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Abstract: By means of Exp-function method with symbolic computation system, we obtain some new
exact solutions of the Riccati equation. By means of the Riccati equation and its new exact solutions, we
find some new solutions of the Petviashvili equation arising in mathematical physics. It is shown that the
proposed method provides a very effective and powerful mathematical tool for solving nonlinear evolution

equations arising in physics.
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INTRODUCTION

A large variety of physical, chemical and
biological phenomena is governed by nonlinear
evolution equations. The analytical study of nonlinear
partial differential equations was of great interest
during the last decade years. The investigations of the
travelling wave solution of nonlinear equations play an
important role in the study of nonlinear physical
phenomena. The importance of obtaining the exact
solutions, if available, of those nonlinear equations
facilitates the verification of numerical solvers and aids
in the stability analysis of solutions. In the past decade,
both mathematicians and physicists have made
significant progression in this direction.

Searching and constructing exact solutions for
nonlinear evolution equations is an ongoing research.
These exact solutions when they exist can help one to
well understand the mechanism of the complicated
physical phenomena and dynamical processes modeled
by these nonlinear evolution equations. Various
powerful methods for obtaining explicit travelling
solitary wave solutions to nonlinear evolution equations
have proposed such as[1-20].

More recently, He, Abdou [2] and Abdou [14, 15,
20] proposed a straight-forward and concise method,
cdled Exp-function method, to obtain generalized
solitary solutions and periodic solutions, applications
of the method can be found in [2, 12, 14, 15, 20] for
solving nonlinear evolution equations arising in

mathematical physics. The solution procedure of this
method, with the aid of Maple, is of utter simplicity and
this method can easily extended to other kinds of
nonlinear evolution equations.

The goal of the present work, we used the Exp-
function method, to seek new exact solutions of the
Riccati equation, then employ the Riccati equation and
its solutions to find more general exact solutions of
Petviashvili equation [21] as:
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is the linear zero-dimensional phase velocity of Rosshy
wave.

EXACT SOLUTIONSOF RICCATI
EQUATION VIA EXP-FUNCTION METHOD

The aim of this paper is motivated by the desire to
Bp-function method to generalized Riccati equation.
For illustration, we consider [17].
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where p, g and r are constants to be determined later

and the prime denotes differentiation with respect to z
If setting some new variables and parameters
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y =5+, 1= ,gz=X

Then Eq. (2) reducesto

y @) =lo+y* (%) €)
wherelg is aconstant.
Introducing acomplex variable h defined as[17]
h=kx+x, 4

where k and X, are constants. Then eq. (3) convert into
ordinary different equations, which read

ky - lo-y2= ©)

where the prime denotes the derivative with

respect to h.
In view of Exp-function method, we assume that
the solution of Eq. (5) can be expressed as

(©)

where p, g, f and e are positive integers which are
unknown to be determined later, a, and b, are unknown
constants.

In order to determine values of | and g, we balance
the linear term of the highest order in Eq. (5) with the
highest order nonlinear term f¢and 2, we have

oy _ CEXp[(f +g)h]+......
y 0= c,exp[2fh]+.... @)
YR ez ®

where ¢; are coefficients for simplicity. By balancing
highest order of Exp-function in Egs. (7) and (8), we
have

q+f=2q ©)

which leads to the results | = g. Proceeding the same
manner as illustrated above, we can determine values
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of e and p. Balancing the linear term of lowest order
inEq. (5)

d,exp[- (p+ €)h]+

y 0= d, exp[-2eh]+.... (10)
y )= d, exp[-2eh] +.... (11)

where d are coefficients for simplicity. By balancing
highest order of Exp-function in Egs. (11) and (10), we
have

-(pte)=-2e 12)

which leadsto theresult e=p.

Case(l): ) =g=1lande=p=1
For simplicity, weset | =gq=1ande=p =1, the
trial function, Eq. (6) becomes

a exp(h)+a, +a, exp(- h)

y(h)=
b,exp(h)+b, +b_,exp(- h)

13

Substituting Eq. (13) into Eq. (5), equating to zero
the coefficients of all powers of exp(nh) yields a set of
algebraic equations for &, bo, &, ai, b.; and k. Solving
the system of algebraic equations with the aid of Maple,
we obtain three sets of solutions

Case (i)

’-1
ao:bo:0:a1:'\]'|ob1v br1: l_aruk:' 'Io (14)
0

with two arbitrary constantsa; and b,

Case (ii)
8, =b, =02, =-iyfb,.b, = -i\/lzal,k =ifl, (15

with two arbitrary constantsa; and b;.
Case (iii)

=Ty 2, =\ Tk

2 2
Ty.b, =t ol

16
4p-1 (19

with two arbitrary constants ay, bg, b.; and

h =kx+x,
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According to case (1), we have the following
generalized solitary wave solution

- J-lob,exp(h) +a_, exp(- h)

h) =
v blexp(h)+\/'|—?a_lexp(- h)

a7

As some special examples, when x = 0, by =0,
a,= J_r,/- I, , then Eq. (17) reducesto

y ()= - {1, tanh(y-1p)
y ()= - -1, coth({-T %)

which are these solitary wave solutions obtained by
Yanetal.[17]
Inview of Eq. (15), leadsto

(18

- iyf b, exp(ih) +a_, exp(-ih)
b, exp(ih) - iJ%a_@xp(- ih)

y(h) = (19

As some specia examples, when x =0, by =i,
a, =i, , the solution (19) reads

y (h) = I, tan(/1x)
y (h)= - i, cot([x)

which are these triangular function solutions given by
Yanet al [17].
From Eq. (16), we obtain the new exact solutions

- - Toby exp(2h) +&, - |- I,b_, exp(- 2h)

201 oxp(2h) + b, + b exp(- 2h)

24b1

(20

y (h) =

(21)

Case[2]: | =q=2ande=p=1
We consider the case | =q=2 and e=p=1,
Eq. (6) can be expressed as

&, exp(2h) +a, exp(h) +a, +a, exp(- h)
b, exp(2h) + b +b,exp(h)+b_, exp(- 2h)

y(h= (22

Inserting Eq. (22) into Eqg. (5), equating to zero
the coefficients of al powers of exp(nh) yields a
set of algebraic equations for &, by, ay, bg, &, as,
b,, by, and k. Solving the system of algebraic
equations with the aid of Maple, we obtain two sets
of solutions
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Case (i)
_ _ Aoy a1+lob1+2\/_aob
8, = leb, a,= b 21, o
+[-1,b,)(4a,b, I /- 1o b2
_(a )(ao&b;/_al o 1ob) | <= 2T

with arbitrary constants ag, &, b; and b,
Case (ii)

a—l 2

)

ﬂa b—‘/_ab,

1

8= \/_obfk--z\/_o‘az b,

with arbitrary constantsa.;, b; and b,
In view of Eq. (23), we obtain exact solution of eq.
(2) asfollows

0

(4

JTob,exp(2h) + a, exp(h)
TR JI-‘:Eb-lexp(- h)
b, exp(2h) + b, exp(h) + af*'olf;m- Toao b,

+ (6<1+~I_dji(4®l;zgg|_oﬁqz- ! "“l'_mz)exp(- h)

y (h) =

h :2«/-I0x+x0
According to Eq. (24), we have the following solutions

v () = _\FTob,exp(2h) -\ T;b,exp(h) - &2 +a., exp(- h)
b, exp(2h)+&+ b1e><p(h)+£a exp(- h)

h :-ZEX+XU

AUXILIARLY EQUATION METHOD

()

(26)

For a given nonlinear evolution equation, say, in
two independent variables as follows

N(u,y,u,...)=0 27
and itstravelling wave solution
f(x,t)=f(x), x=kx-ct (28)

where k and c are constants to be determined later.

Inserting Eq. (28) into Eq. (27) yields an ordinary
differential equation of f(X). Then f(X) is expanded into
apolynomial in; () and g(x)
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F()=A, +gfi'1(x)[Af(X)+Bi9(X)]

i=0

(29

where Ay, A and B are constants to be determined
later, M is fixed by balancing the linear term of the
highest order derivative with nonlinear term, while | (X)
and g(x) satisfy the system of equations

f¢=‘/pf2+%qf4+r,f®=pf +qf®

g«n =g(c, +¢,f?),g° =G, +c,f?
gt =fg(cs+c,f?) (30)
where the prime denotes derivative with respect to
xand p, g, r and ¢ = 1, ...6) are constants to be
determined.
To look for the travelling wave solution of Eq. (1),
we use the gauge transformation
f =f(X),x =kx+ ly- wt (31)
Inserting Eq. (31) into (1), we have
-W(K? +12)f " (X )+ KCof () ") + (W +KCR)f ‘%)= 0 (32)

Integrating obtained equation once and setting the
integration constant as 0, we have

-w(k? +17)f () +gCRf ‘X )+(w+KCF () =0 (33)

Eq. (33) can berewritten as

Af“(x) +Bf (X)+ O 2&)=0 (34
A=y B=-WHKC) oo KG
w(k? +1?) 2w(k? +1?)

Considering the homogeneous balance between
f2(x) and f2(x) in Eq. (34), we have M = 2. Therefore,
we assume that f(x) can be expressed as

f(X)=As+Af &) +Bg(X)+A,F*(x)+B,f ) g%) (35)

where Ao, A; and B; are constants to be determined and
i (¥ and g(¥) satisfy the system of equations (30). We
substitute anzatz (35) into (34), make use of Eq. (30)
with computerized symbolic computation, eguating to
zero the coefficients of all powersof | i(x)gj (¥ yieldsa
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set of algebraic equations for A, A; and B;. Solving the
system of algebraic equations with the aid of Maple, we
have

Case[1]

(30)

A, & ‘pﬂlzgcf’u’gf,Al |0

@ (=C, [=2cs A
H = )

B, H0,A,

26)(+¢6 + 26)

BZ - (3p B Cl -
: 2cp’

@

Cy=(-50+C, + 20 +26,(3p- G- 2¢) =0

By means of Egs. (36) and (35), admits to the new
exact travelling wave solutions of Eq. (1) asfollows

4p-a
2b

3

f (%)= - -

) (33

Using Egs. (37) and (35), admits to the new exact
travelling wave solutions of Eq. (1) asfollows

_ (p+Ci+205)' a (q+C2+206)
2 2b

+ |Bp- G- 2e)(g+c, +26)
2cp?

f ()= f %(x)

(39

f () 9%)

where | (X) and g(X) satisfy Eq. (30) with the constraint
among the parameters

C3=(-5q+02+206)+2C4(3p- G- 2C5)=0

where x =kx +ly- wt . Different classes of new periodic
wave solutions can be obtained according to the

different choice of the two functions | (X) and g(x). So
we study only the solution of Eq. (39) in what follows.

New periodic wave solutions

Case (1): When p=(2m°- 1), q=(-2m%), r=(1- m?),
c,=m’, c,=-2m*, c,=(1-m?), c,=m’, c,=n7,
c,=-m?. We have | () = cn(X) and g(X) = dn(¥). Thus
the new periodic wave solution of Eq. (1) is
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)= (5m*- 1)- a. 2m’

f,(x
o) b

=—on’(x)

2
= IM n? =10 AN
Q =m?Q3

(40)
For m® 1, Eq. (40) admitsto solitary wave solution

4-a 2
11(X)_T_ bsechz(x)

Case (2): When p = (2 -nf), q = -2(1-mf), r = -1, ¢ =1,
Co = -2ALnf), c=-%, ¢, =%, 6 = 1, g = ~(1nT),

Here, we have | (X) = nd(X) and g(xX) = sd(x) and the
corresponding new periodic wave solutionis

fx)=

1
+Z |-
ZJ

For n® 0, Eq. (41) admits to triangular function
solution as

nd?(x)

(5- m%)- a NG 6+6m?)
2b 2b

36(1- m*)(- 1+ m?)
bZ

nd(x)sd(x) (41)

fm(x)z%-S-ggn(x)
Case (3): If we select p = -(1+m), q = 2, r=nf,
= 6=26=-1a=10G=-f =1 We

have | (¥ = ns(X) and g(x) = cs(x) and we obtain the
new periodic wave solution asfollows

(-1-4n?)-a

.00 =

+— ns x)+3 \/:ns(x)cs(x) (42

When m® 1, Eqg. (42) admits to new solitary wave
solution asfollows

-5-a |3 1
f ()= 5 +Bcoth2(x) +3 o coth(x)csch(x)

For m®0, Eqg. (42) admits to triangular wave
solution as

-1-
2b

+Elcsc2(x)+3

a

fo(X)= b—lz csc(x)cot(X)

Case (4): Now with p = -(1+nf), g=2nf, r=1, ¢ = -1,
Co=2nf, c3=1, ¢4 = -1, 5 =-1, g =nP. Inthiscase,
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we have | () = sn(¥) and g(X) = cn(® and thus the
corresponding new periodic wave solution is

+ (3212) $2(X) +3\/§sn(><)cn(x) (43)

For m® 0, Eq. (43) admitsto rational solution

(-4-m?)-a

()= 23

-4-
2b

a

fo(X) =

In case of n® 1, Eq. (43) admits to solitary wave
solution asfollows

f ()= 52'ba +%tanh2(x) +3 ’ étanh(x)sech(x)
Case (5): Ifp = -(+nf), q = 2nf, r=1, ¢ = -n?,
c =2nf, g=-1, ¢=-nf, &= -nt, g = nt. In this

case, we have | (x) = sn(¥) and g(x) = dn(¥) and thus the
corresponding new periodic wave solution is

)(14m)a3m

b b 51l (x)+3’

When m® 1, Eq. (44) admitsto solitary wave solution

fox

-5-a

fa(X)=

+z tanh? (X) +3\/E tanh(x)sech(x)

Case (6): If we select p= -(1+nf), q=2, r = nf,
c=-1,=2,g=-n1,c=1,6=-1, =1 Wehave
1) = ns(x) and | (X) = ds(x) and we obtain the new
periodic wave solution as

(-4-md)-a

f )=

+ Zng (x)+3‘/b—T2ns(x)ds(x) (45)

As long as n® 0, Eqg. (45), admits to triangular
periodic wave solution

-4- a

L esc?(v)

2
+ +3
PO 3

fe()=

As long as m® 0, Eqg. (45), admits to triangular
periodic wave solution

o(X) =52 +2csc (X)+3J_C$ x)

For m® 1, Eq. (45) admits to solitary wave solution as
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-5a
o)

fa() =

+2csch?(x) + 3\/5 csch(x)coth(x)

SUMMARY AND DISCUSSION

In summary, we use the Exp-function method with
a computerized symbolic computation to seek new
exact solutions of the Riccati equation. Then we
employ the Riccati equation (2) and its new solutions to
find some new exact solutions of Petviashvili equation.
It worth noting that the Exp-function method is more
effective and simple than other methods and a lot of
solutions can be obtained in the same time. In addition,
this method is also comupterizable, which allows us to
perform complicated and tedious algebraic calculation
on acomputer.

In view Exp-function method, we give a very
simple and straightforward method for nonlinear
evolution equations arising in mathematical physics.
We make some important remarks on the method as
follows
1. The method leads to both generalized solitary
solutions and periodic solutions.

The expression of the Exp-function is more general
than the sinh-function and the tanh-function, so we
can found more general solutions in the Exp-
function method.

The Exp-function method can be employed in both
the straightforward way and the sub-equation way.
But we suggest that it is better to use this method
directly, not only for its convenience, but also
because it is sometimes possible to lose some
information and solutions if we apply it in the sub-
equation way.

2,

Finally, it can be easily seen that the method used
in this paper must futher be improved to solve more
nonlinear partial differential equations arising in
mathematical physics. Thisis our task in the future.
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