World Applied Sciences Journal 10 (9): 1077-1079, 2010
ISSN 1818-4952
© IDOSI Publications, 2010

Isotropic Biharmonic Curves in the Complex Space C*

Talat Korpinar and Essin Turhan

Frrat University, Department of Mathematics, 23119, Elaang, Turkey

Abstract: In this paper, we study isotropic biharmonic curves in the complex space C°. We prove that there exist
no non-geodesic isotropic biharmonic curve in the complex space C°.
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INTRODUCTION

In [1], the notion of an isotropic curve is studied in
space C’. In this space, author constructs E. Cartan frame
and derivative equations by means of classical differential
geometry methods.

Let £:(M, g) » (N, k) be a smooth map between two
Lorentzian mamnifolds. The bienergy E,(f) of f over compact
domain {2= M is defined by

Where ©(f) = trace, vdf is the tension field of fand dv, is
the volume form of M, [2-5]. Using the first variational
formula one sees that f1s a biharmonic map if and only if
its bitension field vanishes identically, i.e.,

) = M) — trace R, t(f)df = 0,

Where
A = race¥(v) =trace (V V¥ - V)

is the Laplacian on sections of the pull-back bundle
F(TN) and R is the curvature operator of (N, 4) defined
by

RX, NZ =V Vu]Z N yZ.

In the last decade there have been a growing interest
i the theory of biharmonic maps which can be divided
into two main research directions. On the one side, the
differential geometric aspect has driven attention to the
construction of examples and classification results. The
other side is the analytic aspect from the point of view of

PDE: biharmonic maps are solutions of a fourth order
strongly elliptic semilinear PDE [6-10].

In this paper, we study isotropic biharmonic curves
in the complex space C*. We prove that there exist no non-
geodesic isotropic biharmonic curve in the complex space.

Preliminaries
Definition 2.1: ([1]) Let x, be a complex analytic function
of a complex variable t. Then the vector function
3
x= Y, (0 (2.1)
=0

is called an imaginary curve, where x.C-C’ and f ,, are
standard basis unit vectors of B

Definition 2.2: ([1]} The curves, of which the square of
the distance between the two points equal to zero, are
called minimal or isotropic curves.

Definition 2.3: ( [1]) Let s denote the arclength. A curve
is a isotropic (minimal) curve if and only if ds° = 0.

Let x = x(#) be a isotropic (minimal) curve in space
with ¢ complex variable. Then above defimtions follow
that ds’ = dx’ = 0. For every regular point, we know that
x'x)y # 0. Via this, it 1s safe to report that, 1sotropic curves
in space x = x(¢) satisfy the vector differential equation.

|:x'(I)T -0

By differentiation, we have x{#) x"(#) = 0. And by
trivial calculus, it can be written that [x(®) A x"(£)]%. This
means that it i1s also an 1sotropic vector which 1s
perpendicular to itself. Then,
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() A () = P (6, # 0 (2.2)

can be written. By vector product with x"(#), we know ¥

=—[x"] and therefore

(2.3)

For ancther complex variable £, = f{i") and daf _ f
*®

Wwe may write dt
de= x/\xzdl= x/\xza’t,
1 \/H @4
Where KR x”_[f} 4 x'_f_ The equality
2 Ry
[xj B [f} can be written in the form
: 1
e gl
- (x} dt = —{(x ) } dt 2.5)

If we choose ¢ such that ( x--)z — _1. the by integration

1

. ¢ w2 [y ]
t :s:—j (x) dt,s =3 +1isy
0

15 obtained. It 1s called the pseudo arclength of the
minimal curve which is invariant with respect to
parameter £.

For each point x of the 1sotropic curve, E. Cartan
frame is defined (for well-known complex number *) as

follows:
e =X,
ey — X,

ey = —Ex-s- X, (2.6)

2
Where B = [ x} and (e,,e,.e,.) = i The Frenet formulas are
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as follows

e = —iey
ey = i(ke +e5)

ey = —ikes, @7

Where k& = 32 is called pseudo curvature of the isotropic
curve x = x(s). These equations can be used if the
isotropic curve is at least of class C'(C™.

Isotropic Biharmonic Curves in the Complex Space C*:
Biharmonic equation for the curve x reduces to

o 31)
that 1s, x 1s called a biharmomec curve if it 13 a solution of
the equation (3.1), [11].

Theorem 3.1: There exist no isotropic biharmonic curve
in the complex space C’.

Proof: Assume that x is isotropic biharmonic curve in the
complex space C°. Then using (3.1), we have

key — 24ke, = 0. (3.2)

From (2.6), we get

ee =1,
eye, =1,
ere, =0, (3.3)
ere, =0
0

s

[

s

Substituting (3.3) into (3.2), we have

Felk=—1
2i

This 1s a confradiction. Therefore, there exist no
isotropic biharmoenic curve in the complex space C°.
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