0(e;) 12)
X +3y 1 3 2 3 2. 3 3 9 21 4 5
$7 o= Eeﬂ + zczen + Z(% —ej)e, + (3c; + Zc4 - Ic2c3 de, +Ole;) (13)
From (11), (12), (13) we obtain
f'(x”JrTy”) = fla)[1+ cye, + (c% + %c3 )eg + (*20% + %c4 + %c2c3 )eg + 0(24)] (14)
3.76]14-’)}]1 27 2 3 27 17 3 4
O£1+—ce+ e cades +(—c5 +—cy +—0ca05)e, +O(e
PRI < Pl S e, +(oed + T res)el + (e« ey 4 crep)ed + O(E) as)
+3J’n 2 3 1 33 3 4
al-&-—ce-&- ¢ cyles +(—3c5 +—cy+—cq05 e, + Ole
FEE < oL Zere, + (G} + el + (36} + ey + egey)el + O] a6
Now,
3x, + X, + X, +3 .
2 My p(n Zy”)+2f( = Yy = 3 (o)1 + cye, + (cF + et +(¢y + Beyey — 263)e) + Ole™)]
Therefore
3f(x,)
=g, czen+0(en)]
3, + v X+ Y L X, + 3y (17
) 7 R 7 Yyl n n
f(4)f(2)f(74)

Using (17), from equation (8b), we get

Z, —(x+cze +O(e )
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Also, using (9), (10, (14), (15) and (16) we obtain
S @) = £ 11+ 2e5e, + (263 + 3esdey + Aey + egezdey + Oley)]

£ = F) 1+ dege, + (43 + 6eyden + (8ey +12¢5¢3)es + Oe )]

3x,

fix )f( +y”) a9 [1+%cze +( ¢ +f—6c3)e +( c4+10czc3)e +O(e 3]
Flx ) fi—2n “y’f) Fe[1+3cye, + (3c + 14 cs)e§+(—c4+8c2c3)ef;+0(e4)]

F s G2 a1+ Zere, + (03 = 2es)ed = ooy +6erc5)el + O]

Using the above result in (8c), we get

3.2 6 7
1 = c3(eq — 3eze, + Oley)

This show that the three step methoed (1.e. Algorithm RM) has sixth-order convergence.[]

Numerical Examples: Tn this section, we have Table 3.1: Comparison of various iterative methods by depending on the
worked out some examples to illustrate the efficiency of number of iterations
the newly developed three-step iterative method in this Numbers of iterations by
paper (1.e Algorithm RM) by comparing the Newton-
Raphson method (NRM), the method of Cordero and A% 2] NM ON[5] PM[6] RM
Torregrosa [5] (ON), the method of Parhi and Gupta [6] A 1.6 5 4 3 3
(PM) and new algorithin RM, which mtroduced in this A 1.0 6 4 3 3
paper. The following stopping criteria are used for 4 L5 6 4 3 3
compare the methods and to compute the number of £ 4.0 30 6 12 5
iterations: S5 1.5 8 6 4 3

£ 4.0 7 5 4 3
(1) e —x) <efore=15"" y: 1.2 4 3 3 3
(2) fix ) < efore=107" S 1.3 7 5 6 4

§) 2.5 6 4 3 3
The examples are Jo 0.5 13 Div 9 6
filx) =2+ 4x - 10, & =1.36523001341410. Ju 0.1 8 6 5 4
fi(x) = sin® x* 4 1, a=1.40449164821534. Ji 3 6 4 4 3
f)=x"—¢&—3x+2, a=0.25753028543986. Jiz 3 5 4 3
filx) = cos(x) —x a=0.73908513321516. Jia 3.5 18 11 6 5
Sl =1y -1, =2.0. fs 5 31 20 9 6
f{x)=x"-10, a= 2.15443469003188. Note: From Table 3.1, one can see that our presented method behaves either
flx)=xe” —sin*x + 3cox + 5, w=-1.20764782713092, similar or better than the compared methods
filx) 7 1, @=9.63359556283270.
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