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Abstract: Let 3 be a variety of groups defined by the set of laws V. We define the lower 3-verbal series,
upper 9-marginal series and lower 3-marginal series of group G. A group G said to be 3-nilpotent group if

there exists a series 1= G<G,<---<G, =G where G=2G, (?—ig \%A (ij In this note, we show if G be a

S-nilpotent group, then VP(G) is
Bear-invariant of G.

also  S-nilpotent

i-1 i-1

and we also prove exact sequence about
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INTRODUCTION

Let V be a nonempty subset of a free group F = (x,
X,..., and 3 be a variety of groups defined by set of
laws V [4]. If G is a group with a normal subgroup N,
then we define the Verbal subgroup, V(G) and the
marginal subgroup, V' (G) and [NV G] in the following:

V(G)=({v(g.....g,) ; ve V,g.e G,1<i<n})

V(G ={aeG;v(g,. .8, 8 ) =V(gs-0s 8e-nB,)s
veV,geG,l<i<n}

[NV G] :<{V(g,---,gia,-~-,gn)V(gp---,gp---,g)‘;}>

veV,g,eG,a eN,1<i<n

It is easily checked the verbal subgroup is
fully invariant and the marginal subgroup is
characteristic in G.

In the special case, where 3 is the variety of groups
defined by the set of laws V = {[x, %]}.

Then clearly 8 is the variety of abelian groups and
the verbal and the marginal subgroups of G are
V(G)=G', V'(G)=Z(G), respectively, if NIG, then
[NVG]=[N,G].

If V={[x,,...,X.,]}is the nilpotent word, then 3 is
the variety of nilpotent groups of class at most ¢ and
V(G)=7_(G),V(G)=Z(G) and [NVG]=[N,G].

The following lemma gives the properties of verbal

and marginal subgroups of a given group, with respect
to a given variety of groups 9 [1].

Lemma 1.1: Let $ be a variety of groups and N be a
normal subgroup of a given group G. Then the
following statements hold :

. . (G ) G
G V(V(G)=1and V [W]‘V(G)‘

(i) V(G)=1if V(G)=Giff Ge9.
(i) [NV G]=1iff NSV (G).
@ V[S)MON g VON ()
N N N N
(v)  VIN)S[NVG]<NNV(G) inpatticular,
V(G)=[GVG].

(vi) if  NAV(G)=1  then N<V(G) and
(g5
N N

(vi) if [G,N]<V'(G) then [V(G),V'(G)]=l.
(vili)  V(G)NV'(G), is
subgroup of G.

contained in the Frattini

Let 9 be a variety of groups. we define the lower
9-verbal series of G to be

G=V°(G) 2V(G)=...2V*(G)=...,

Where, for n>1, V'(G)= V(V" (G)).
n-1
V@G
Vi(G)
The upper S-marginal series of G to be

It is easy seen that
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1=V,(G)<V{(G)<...<V,(G) <.,

(o)
Vn—l(G)

The corresponding lower $-marginal series of G

Where, for
V{(G)

n>1,—
Vn—l(G)

G=V,(G)2V(G)2...2V,(G)>...,

Where, for n>1, V(G)=[V, ,(G)VG].

In the special case, where 9§ is the variety of
abelian group, then V"(G)=G™ is the derived series

and V,(G)=Z,(G) is the upper central series and
V(G)=v,.,(G) is the lower central series of G.

Lemma 1.2. Let 9 be a variety of groups and G be a
group. Then the following properties hold :

i) V(V{G)=V"™(G), Vi,j=0

) w >
(i) V*(V(G)] Vi,j=0
(i) (@ sv‘( G J,Vizl
V(G) V(G)
(iv) V' (m]:m,wzl
Vi(G) ) V(O
v) Vi( G ] V(G)VO <i<j
Vi(G)) V(G)

Proof: (i), (ii), (iii) and (iv) are clear from the definition
and using induction. (v) By induction.

{2
V(G) VI(G) V'(G)

_VVT(G)_V'(©)
V{G) VIG)

H/K is said to be a S-marginal factor of G if H and K

are normal in G and ESV(EJ .
K K
Let 1 5N—E G -1 (*) be an exact sequence of
groups. Then we say that (*) is an extension of G by N.

A group G is said to be S-nilpotent if there exists a
series

G=G,2G,>... >G, =1 (%)
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where G<G and % is a 9-marginal factor of G

for i = 1,...,n. The Length of the shortest series (*) is
the $-nilpotent class of G.

The class of $-nilpotent group is closed under the
formation of subgroups, images and finite direct

product. A group G is 9-nilpotent of class n, iff
V.(G)=G or V,,(G)=1 (see[1]).

Let >R—->F—>G—1 be a free presentation of the
group G. Then the Bear-invariant of G, with respect to
the variety 9, defined by VM(G), is defined to be

—Rﬂ V() . we also denote the factor group Vo
[RVF] [RVF]

VP(G). of course, if G is in 3, then VM(G) = VP(G).
Inparticular, if successively 9 is the variety of abelian
or nilpotent group of class at most n (n>1), then the

RNF

is isomorphism to the schure-multiplicator of G, or

Rﬂyll+l(G)
[R’ nF]

It is easy seen that the Bear-invariant of the group

Bear-invariant of G will be

which by I.schure [5]

(F repeated n times), respectively [3].

G with respect to the variety 9 is always abelian and
independent of the choice of the abelian and
independent of the choice of the free presentation of G
[2,3].

MAIN RESULT

Lemma 2.1: let 3 be a variety of groups defined by the
set of laws Vand N, H are normal subgroups of a group
G, then

[HN V*Q}Z[HV*G]N
N N N

Proof: suppose that g,eG,heH,veV the proof is easy

by using relation below

v(gN,...,gNhN,..,g N)v(gN,...,gN,...,gN)
=v(gN,...,ghN,...,gN)v(gN,...,gN) "'
=v(g,....gh,....g )Nv(g,....g, )' N

_ HVG]N
=v(g,.-..gh,...g)v(g--,8) leNeg

all the relation are reflective thus by the upper relations
the proof is competed.

Theorem 2.2: Let 9 be a variety of groups and G be a
J-nilpotent group of class of c>2. then
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(1) VM(G)_)VM(%]—)VC(G)_)I
VM(G)—)VM( G J VL(G)
(ii) V'.(G)) [V.(G)VG]
G G

— ]
V(G) VGV, (G)
are exact sequence.

Proof: (i) consider the extension

3 €
1>V, (G)»G— —1

now let 1->R—F -G —l be a free presentation of G.

Then em:F—

is a free presentation for group

¢

. put ker en= S, then

V.(G)
VM SO
V{(G) [SVF]
and
vM(G) = ROVE
[RV F]

Clearly S is the inverse image of N under 7, hence
RcS and

S
VC (G) EE

define mapping

f:VM(G)>V M( J
V(G)

in natural way, one notes that its image is

(RNV(F))[SVF]
[SV'F]

)

given by x[SV'Fl=>n(x)[V(G)VG]. One can easily

and the map
G
V{(G)

V(G)
[V(G)VG]

fZ:VM[

check that the image of f is

(RNV(F)[SVF]
[SVF]

which is the same as the kernel of f,. Thus we have
exact sequence as follows
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G
V(G)

V{(G)

V(G)VG]

VM(G)—)VM(

)

Since G is 9-nilpotent of class ¢. So we have
[V(G)VGI=V,,(G)=1
and the proof is completed.

(i) Consider the extension

15V (G)5G > 51
1(G)
define mapping
(.S G
V(G)  V(G)V._(G)
and
_ V(@) G
YIVL(G)VG] " V(G)
by

xV(G)-xV(G)V",(G) and x[V._(G)VG]m xV(G)

respectively then the exactness at

N

V(G)V.,(G)
and

V@

[V..(G)VG]
Can be easily checked.

Now, let I>R—F 5G 551 be a free presentation of

G. Then em:F— is a free presentation for the

*

c-l

group — . Putker en= S, then
c-1

G | SNV(F)

M| —|=
¥ [VJ [SVF]

and

M(G)-2VE)
[RVF]

clearly, S is the inverse image of N under w, hence RcS

and N;i.
R



Middle-East J. Sci. Res
Now we may define the map

G Vei(G)
VL(G)) [VL(G)VG]

fs:VM[

given by x[SVF]~n(x)[V, ,"(G)VG]. One can easily

V. (G)NV(G)
[V, (G)VG]’

the same as the kernel of f,. Finally, we define the map

check that the image of f; is which is

f4:VM(G)—>VM( S ]
VC—I(G)

in the natural way. one notes that its image is

(RNV(F))[SVF]
[SV'F]

On the other hand, we have Ker f; =im f4. This
gives the exactness of the sequence and the proof is
completed.

Corollary 2.3: By the assumption of theorem 2.2, if the
Bear-invariant of G is trivial, then

G

Proof: Using theorem 2.2 section (i) VM(G) be trivial
then we have the following sequence

1—>VM[ ]—)VC(G)—H

V(G)
this complete the proof.

Theorem 2.4: let 3 be a variety of groups and G be a
9 -nilpotent group, then VP(G) is $-nilpotent.

Proof: Suppose that G be a $-nilpotent group group of
class c>1. Such that G has free presentation

;;, we have V.(G) = 1 it follows that
V.., §j21 . Hence by using lemma 2.1 we have
Vc+l(F)R 1
R

it implies that V_, , (F)cR(*). Now we show that VP(G)

is 3-nilpotent, we have

1057
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V. (VP(G)) =V [ V(F) }_VM(V(F))[RV*F]
c+2 2 [

“2 [RV'F] [RV'F]
CVM (F)[RV'F] [V,,,(F)V F][RV'F]
=~ [RV'F] [RV'F]
and by (*)we have [V, ,(F)V'FIc[RVF]ie

V..,(VP(G)) =1. This complete the proof.

Theorem 2.5: Let G be a S-nilpotent group of class

F .
c>2 and G EE be a free presentation of G then;

vl |
V{G)

. G [V(F)RV'F]
(i1) e(M(G))Se[VM[VC(G)Be( RV H] J

[V.(BRVE]]
| [RVE |

@ |V. @ | v™m©) |=

(iii) d(VM(G))sd[VM[ G nm([vc(F)IEV*F]J
V. (G) [RV'F]
Proof: (i) we can write
bl
G | R
(VgG)j_VM V. (FR
R
;VM[ F Jg(F)ﬂvc(lj)R
V(F)R J [V(F)RV F]
Then We have

M( G ]:(V(F)HR)ng)

V(G))  [V(F)RV'F]
SO
(VE)NR)V(F)
[RV'F]  _(V(F)NR)V(F)
[V.(F)RV'F] ~ [V(F)RV'F]
[RV'F]
And

VENRVE| |G )| |DMERVF]
[RVF] V(G) [RVF] |

this consequence that

(V(F)ﬂR)VgF)

[RVF]  _(VONRV(F) _ V(F)
NVENR) (V(ONR)  (VIONRNV(F))
[RVF]

CROVF) R
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SO we can write

=|V(G)||VM(G)]

(V(F)NR)V(F)
[RVF]

(i) We have

(V(FH)NR)
[RV® F]

(V(F)NR) V(F)
[RVF]

<

)4

so by use of isomorphism theorem we have

)

e(VM(G))ze(

)

G
V.(G)

[V(F)RV'F
[RVF]

e(VM(G)) <e [VM(

)

(i) We have

VENR VIEONR)V(F)

<r
[RVF]J [ [RVF]

]] +r[VM[[VM(F)RVF]

[RV* F]
is abelian because

d(VM(G)):r(VM(G)):r[

r[VM[

[V..,(F)RV F]
[RVF]

)

G
V. (G)

<

And since

[V(F)RV F] =[[V, (F)RVF],[V, (F)RVF]]

=[[V.(F)VF][RVF],[V(F)VF][RVF]]

=[[V, (F)VF],[V(F)VF]][[V(F)VF],[RVF]]
[[RVF],[RVFI][[RVF],[V(F)VF]]

clV(F)VFLVE®)I[[V, , (F)VFLV(F)]
[RVF][V(F).[V(F)VF] c[RVF].

The proof'is completed.

Theorem 2.6: The semi direct product of two groups
that are 3-nilpotent is a 3-nilpotent group.

Proof: Let 3 be an arbitrary variety of groups and H,K
be two groups such that g:H—>Aut(K) be an arbitrary
homomorphism and G = Hx K. Thus there exists two
subgroups M and N such that and G = MN,M NN = 1(*)
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so M and N are J-nilpotent and by isomorphism
theorem we have

MN

N

MN

N

M  MNN

G _ G
N M

thus G/N, G/M are $-nilpotent groups.

Becausee M and N are a 3-nilpotent groups. Now
by lemma 2.1 we have

{
©

Thus V(G cMnN and by (*) we have V(G) =1
thus G is a $-nilpotent group.

S
N

_V(ON_,
= N
N

and
_V(GM_
M

M -

CONCLUSION

In this note, we show if G be a 9-nilpotent group,
then VP(G) is also S-nilpotent and we also prove exact
sequence about Bear-invariant of G.
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