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Abstract: In this paper, we apply a relatively new techmque which is called the modified decomposition method
(MDM) to solve ninth and tenth-order boundary value problems. The suggested algorithm is quite efficient and
i practically well suited for use in these problems. The proposed iterative scheme finds the solution without
any discretization, linearization or restrictive assumptions. Several examples are given to verify the reliability
and efficiency of the method. The fact that the proposed MDM solves nonlinear problems without using
Adomian’s polynomials is a clear advantage of this technique over the decomposition method.
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INTRODUCTION

The (BVPS) boundary value problems of tenth
and ninth-order [1-17] arise in the study of
astrophysics,  hydrodynamic  and hydro magnetic
stability. Moreover, when a layer of fluid is heated
from below and is subject to the action of rotation,
mstability may set in as ordinary convection which
may be modeled by a tenth-order boundary value
problem, see [4-6, 10-13] and the references therein.
Keeping in view the physical mmportance of such
problems, there 1s still a dire need to mvestigate them
with an appropriate mathematical algorithm. Recently,
Geijji [6] introduced a very reliable and
efficient technique which is called the meodified
decomposition method (MDM) and has been applied [6,
18-21] to a wide class of diversified linear and nonlinear
problems of physical nature. The basic motivation of this

and Jafari

paper is the implementation and extension of this
technique (MDM) to find solutions of minth and tenth-
order boundary value problems (BVPS). It 1s observed
that the proposed MDM [6, 18-22] 18 extremely useful,
very simple and lnghly accurate. It 1s worth mentioning
that the suggested method (MDM) 13 applied without any
discretization, restrictive assumption or transformation
and is free from round off errors. The selection of initial
value is done very carefully because the approximants are
heavily dependant upon the initial value. Unlike the
method of separation of variables that require initial and
boundary conditions, the method provides an analytical
solution by using the initial conditions only. The

proposed method work efficiently and the results are very
encouraging and reliable. The fact that the proposed
MDM nonlinear problems without using
Adomian’s polynomials is a clear advantage of this
technique over the decomposition method. Numerical
results clearly reveal the complete reliability of the
proposed modified decomposition method (MDM).

solves

Modified Decomposition Method (MDM): Consider the
following general functional equations:

fix) =0, (1)

To convey the idea of the modified decomposition
method [6, 18-22], we rewrite the above equation as:

y=Nyte (2)
Where N is a nonlinear operator from a banach space

B - Band f1s a known function. We are looking for a
solution of equation (1) having the series form:

y= 5 (3)
=0
The nonlnear operator N can be decomposed as
0 0 i -1
N3 =N+ 2N Dy [N Dy | ()
i=0 i=0 7=0 =0

From equations (3) and (4), equation (2) is equivalent to
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We define the following recurrence relation: and ©
y=F+ 2 5
=1
BURS
N=N0x),

if N is a contraction, i.e. ||Mx) —My)|| < |x—p |, 0 <K <1,

Vo =N+ ¥, ) - NOg+ o+ ¥pq ) m=123,., ©) then

| ¥t [FN N g + oot 30, ) = N (g ot Yy X < K 30 (12 K7 | 30 [
m=0,1,2,3,..,

and the series Z © 3 absolutely and uniformly converges to a solution of equation (1) [6, 18-21], which 1s umique,
i=1 :

in view of the Banach fixed-point theorem.

Numerical Applications: In this section, we apply the modified decomposition method (MDM) to solve BVPS of tenth
and ninth-order. The selection of initial value is done carefully because the approximants are heavily dependant upon
initial value.

Example 3.1: Consider the following nonlinear boundary value problem of tenth-order

) = e yix), O<x<l,
with boundary condition
HO) =1, p0)= y™(0) = y™(0) = y™(0)=1,
w0)=e, p )= 3™(1)=y"(1)= (1) =e,

The exact solution of the problem 1s
yx)=é&".

Applying the modified decomposition method (MDM), et

|

&

<
rx o x

yen@=r [[ [ [ ]
0 ]

g
j' (e*fynz(x))dxdxdxdxdxdxdxdxdxdx.
00 0

=R s Xal
[SY S—

Consequently, following approximants are obtaned

) =c
) =c
W(x) =N y(x),

1 1 1 1 1 1 1 1 1 1 1
nix)=Ax + —xi =Bl —at = =Dy = BB — W — M i
2! 3l 41 5t 6! 71 8! 9! 10! 11! 121

Yo (x) = N{(yo(x)+ 3(x)) — N yy(x),

yalx) ziAxuﬁ- —iA+; PR
11! 12! 239500800
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The series solution is given as:

y(x)=1+4 x+ix2+le3+lx4+le5+lx6+li7+l 8+iEx9+LDx10+[ ! A+ ! )x“
2! 3! 4! 5! 6! 7! 8! 9! 10! 19958400 39916800

+[ ! A+ ! )x12+0(x13),
119750400 159667200

Where
A=y(0),B=y3(0), C =90, D = y(0), E=y9(0).

Imposing the boundary conditions at x = 1, we obtain

A=1.00001436, B=0.999858964, C=1.001365775,
D =0.987457318, E=1.0932797434.

The series solution is given as:

P(x)=1+1.00001436 x + %xz +0.1666431607 x° +%x4 +0.008344714791x%° +$x6 +0.00019524071x” + %xs

+3.013x107%%° +%x'0 +2.51x103%11 = 2.087x107 %1% + .-,

Table 3.1: Exhibits the exact solution and the series solution along with the errors obtained by using the MDM

x Exact solution Series solution *Errors
0.0 1.000000000 1.000000000 0.00000
0.1 1.105170918 1.10517233 -1.41 E-6
0.2 1.221402758 1.221405446 -2.69 E-6
0.3 1.349858808 1.349862509 -3.70 E-6
0.4 1.491824698 1.49182905 -4.35 E-6
0.5 1.648721271 1.648725849 -4.58 E-6
0.6 1.822118800 1.822123158 -4.36 E-6
0.7 2.013752707 2.013756415 -3.71 E-6
0.8 2.225540928 2.225543623 -2.69 E-6
0.9 2.459603111 2.459604528 -1.42 E-6
1.0 2.718281828 2.7182830 2.00E-9

*Error=Exact solution-Series solution.
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Fig. 1: Clearly indicates the accuracy of the proposed MDM.

999



World Appl. Sci. J., 10 (9): 997-1003, 2010

Example 3.2: Consider the following linear boundary value problem of tenth-order
x) =8+ y'(x), 0<x<1,
with boundary conditions
HO)=1, y(O)=0, pM0)=-1, p10)=-2, y(0)=-3,
W1)=0, y(0)=—e, y(1)=-2e, y(1)=-3e, y7(1)= e,
The exact solution of the problem 1s
) = (1-)e
Applying the modified decomposition method (MDM), we get

[

Consequently, following approximants are obtained

V(X)) =y, (x) +

O o
O ey
[SY SE——
O e
=R ]

j' (—Se* ty, ”(x))dxdxdxdxdxdxdxdxdxdx.
0

nx =c,
yolx)y =1,
W(x) =N y(x),

yl(x):fSex+8+8x+lx2+x3+ 2Jc4+ L+LA o+ L‘FLB Pan L+ LC X+ L+ lD fans b +iE x7,
2! Ll 15 35! 90 6! 630 7! 7! 8l 45360 9!

Yo (x) = N{(yo(x)+ 3(x)) — N yy(x),

_ 0 1 1 1 12 1 . 1 3,
¥y (x)= + + X7+ . A +--,
518400 6652800 95800320 T78377600 6227020800

The series solution is given by

15 7 13 2 1 1 1 1 1 2 1
yix)=17-16¢" Fl6x+ a2t + -2 + —at | S — |+ —+—B b +[+C}x7 +(+D]x8
2 3 4! 15 13! 45 ¢! 315 7! 718l

1 7 6 5
+(8+ )2’ + — M+ My 12
ol

— X — X +--
10! 11! 12!

Imposing the boundary conditions at x =1 yields

A=—4.00002, B =—4.99999999, C =-6.00100, L ==7.00000, E =-8.010000.

The series solution 1s given by

yx)=17-16e" +16x+ ;xz n %3 n %f‘ +0.99999999099907 % + 0.15277791 666666666x° + 0.00198392857142857x" +
7 10 1 Ay 1 L2
518400 6652800 9580320

0.000233214285714286x° — 2.75573192239850 <1027 +
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Table 3.2: Exhibits the exact solution and the senes solution along with the erors obtained by using the MDM.

x Exact solution Series solution *Errors

noo 1.0000000000 1.0000000000 0.0000000000
0o 09946538263 09946538263 0.0000000000
nzo 09771222065 09771222065 0.00000ooo00
030 09449011653 09449011648 0.0000000005
040 059509481 86 02950048125 po.00o0ooooat
(11 05243606354 08243605209 p.0000000444
060 07288475202 07258472928 0.a000002274
070 06041258122 0.6041249068 0.0000009055
0Eo 04451081857 04451051850 0.0000030006
[IR=21] 02459603111 02459516717 0.0000056394
1.00 0.0000000000 - 0000222586 0.0000222586

*Error =Ezact solution- senies solution
comaprison

1 4t
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Fig. 2: clearly indicates the accuracy of the proposed MDM.
Example 3.3: Consider the following ninth order boundary value problem

¥ =9¢" +y(x), O<x<1
with boundary conditions
3@ =1, yP© =0, y20)=-1, y20)=-2, y*0) =-3,
y) =0, y20)=-2, (1) =-2¢, y7(1) = 3e,

The exact solution of the problem iz
yx) = (1 —x)e’

Applying the modified decomposition method (MDM), we get
X
Pt ()= ul) + | | (-96% + yuo) )acdrdudedr dudedrd

0

O Fomry 1y
O Comy 3
= o]
O oy 5
= Gy 3y
e
O oy 3y
O Comy 3

Consequently, following approximants are obtained
o) =c,

yﬂ(x) == 1’

y160) = N yo(x),

1 1 1 1 1 1 1 8 9 10 11
n= gl Tapbee_ultaes osdiaeamaBues gl cppllie, — g Dopllled alle o ol
2 3 8 5! 6! 7 8! 9! 10! 11! 12!
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The series solution is given by

1 1 3 1 4 1 5 1 6
N=1-—x"-=x" - —
yx) 55 73

Impozing the boundary condition at x=1 gives
A = -3999992, B =-5.00017,

The series solution is given as

g_ 8. 9 9 10 10 1 11 13
8 9! 10! 11! 12!
C = -5.9985, D =-7.005.

15,145 1
y(x)=1- Exz - 5x3 + §x4 —0.03333326667x° — 0.006944680556x° — 0.001190178571Lx ' — 0.000173735119x° —

8 9 10 11
9 JCID JC11 JC12 i

o 100 1t 12t

Tahble 3.3 Exhibits the exact solution and the senies solution along with the erors obtained by using the MDIL

xx Ezact solution Series solution *Erors
0.0 1.00000000 1.0000000000 g.ooooon
01 099465383 09946538264 -2.0E-10
0.2 097712221 09771222066 -2.0E-10
0.3 0.94490117 09449011654 -2.0E-10
0.4 089509452 08250948186 -2.0E-10
0.5 052436064 08243606355 -2.0E-10
0.a 072884752 07288475206 -6.0E-10
07 060412581 06041258131 -1.0E-2
0.3 0445105812 04451081876 -2.0E-2
0.9 0.24526031 0.2459603145 -34E-9
1.0 0.00000000 0.0000000000 0.000000
*Error=Exact solution-Series solution.
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Fig. 3: clearly indicates the accuracy of the proposed MDM.
CONCLUSIONS

In this paper, we applied the modified decomposition
method (NDM) for finding the solution of ninth and tenth-
order boundary value problems. The methodis applied in
a direct way without using linearization, transformation,
discretization or resirictive assumptions. It may be
concluded that MDM is very powerful and efficient in
finding the analytical solutions for a wide class of

boundary wvalue problems. The method gives more
realistic series solutions that converge very rapidy in
physical problems. It is worth mentioning that the method
iz capable of reducing the volume of the computational
work az compare to the classical methods while still
maintaining the high accuracy of the numerical result. The
fact that the MDM szolves nonlinear problems without
using the Adomian’s polynomials is a clear advantage of
this technique over the decomposition method.
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