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Abstract: In this paper, Magnetohydrodynamic (MHD) boundary layer is studied by using Optimal Homotopy
Asymptotic Method (OHAM) and the solution of the governing Nonlinear Differential Equation is obtained
by OHAM. This method is more efficient and flexible than the other methods such as the Homotopy

Perturbation Method, Adomian Decomposition Method.
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INTRODUCTION

Plasma is a hot, ionized gas containing electrons
and ions. The major use of MHD is in plasma Physics.
The boundary layer flow of an incompressible viscous
fluid over a continuously stretching sheet is often studied
and encountered in many engineering techniques
including aerodynamic extrusion of plastic sheets, hot
rolling and glass -fiber production et al. [1-3].

The first work in this area was done by Sakiadis et al.
[4, 5]. After that, various aspects of the stretching flow
Problem were discussed by different investigators.
Amongst these Chiam et al. [6] analysed the MHD flow of
a viscous fluid bounded by stretching surface with power
law velocity. He found the numerical solution of the
boundary value problem by using the Runge-Kutta

algorithm with Newton iteration. Now we investigate to
analyze the MHD flow caused by a sheet with nonlinear
stretching. The solution of the nonlinear problem is
obtained by using Optimal Homotopy Asymptotic
Method (OHAM).

Basic Idea of Oham: To explain the basic technique of the
method, we consider the following Differential Equation:

z

L(F(z))+g(z)+N(F(z))—(),ﬂ[ﬁ?)za @

where L is a Linear Operator, z is independent variable,
F(z) is an unknown function, g(z) is a known function,
N(F(2)) is a nonlinear operator and B is a boundary
operator.

According to technique, OHAM we construct a homotopy as, gz, ), ).z x[0,71— & Which satisfies

(7-2) £(9(2.2))+9(2) |= 2(2) £(0(2.2)) + g(2)+ (9 (2.2)) |

2.2)

where z € R, p € [0,1] is an embedding parameter, H(p) is a nonzero auxiliary function for p + 0, H(0) = 0 and ¢(z, p) is an
unknown function. Obviously, when p = 0 and p = 1, it holds that ¢)(z, 0) = F,(z) and ¢(z, 1) = F(z) respectively. Thus
as p varies from 0 to 1, the solution ¢(z, p) approaches from Fy(z) to F(z) where Fy(z) is obtained from equation (2.2), for
p =0 and we have
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LIF(2))+g(2)=0,8] 7),—= |=0
Next we choose auxiliary function H(p) in the form

H(p)=pCr+ 7 Cot (2.4)

where C,, C, . . . are constants to be determined latter. H(p) can be expressed in many forms as investigated by Marinca
etal. [7,8]. To get an approximate solution one can expand ¢(z, p, C,) in Taylor’s series about p in the following pattern:

¢(z,p,€,') =7,(2)+ 2 T (Z,C],CZ'"C,\{ )[7'\”’ =12 (2.5)
£=1
Making use of equation (2.5) in equation (2.2) and comparing the coefficients of like powers of p, we get the
following linear equations: @ zeroth order problem is given by equation (2.3) and the first and second order problems
are given by equations (2.6) and (2.7) respectively.

£(5(2)+9(2) = (%(2)), @(@/@}a

dz (2.6)
£(75(2)) = £(7,(2)) = oy (% (2) + ;[ £(7,(2)) + 2, ((2). () |
A 5,720 (2.7)

2 P d .

The general governing equations for F,(z) are given as
£ (2)) = £(%-1(2)) = eV o (7(2) +
=1 £
Dl £ 2-i(2))+ Vi 7(2) 5 2) . 1 (2)) | =z,3---,@[%,§)=o (2.8)
=7

where #,,(7(z2),7(2). -, %_,(2)) is the coefficient of p” in the expansion of N(¢(z, p)) about the embedding parameter p

Mo(22.6))= Mo ( %)+ Y, Wou (T, 81+, 7)1 2.9)

m=1

It has been observed that the convergence of the series (2.5) depends upon the auxiliary constants C,C,, . . .
If it is convergent at p = 1 one has

0(2.6,)=%(2)+ Y, G (2.1 Cor.Cr ) (2.10)
=7

The result of the mth order approximations are given as

m
F(2.C0Cor,Ca) = Tp(2)+ D (2.6, Co.C ) @11
Making use of equation (2.11) into equation (2.1) it results the following Residual

N2CnCrCy) = L(T(2.CCoo.C) ) ¥ 9( )+ M(F(2,Cpe-. ) (2.12)
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If » =0 then # be the exact solution. Generally it does not happen especially in nonlinear problems. In order to get
the optimal values of C,' s where i=1, 2, 3, ... We first construct the functional

‘
HCpCoreesCa)= [P (2:C0Coree.C) 2.13)
And then minimizing it we have

a7 _, 07, 07
ac, ac,

g

e, (2.14)

where a, b are lying in the domain of the concerned problem. Making use of the Least Square Method we get the OHAM
solution.

Mathematical Formulation of the Problem: For second grade Incompressible Homogeneous fluid, The Cauchy stress
tensor has the form

T=—pl+Ud,+0,4+0,17°, (3.1
where
A, =V (V) (3.2)
d/-q] 7
=—=+ 4,(VV)+(V¥ ,
=Lt 90+ (V) 4, )

where V denotes the velocity vV= gradient operator, < denotes material time differentiation and in equation (3.1).
dt

The Spherical stress —p! is due to the constraint of incompressibility, u is the viscosity «;, «, are normal stress moduli
and A4,, 4, are the first two Rivlin-Ericksen Tensors. After prolonged discussion the sign of ¢, in equation (3.1) in critical
review of Dunn and Rajagopal ef al. [9]. It is concluded that equation (3.1) explains the basic model of the fluid
completely. If the fluid modeled by equation (3.1) is in accord with thermodynamics in the sense that all motions of the
fluid meet the Clausius-Duhem inequality and the supposition that the definite Helmholtz free energy of the fluid is a
minimum when the fluid is locally at rest, then

UWz0,0,20,00,+0,=0 34

We consider the second grade flow satisfying from equations (3.1) to (3.4) past a flat sheet coinciding with the plane
y = 0. The flow is confined to y > 0. Two equal and opposite forces are applied along x-axis so that the wall is stretched
keeping the origin fixed and a uniform magnetic field, B is applied along y-axis. The steady two dimensional boundary
layer equations are:

o o0, 63)
ox Jdy
ou  du  9°u 0B (x) 0 0%« 0u 3’z 9
Ut v— =V ut A —| 40— [F v |, (3.6)
dr  dy 9y p dx| dy dydxdy  dy
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where , -4 is the kinematic viscosity u, v are the velocity components in the x and y directions p is the fluid density.
p

o is the electrical conductivity of the fluid. B the uniform magnetic field along the y-axis and j -9z, neglecting the
o

induced magnetic field and using equations (3.1) to (3.4) we get from equations (3.5), (3.6) that

o0, 6.
ox Jdy

ou du_ °u 0B (x)
W2y 2y I “ (38)

ox a_)/ 3_)/ P .
In equation (3.8) the external electric field and the polarization outcomes are negligible et al. [6]

=1
B(x)=Bpx < . (3.9)
The boundary conditions concerned the nonlinear stretching sheets are as
u(x,0)=cx",v(x,0)=0,u(x,)— 0 asy— oo. (3.10)
Using the following substitutions
( +]) n—1 q\/( +]) n—1 7

_ |g(nt) T __ (D) T bl }
n PR i /£ (n),v PR [f(n) ”an(n) (3.11)
The resulting nonlinear differential equation is given as
S =B f =0, (3.12)
with boundary conditions
F0)=0,1(0)=1F(<)=0, (3.13)
where

2n 208,°

= M= .

b= ognt ) (3.14)

Oham for the Proposed Problem: We find solutions of equations (3.12) and (3.13) Making use of the method OHAM
described in section 2, we write equation (3.12) in the form

7 (2)+#(2) 7 (5)-B(#(5)) —m7 (5)=0, (4.1)
7(0)=0,7(0)=1,7()=0, 4.2)

For simplicity and justification of the problem letting =1, M= 1 and for large value b such that equations (4.1) and
(4.2) can be written as

7"(2)+ F(2) 7 (2) (7 (2)) -7 (2) =0, (4.3)
7(0)=0,7(0)=1,7(6)=0 (4.4)
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Letting b = 3, the reason for b = 3 will be cleared latter on after displaying the graph.
The exact solution is given as

F(2)=

Now applying the technique described in section 2 we have zeroth order problem which is given as

7 (2)

Its solution is given as

1—e

—N 2z

e

0,%(0)=0,7; (0)= 1,7) (3)=0,

% (2) =§(6Z—zz),

First order problem is given as

@”(3,@)=—%’(z)—CI(%’(z))Z+CI%(z)%’(zH(H a7 (2).

Its solution is given as

7
7= 2160

(229557, 7205+ 6057, - 25°c).

Second order problem is given as

7 (2,C,)==Cot7 (2) = 20,25 (2) 4] (2)+ Ct7(2) By (2)+ Coty(2) 47 (2)+ (24 C) 77 (2).

Its solution is given as

7(2)

7 [ 22566805°C,— 3628805°C,+ 3024057 C,— 10082 ¢, + 30010505°CF

1088640\ —3628805°CF — 1625402"C7 + 299882° CF — 2016 °CF + 245 7 + ¢

Third order problem is given as

7 (2,C,)==Co( T, (2)] = CiF5 (2)= 2C ) (2)F (2)+ Cifo( )T, (2)+ City ()7, (=)
+C (2 )E) (2)+(1+C)) ) ()

Its solution is given as,

7z,

Cr)

7

1437004800

1526817600°C, — 4790016002°C, + 399168005 C, — 13305602 C,
+79227720005°CF — 95800320057 CF — 4291056005° C7 + 791683202° CF
—53222405°CF + 633605 CF + 26402°C7 + 12955793103°C;
—4790016005°C;" — 8747838005°C;7 + 534748505 ¢, + 116424005°C;
—20512805"C; + 961955°C; — 39605° ¢ + 3525°¢; - 1257 ¢
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We extend the case to 10" order problem that is and the solution to F)y(z, C,) using equations (4.7), (4.9),

#0" (2.Cz)

(4.11), (4.13),...., we get 10" order approximate solution by OHAM for p = 1 is
F(2)=7(2)+ 7 (50,)++ F4(2.0)). (4.14)

Following the technique stated in section 2 and using the domain a = 0, b = 3 we have the residual

r=7"(2)+ F(2) 7 (2) (7 () -7 (). (4.15)

It is minimized for @ = 0 and b = 3 we obtained C, = —0.224963746, 10" order approximate solution is

F(2)= 5~ 0.6950815° —0.307266 " — 0.099952957 + 0.02712495" — 0.0066745° + 0.00144874" —
0.0002538495° + 0.0000317145° — 1.7842% 10~° 7% — 3.15046x 10" 2" + 1.11882% 107" 77 —

1.80811x 10~ 27 + 1.66972% 1077 7 = 2.02575% 1077 27 = 2.30300% 1077 70 + 4.72825% 107 7 —

-16 _21

5.84603% 107 4 + 5.20314% 1077 27 — 3.34913% 1077 27 + 1.30311x 1077 = + 1.42628% 10776 27 —

7.42834x 1077 27 + 6.98069% 10”70 27 — 3. 79885% 1077 27 — 9.29134% 10”7 77 + 3.99944% 1077 77 — “.16)

5.22371x 0™ % 2% + 2.52022% 1077 27 — 598356 % 10 % 7 + 07 £ )

Figure 1, we conclude that the exact and OHAM solutions
are coincident, this means that the method OHAM is
effective and reliable.
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