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Abstract: This paper reflects the implementation of homotopy perturbation method (HPM) on the re-formulated
systems of fourth-order parabolic partial differential equations. Numerical results explicitly reveal the complete

reliability of the proposed algorithm.
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INTRODUCTION
This paper is devoted to the study of the
singular fourth-order parabolic partial differential

equations [1-7] with wvariable coefficient. It is well

known in the literature that a wide class of problems
arising in mathematics, physics,
engineering sciences can be distinctively formulated
as singular and boundary value problems.
The singular fourth-order parabolic partial differential
equations govern the of a
homogeneous beam. Such types of equations arise in
the mathematical modeling of viscoelastic and
inelastic  flows, deformation of beams and plate
deflection theory, see [6, 7]. Several techniques [1-7]
including variational iteration, decomposition, explicit
and implicit finite difference schemes, lines approach
and separation of variables have been applied to tackle
such problems. Inspired and motivated by the ongoing
research in this area, we apply homotopy perturbation
method (HPM) to solve the singular fourth-order
parabolic partial differential equations with variable
coefficient. The singular fourth-order parabolic partial
differential equations are converted to a system of partial
differential introducing a suitable
transformation. The proposed HPM is applied to the
resultant system of integro partial differential equations.

astrophysics and
initial

transverse vibrations

equations by

Several examples are given to verify the reliability and
efficiency of the proposed algorithm.

Homotopy Perturbation Method (HPM): To explain the
homotopy perturbation method, we consider a general
equation of the type,

L(u)=0, (h

Where L is any integral or differential operator. We define
a convex homotopy H (u, p) by

H(u,p) = (1-p)F(u)y+pL(u), 2

Where F (u) is a functional operator with known solutions
Vo, Which can be obtained easily. It is clear that, for

H(up)=0 3)
We have
H(u,p) = F(u), H(u,1) = L(u)
This shows that H(u,p) continuously traces an
implicitly defined curve from a starting point H (v, 0) to a
solution function H (f; 1). The embedding parameter

monotonically increases from zero to unit as the trivial
problem F (u) = 0 is continuously deforms the original
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problem L (u) = 0. The embedding parameter pe(0, 1] can
be considered as an expanding parameter [8-23]. The
homotopy perturbation method (HPM) wuses the
homotopy parameter p as an expanding parameter [8-23]
to obtain

i 2 3
u=2p'u[=u0+pu1+p U, + Pzt (4
i=0

If p 71, then (4) corresponds to (2) and becomes the
approximate solution of the form,

2 (5)
=limu=) u,.
f = lim ZO j

It is well known that series (5) is convergent for most
of the cases and also the rate of convergence is
dependent on L (u); see [8-23]. We assume that (5) has a
unique solution. The comparisons of like powers of p give
solutions of various orders.

Numerical Applications: In this section, we apply HPM
to solve the re-formulated fourth-order parabolic partial
differential equations. Several examples are given to verify
the reliability and efficiency of the proposed algorithm.

Example 3.1: Consider the following fourth-order singular
parabolic partial differential equation

2 4
a_u+( .x _lja_f::()’
sin x o

O<x<1,t>0

With initial conditions

u(x,0)=x—sinx, 0<x<l,

ou

a—(x,O):—(x—sinx), O<x<l1
t

and the boundary conditions

u(0,6) =0, u(l,r) = e (1-sinl), >0,
ou o2

u —f .
—(0,0)=0,——(1,0)=¢ "sinl, ¢z > 1.
o’ ox?
Using the transformation ou _ the above

at - q(t)s

problem can be converted to the following system of
partial differential equations

ou
—=q(2),
= q()

% _ _(L_ljﬂ
ot sinx ot

With initial conditions

u(x,0)=x-sinx, ¢(x,0)=—(x—-sinx).
The above system of differential equations can be
converted to the following system of integral equations

t
u(x,0) = (x - sinx) + J.q(t)dt,
0
t

4
q(x,t) =—(x—sinx)+ J‘(— sizx - IJZ—Zdt,
0 X

Applying homotopy perturbation method (HPM), we get
u0+pu1+p2u2+-~ =(x—sinx)+

'
p[ ((a0+par+ par+-+) ),

0

Qo+ P@i+p gy + = —(x —sinx) +
1 4 4

PJ.[[ - —1][6 ZO +pa Lff +-~~Bdt.
0 smx ox ox

Comparing the co-efficient of like powers of p,
following approximants are obtained

0) up(x,¢) =x—sinx,
o) ={—sinx),

1(x,) :x—sinx—(x—sinx) t,

P 2

¢(x,1) =—(x—sinx) +(x—sinx) [t _Z!J

2 3

th(x,1) :(x—sinx) —(xc—sinux) ¢ +(x—sinx) (2' —3!}

ey
7 £
¢ (x,f) = x—sinx) +(x—sinx) [ —ZJ+(x—sinx) {3' —4!}
. Ou B %0 y6

u(x’y’o) - 0’ 5(%)’»0) =2 +?! +6_!’
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u3(x,t) = (x—sinx) — (x—sinx) £ + (x —sinx)

[tz t3j . [r“ ts]
——— [+(x—sinx)| ———|,
20 3! 4! 5!

P . . 2
q3(x,t) =—(x —sinx) + (x —sinx) t—z +
£ . ro0
(x—smx){y 4J+(x—s1nx)[§—a}
1y(x,£) = (xx —sinx) —(x—sinx)t+(x—sinx)
F 7 Ay Ay
( —J+(x—sinx) ( —]+(x—sinx) { —],
21 3! 4! 5! 6 7
p(4) . 2

| 1) =—{x—sinx) +(x—sinx)[ —;J+(x—sinx)

£ NG N
——— |+(x—sinx) | = — |+(x—sinx)| =— |,
34 5! 6! 78!

t2 t3
u5(x,t)=(x—sinx)—(x—sinx) t+(x—sinx) 5—5

NS N N
Hox—sinx) | — —— |+{(x—sinx) | ——— |+(x—sinx)| = — |,
. 41 5! 6 7 8 9

. 2 A
g5(x,f) =— x—sinx) +( x—sinx) > +(x—sinx) 34

. t5 t6 . t7 t8 ) t9 tlo
+x—sinx) [5' —aj +(x—sinx) [7' _8!] +(x—sinx) (9! —10!}

The solution is given as

u(x,t)= (x—s1nx)[l—t+?!—§+zl_aJr

Example 3.2: Consider the following singular fourth order
parabolic partial differential equation in two space
variables

2 4 4\ A4
6_;¢+2 i2+ Ou —+2 Lery_ 6—21:0,
ot x° 6! )ox yo 6l oy

With initial conditions

6 6
—(x y,0)=2+2 42,

u(x,y,0)=0, ol el

and the boundary conditions

1 05° ). 1 ).
u(—=,yt 2-1—-!— sint, u(l,y,t) =| 2+— +— [sint,
G0 = [ 6 6l 0= 25+

u 1 05" . du 1
5 71 Y 15 ,1) =—smnf,
2 G= ity = sin
5214 05)* azu 1
’ 5 lt =4 t
( ) 24 ( ) 24s1n
Using the transformation du _ a0 the above
ot ’

problem can be converted to the following system of
partial differential equations

ou oq 1 o*u
() =, | s
a 1% {x2 ]ﬁx
4 A4
_Z[Lﬁy_]@_j,
yo 6oy

With initial conditions

6 6

=L
u(x..0)=0,q(x..0) =2+ 7+ 2

The above system of differential equations can be
converted to the following system of integral equations

6! 6!

! 4, 4°) A4
—2[_.‘[ 12 6']6 2 +[%+%J6—Z}lt
o\x 0. y ' )oy

Applying homotopy perturbation method (HPM), we get

60
utnt)= Iq(’)df q(x,t) =~ [2+ y]

t
2 2
Up+puy+puyte '=PJ. (( QotPa+r gt ~))dt,

0
4
2 iz+x—
x- 6!
6 6) L
4 4
610+PQ1+P242+"'=(2+X—+}}—J—PJ. Ty u0+p_6 ||t

6! 6! o ot

64
L.
ox

4 4
—2p_[ (— +—]£6 LZO +p%+p2—iyl:2 +-~~Jdt.
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Comparing the co-efficient of like powers of p,
following approximants are obtained

ug(x,1) =0,
0. 6 6
p X y
(]O(X,t)—z"ra'i‘a,
6 6
u(x,t)= 2+ 42 t,
0 6! 6!
P 6 6
2. Y
q(x,t)=2+ ol + R
6 6
Uy (x,t) = 2+ L t
@ 6 6!
P - y6 P
qz(x,t)z 2+E+E 1—5 )
6 6 3
uz(x,t) = 24X Y t_t_ ,
ey 6! 6! 3!
6 .6 2 4
Y| I
q3(x,0)=| 2 6'+6! 2'+4!],
6 6 305
ug(x,t) = 2+ _t_+t_ ,
@) 6! 6! 31 5!
p :
6 6 2 4 5
P UE A |
D= 2| T 6'}
6 6 305 7
us(x,1) = 2+%+%t t—%+%—%}
9. I 6! !
6 6 2 4 6 8
B PSP O S S
e T TS ReTRT 6!+8!]’
6 6 305 7 09
ug(x,t) = 24 ;_t_ r.r,.r ,
©) 6! 6! 31 507 9!
p .
6 6 2 4 6 8 10
qe(x,1) = 242 2 1—t—+t—_t_+t__t_ ,
6! 6! 21 4! 6! 8! 10!

The exact solution is recognized easily
6 .6 305 7 .9
u(x,y,t)= [2+x_+y_j[t_t_+t__t_+t_+ ]
6! 6! 315171 9

6 6
= [2 +x_ +y—]sint.
6! 6!

Example 3.3: Consider the following three dimensional
non-homogeneous singular parabolic partial differential
equation

o%u ( 1Yo (1Yo (1 )o%
— At — |t =t
a2 \4lz)ax* \4lx gt 41y ) oz

x y z 1 1 1
=— —+—+—+—5+—5+_5 cost,
y z X X y z

With initial conditions

X y z

u(x,y,z,0)=—+—+—, a—u(x,y,z,O)zO,
y z X ot

and the boundary conditions

1 1 1
u(=,y,z,t)=| — +X+22 cost, u(l,y,z,t)=|— +Z+zjcost,
2 2y z y z

1 1 1
u(x,—=,z,0) =| (2x +—aZ cost, u(x,l, z,t) :[x+— +Z cost,
2 2z x z X

1 1 1
u(x,y,—,t) = (2y+£+— cost, u(x, y,1,,t) = y+E +—)cost,
2 y 2x y X

Using the transformation ou _ the above

at - q(t)s

problem can be converted to the following system of
partial differential equations

G x )
ot sinx ot’
With initial conditions

u(x,0)=x-sinx, ¢(x,0)=—(x—sinx).
The above system of differential equations can be
converted to the following system of integral equations

t
u(x,0) = (x - sinx) + J.q(t)dt,
0
t

g(x,0) = —(x —sinx) + j(—
0

4
d —lja—Zdt,
sinx ox

Applying homotopy perturbation method (HPM), we get
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u0+pu1+p2u2+~~-=(x—sinx)
t
2
+p.f((qo+pq1+p qz+~~~))dt,
0
Qo+ pqi+p gy +++=—(x—sinx)
4 4 4
+pj[[— x —1}[6 Lz0+pa T +-~~Bdt.
0 sinx ox ox

Comparing the co-efficient of like powers of p,
following approximants are obtained

) . |40 (x,t) = x—sinx,
" go(x,) = —(x —sinx),

w(x,t)=x— sinx—(x—sinx)t,

: 2

p ~ql(x,t):—(x—sinx)+(x—sinx)(t—%}
, . N
ug(x,t):(x—smx)—(x—s1nx)t+(x—smx)[5—5}

PP g (1) =—(x—sinx)+(x—sinx)

t—— |+(x—sinx)| =—— |,
2! 314

usy(x,1) = (x—sinx)—(x —sinx) ¢+ (x —sinx)

(tz t3J . (r“ tSJ
——— |+(x—sinx) | ——— |,
21 3! 4! 5!

2
q3(x,1) = —(x —sinx) +(x —sinx) (r—%} +

3 4 5 6
. t t . t t
(x=sinz) (3! - 4!J+(x_smx) {5_5]’

The sequences tends to ( x y z

3.

—+4+=+—|cost, asn-—> o,
y z X

therefore, the exact solution is given as0

u(x,y,z,t) =[£+Z+£Jcost.
y z x

Example 3.4 Consider the Following Singular Fourth-
order Parabolic Equation:

2 4\ A4
Ou (1, x° a_”:(), l<x<1,t>0
o | x 120 )ox* 2

subject to the initial conditions

u(x,0)=0, l<)c< 1,
2
5
a—u(x,O):1+x—, l<x<1
ot 120 2

and the boundary conditions

5
1/2
u l,t = 1+u sint, u(l,t)—(E sint, ¢t > 0,
2 120 120

2 3 2
8—”(1,1)21(1J sint, ﬂ(l,t):lsint, t>0.
a*\27) 6\2 ox? 6

Using the transformation ou _ the above

problem can be converted to the following system of
partial differential equations

oq _ |1 N x* ) otu
ot x 120 |axt’
with initial conditions

5

g(x,0) =1+ 2.

’0 :0’
u(x,0) 120

Applying homotopy perturbation method (HPM), we get

t

“0+P”1+P2“2+"':PI (‘]0 + P4 +P2‘]2+"')dt,
0

+ + 2 4= 1+i — j‘ l+i
qo+tPq TP 9 = 120 p < 120

4 4 4
0 uf+pa u41+p28 “2 1o dt,
0x Ox 0

Comparing the co-efficient of like powers of p, following
approximants are obtained

UO(.X',Z) = Oa
O 5

X
x,t)y=1+—,
qo(x,1) 120

5
u(x,t) = [1 + x_] t,

5

X
5 =1+,
q1(x,1) 120

p
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5 5 3
X X t
ug(et) = 1+ 22— |r=| 1+ 2 |&,
40 [ 10] [ 120}3!
5 5 2 5 4
X X t X t
97 Rt I Qg i DU A VR L
9a(5:1) { 10J ( 120}2! ( 120}4!

The solution in a series form is

u(x,t) =[1+

v £ P ¥ ).
ft——4——--|=|1+= [sint.
120 3t 5! 120

CONCLUSION

In this paper, we applied the homotopy perturbation

method (HPM) to solve re-formulated systems of singular
fourth-order parabolic partial differential equations with
variable co-efficient. The fact that the proposed algorithm
solves nonlinear problems without using the Adomian’s
polynomials can be considered as a clear advantage of
this technique over the decomposition method.
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