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Subalgebras of the Free Heyting Algebra on One Generator
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Abstract: In this paper we describe the subalgebras of the free Heyting algebra A, on one generator, generated
by an arbitrary single element of A, and we give a general theorem which provides an explicit classification of

all the subalgebras of A .
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INTRODUCTION

Heyting algebras are a generalization of Boolean
algebras; the most typical example is the lattice of open
sets of a topological space. It is well known that Heyting
algebras are algebraic models of intuitionistic
propositional logic, which is properly contained in
classical propositional logic. Heyting algebras are special
distributive lattices and they form a variety.

Definition: An algebra A = (A, V, A, =, 0, 1) is a Heyting
algebra bounded distributive lattice with least element 0
and greatest element 1 and For all x, y € 4, x — y is the
greatest element z of 4 such that x A z < y, (wkere < is
defined by: x < y if and only if x /\ y = x). This element x -
v is called the pseudo-complement of x with respect to.

In any Heyting algebra the pseudo-complement - x
of x is defined by - x = x = 0. Note that x A = x =0 and
that - x is the greatest element having this property.

A complete Heyting algebra is a Heyting algebra that
is a complete lattice (every subset has a supremum).

Let V'be a variety. Recall that an algebra A € V'is said
to be a firee algebra over V, if there exists a set E = 4 such
that E generates 4 and every mapping from E to an
algebra B € V can be extended uniquely to a
homomorphism from A to B. In this case £ is said to be a
set of free generatorsof A. If E is finite then A is said to
be a finitely generated firee algebra. We denote a finitely
generated free Heyting algebra with « free generators
(which is uniquelydetermined up to isomorphism) by A,.
Free Heyting algebras arise naturally as the
Lindenbaumalgebras of intuitionistic propositional logic
(IPC) with & propositional variables over the emptytheory.

In contrast with Boolean algebras, finitely
generated free Heyting algebras are infinite as
wasshown by Mckinsey and Tarski in the 1940s
([1]). For one generator, A, is well understood
(The Rieger Nishimura ladder), but from two on, the
structure remains mysterious, though manyproperties are
known.

With  the  help  of recursively described
Kripkemodels H, Bellissima ([2]) gave a
representationof A,. Essentially the same construction is
due to Grigolia ([3]) and Esakia.

The free Heyting algebra A, on one generators may
be defined as the Lindenbaum algebra ofintuitionistic
propositional logic /PC on a set P = P, of one
propositional variable, this is theso-called ‘Rieger-
Nishimura lattice', or ‘ladder', [4, 5], has an explicit
description as a lattice; allelements which are not its least
or greatest elements 0,1, lie in antichains of size 2, of
which thereare countably many arranged in w levels and
the partial order relation between these is quite easilyand
explicitly described.

Our aim in this paper is to provide an explicit
classification of all the subalgebras of A,.

Definition: Let A be an algebra, X ¢ A. The subalgebra
generated by X is the intersection of allalgebras
containing A written (X). (This can be constructed by
closing up X under the operations.)

The Rieger-Nishimura Ladder, A,, is shown in
Figure 1.

Subalgebras of A,: First I give the subalgebras of A,
which are generated by only one element.
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Example 2.1: S is the subalgebra generated by either 0 or
1.

Fig. 1:

Then S contains only {0, 1} see Figure 1.
Example 2.2: S is the subalgebra generated by p.
Then S equals A, see Figure 1.

Example 2.3: The set {0, -,--, -,V -~, 1} asin
Figure 2 is equal to the subalgebra S generated by either
=, 0F ==,

Indeed, it is closed under {-, A,V -}, since ~~, =~ ,
-, —==-,=0,-,=1 and Table 1shows it is closed under -.

Theorem 2.4: If x € A, and x is above every atom, then
-.=0.

Proof: Suppose that -, # 0. Then -, > y for some atom y.
Butx = y, hence x </ —x = y whichis a contradiction.

Hence the negation of any element of x € A, apart
from 0, p, =p, =-p is equal to 0.

Example 2.5: S is the subalgebra generated by such x.

Then S is the chain {0, x, 1} see Figure 4.

The previous examples gave a complete description
of the subalgebras generated by arbitrary single element
of A, and it follows from them that subalgebras of free
algebras need not be free.

Now, in general I will use the following notation for
the elements of A;:

0

Fig. 2:
Table 1:
— 0 -p | ~—p| pV-op |l
0 1 1 1 L1
—p ——p 1| —p 1]1
——p -p | p 1 1|1
—-pV —~p 0 -p | ~p L |2
1 0 p|-—p| - pv-p |1l
P VvV = P
‘1) - 'IJ‘
U
Fig. 3:
[1]
0
Fig. 4:

0=L,ay=>,.,by=p,a,=a, > b,

b

n

see Figure 5.
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Fig. 5:

Note that, ~ a, = a,, ~a, = a, and ~a;= 0 for all />3, b, =
0 for all i>2.

Lemma 2.6: The subalgebra S generated by each of the
following sets:

L. {a, by}
2. Ha, by}
3. Hay, al
4. {aya}

is equal to A,.

Proof: To prove this lemma it is enough to generate b,
inside S.

a, \b,=b,

-a,=a,and a, ' b, = b,

~a,=a,a, Va,=by,a,\byand a, ' b, =b,
a, \ay=b.n

b=

Definition: We say that a subset X of A, is nearly A, if its
complement is finite. A partially ordered set (X, <) is
quasi-linearly ordered if there is a linearly ordered set
(Y, <) and a homomorphism 6 from X onto Y such that for
each y, 07'() is either a singleton or a diamond.

Lemma 2.7: The subalgebra S generated by the set
{b,, b,..} forn = 2 is nearly A,.

Fig. 6:

Proof: As b, is above all the atoms, =b, = 0. Also b, - b,.,
=1,b,,~b,=0a,a,,Vb,,=b,and a,, ~ b, =a,,
and so on, so we get all the points of A, above b, as in
Figure 6.

Corollary 2.8: The subalgebra S generated by the set
{a,, b,} fogn > 3isnearly A,.

Proof: This is an immediate consequence of the previous
lemma, since a, \ b,= b, ,.

Lemma 2.9: The subalgebra S generated by the set {a,.,,
b,} (or the set {{a,,, b, for n = 2 is quasi-linearly
ordered, with just one diamond.

Proof: As b, is above all the atoms, -b, =0. Also a,., = b,
= Gy, b, b,=an,,b,~ a,,=1and
Apiy = py = yigy Ay ™ Ay = @y A0 @ V @y = by
Hence we get 0, b,, a,.,, d,.», b,.;, 1 which is a diamond
starting at b,, see Figure 6. To verify that it is subalgebra,
note that it is clearly a lattice and it is also closed under -
as shown in Table 2.

a,,=1landa,, -

Corollary 2.10: The subalgebra S generated by the set
{a,, a,.} for n = 3 is quasi-linearly ordered.

Proof: Since a, \ a,,, = b, ,.
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Table 2:
| — “ 0 | by, I Ani1 I A 42 I brnis | 1 l
o 1 1 1 1 141
by, 0 1 1 1 1 (1
An+1 0 ani2 ' ans2 111
an42 0 Anp+1 anpi 1 1 1
bpys || O by | apsy | apyo 11
1 0 by | Gniy | a n+42 bpia | 1
0
Fig. 7:

Theorem 2.11: The subalgebras of A, are all of one of the
following forms:

¢ Nearly A,(differs from A, on a finite set).
*  Quasi-linearly ordered (linearly ordered and
decorated by diamonds).

Proof: Let S be a subalgebra of A,.

By Example 2.2 and Lemma 2.6 we may assume that S
does not contain any of the sets {b,}, {a,, b,}, {a,, b,},
{a,, a;}, or {a,, a,} since then we obtain A, itself. If S
contains {b,, b,.,} for some n > 2, then we use Lemma 2.7
to see that S contains a subalgebrawhich is nearly A,, so
is nearly A, itself.

Now, suppose that S does not contain any of these
subsets. Let x and y be any incomparable members of S.
Then by inspection, {x, y} = {a,, b,} of {a,, a,,,{ for some
n Corollary 2.8 tells us about the first and Corollary 2.10
about the second.

Let D,, D, be any two diamonds occurring in S. Then
Dy = {b,, yts Qpizs by} and Dy = {b,, Gy Az Qs b3}
for some m,n. Suppose that m <n. Thenn # m+ 1 orm +
2 as the former gives {b,, b,..;} = S and the latter gives
{b, b,..,} S, contrary to assumption. Therefore, m + 3 <
n and D, = D,. Since all points of S not in diamonds are
comparable with all members of S it follows that S is quasi-
linearly ordered.

Now using Theorem 2.11 we can explicitly describe all
subalgebras of A,. If S is nearly A, thenthe least x € S
such that for all y > x, y € S must equal b, for some n
(where this includes thepossibility of n = 0 where b, = 0)
and then since a, \ b, = b, ,, for n > 0 we have a, & S.
Using the proof of Theorem 2.11 we can then see that the
{y € S: y = x} is quasi-linearly ordered. Which quasi-
linearly ordered sets can arise is restricted in a similar way
to what follows.

To complete our description we must just characterize
which S arise as quasi-linearly ordered.

Let X, Y and Z be three disjoint subsets of n: n > 2
satisfying:

o Ifm<ninXthenn=m+3orn>m+4.

o IfneX meYthenn+m=landn=3 =m=1.

e IfneX meZthenm=n+tlandm=n=£2.

e Ifm<ninn+m+1 then.

o Ifm<ninZthenn#m+ 1.

o Ifm<nsuchthatme Yandn € Zthenn # m + 1 and
n+mt?2.

e Ifm<nsuchthatm € Z and n € Y then m2.

To see where these clauses come from, suppose that
S is quasi-linearly ordered and let.

X = {n: b, id the least point of a diamond of S},

Y={ne XUKX+3):b,eS} and
Z={meX+1D)uX+2):a,eS},whereX+i={n+In
€X}.

Thus the diamonds of S are {b,, a,.,, a,.,, b,.;} for n
€ X, the isolated b,s of S are b, for n € ¥ and the isolated
a,s in S are a, for n € Z. Then the seven clauses are true as
follows.

Clause 1: Says that two diamonds do not overlap, though
they can “touch', but also they cannot beexactly 1 apart
because of Lemma 2.7.
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Clause 2: Says that there are no two consecutive b,s
(again because of Lemma 2.7).

Clause 3: Similarly deals with b, related to a,.,, a,., (using
Lemma 2.9).

Clause 4: Says that two isolated b,s cannot be
consecutive (Lemma 2.7).

Clause 5: Says that two isolated a, cannot be
consecutive (Lemma 2.10).

Clause 6: Corresponds to Lemma 2.9.
Clause 7: Corresponds to the fact that - a, = a;.

The explanations just given show that if S is
quasi-linearly ordered then X, Y and Z must filfil all these
clauses. Conversely, suppose that all clauses are filfilled.
Then S is quasi-linearly ordered and is subalgebra [6, 7].
It is obviously a sublattice, so we just need to show that
it is closed under —.

Now we have already seen that each diamond is
closed under - Also if {b,, @,.;, @2, bz} U {b,} =S
where 2 < m <n — 3 then by the first clause m <n —4 and
b,-b,=b,,b,~a,,=a,.,b,~a,,=a,,andb, -~ b,
=b,,.s, if {b,} v {b,, a1 Apir» b3 =S} Where2 > m<n
then by the first clause m <n—1and b, -~ b,,=b,, a,., -
b,=b,, a4, ~b, =h andb, - =h.

If{b,, a,.1, Apszs by} v {a,} = Swhere2 < m<n-3
then by the third clause m <n-5and a, - b, = b
Ay = @y and a, = b, = b, if {a,} U

mo A
iy = Qppeps Ay
{b,, @y.1» Apiry b3} = S where 2 <m <nthenb, - a,=a,
a,,~a,=a,d,,~ a,=a,andb,.; ~ a, =a,,.

Finally, if {b,} u {a,} = S where 2 < m < n then by
clause 6,m <n—2and a, - b, =b,, and if {a,} v {b,} =S
where 2 <m < n then by clause 6, m<n—2 and b, - a,, =
a,.

CONCLUSION

There are only countably many subalgebras which
are nearly A, since there are only countably many finite
sets which can be omitted and there are uncountably
many subalgebras which are quasi-linearly ordered since
if S is quasi-linearly ordered and infinite then we can omit
any set of isolated points or diamonds in 2" ways and
obtain other quasi-linearly ordered sub algebras.
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