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Abstract: The aim of this paper is going to analyze comparison of ratio of parameters and testing various
hypotheses of the combination two split plot designs. The combination of two fixed effect split plot designs
have constrains on its parameter and the model is non full rank model. First we transform the model into
two models, one model related to whole plots and the other model related to split plot. By Model reduction
Methods, we transform each model into unconstraint model with full column rank. Based on these
unconstraint models estimation, ratio of linear function of parameters by using Fieller’s Theorem and

testing various hypotheses will be developed.
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INTRODUCTION

Inferences concerning comparison of some model
have become an interesting subject in statistics. Many
approaches have been conducted to compare some
statistical models, Theil [13] has discussed the
combination of several linear equation by GLS methods
some inference concerning the estimation and testing
hypotheses were derived. Mustofa [10] has discussed
combination of some RCBDs where some testing
hypothesis has been developed. Peterson [11] has
discussed the combination of several experimental
designs applied in the areas of agriculture. In this paper,
inferences concerning ratio of linear function of
parameter from two split plot models and testing
various hypotheses will be discussed. Ratio of two
variances are common in inferential statistics by using
chi squares distributions, or some other methods [8],
but for the ratio of means or linear combination of
means are using difference approach. Fieller [4]
provides a method to calculate the confidence interval
(CI) for the ratio of means of bivariate normal
distribution. Also, Nowadays, the application of this
theorem become the area of research in many fields
such as economic, biostatistics [5] and bioequivalence
problem [2]. Zerbe [14] shows that the Fieller’s
Theorem provides widely used general procedure for
the construction of the confidence limit for certain
ratios of parameters and also shows that Fieller’s
theorem can be expressed in the matrix formulation of
the general linear model.

In matrix notation the split plot design model with
fixed effect model can be formulated as follow:

¥V =X8+e 1)
Subject to GO = 0, where

¥=1,9L.EQL.F@L.,@LF®L] (2

E is nxb matrix and E= diag(1,, 1,, ..., 1), F is nxv
matrix and F = [L.L,. ... I,]’, 1n is nx1 vector of ones,
In is nxn identity matrix,

f=(w gLt &.vY
B'= BBy By)
' = (T o Tp)
5" = (8, .63, 55)
¥ = (¥eaa ¥ize oo Vioe Vana Vazo eos Vg o Vs Yoz o oo ¥os)

and e~ N{0,52¥). T, denotes the fixed effect due to uth
level of factor A; 8, denotes the fixed effect due to Ith
level of factor B; vy, denotes the interaction effect
between uth level of A and Ith level of B and f; the
effect due to ith block and p denotes the overall
mean. Note that V = Blockdiag (V1, Va,...V,) where
Vi=01 —pli, +pl, for i=1,2,..,n, n=bv and Js is sxs
matrix of ones.
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0 1 0y 0: Oy
0 03 1, 0; Ops
G=p o, 0 1. 0l (3)
UL: va'u vau Ul:xs IL: ® 1_;
0.y O:oswp Docisew 0z g 1:-‘ @ ey 0oy
Moreover
covie) = o, @ [(1 —plL, + pl.] 4)
[3, 8, 10].
MODELING OF THE COMBINATION
TWO SPLIT PLOT DESIGNS
Consider two split plot models
Y, = X,8, +& Subjectto G,8, =0 5)
Y, = X, 8, + e, Subjectto 6,8, =0 (6)

where Y, and Y, are bvsx1 vectors of observations, X;
and X, are equal to matrix X given in (2), G; and G, are
equal to matrix G given in (3) and

covie,) = oI, ®[(1 - p" I, +p* 1]
and
covle,) = 6"l @[ —p™ ) +p"" L]
Model (5) and (6) may be combined as
¥=X0+ E

()

Subjectto ze =0

where
¥,
v=(p)x=[¢ zle=[¢ o]
0= (g:)andE=(C})
and
cov(E)=diag[s*1, ® [(1 - p )L, +p" J:]
o™, @ [(1—p*), +p™ 1
Let

P= ()1 %)

be sxs orthogonal matrix. It can be shown that

r 1
BER=1L- (;) Il Bl = st[s—i}

and BP =1,_,. Now multiply model (7) with the
orthogonal matrix

F=1I,®P

©)

and decompose the transform model into model (9) and
(10) as defined below:

W=L®I[, E FIT+E* 9
Subject to
EF:L.SLL' =0, ZF:L.SZE =0
EE:LTm =0 7EE=1T:;¢ =0
and
Z=L®[1,®F FRR]¥+E" (10)
Subject to

E?:l by =10 E?:l by =0, zﬂ::.'l"mi =0

Zﬂ:ﬂ":u[ =0, E?:LT].LLE =0 E?:].T:ui =0
Where
M=lw By T w Bz )

8] =(B11.fu7. P13 )

Bz

= (Ba1. Bz s e

Bap )
Ty = [ Tugr Tagr oo Tag)
T2 = ( TopeTags s Tap)
W' = (5] v) 5%

81 = (611612,
2 = (631,837 4 s G

¥1 = (Vioa Viazoo Virso Vizeo Vizze oo ¥azes Vapro Vapz e oo Vips )

and
'.If':r = (T’:LLJT':J.:HT':LSJT’::J.JT':::“T::SJ v ¥apy s Vapgs on JT':u.s]

and

o 21+(s-11p"y

I, 0

o 21+ (3-10p"") I

coviE*) = s (11)

0 Z n

and
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cov(E™ 1=
[U': (1 -p L ® L]
0

0

2 - p* )l ® 12-11] (12)

It turn out that the procedure for testing the
significance and ratios of the block effect and the main
effects due to A from the combination of two split plot
models are based only on the model (9) and those for
testing the significance of the main effect due to B and
the interaction between A and B from the combination
of two split plot models are based on the model (10). It
can be shown that under the assumption of
connectedness, the rank of the design matrix in model
(9) is 2(b+v-1) [10].

ESTIMATION, RATIO OF LINEAR
FUNCTION OF PARAMETERS
AND TESTING HYPOTHESIS

To test the hypothesis Ho: t; = 1, against Ha: t; #
T, one need only to consider model (9). The model (9)
is nonfull rank model and has a constraint on it
parameters. To transform the constrained model into
unconstrained model, we used Model Reduction
Methods given in Hocking (1985). Define a transform
matrix T, T is an orthogonal matrix and T=diag(T; T»)

where T is an orthogonal matrix i=1,2 and T/T; = I,,._.,
and1'1=1,

I(b+v-13"

Model (9) can be written as

W=R,["+E* (13)
Subject to Bi1[* =10
where
E=L®@I[E F 1.,
= o w B T w)
&} = diag[G &7]
and
1; 0, 07 .
G'- = [ F Ir' ]l |:112
P lop, 1, 0
Now we transform the model
W=xTTr"+E (14)
or
W= +E° (15)
Subject to &, =10
where
rl-r = [Pt .Si']_]_j T.:']_]_:. ty B2y Tay .3.:r:j_:| T.:r:j_:. Hs ]r

111

and
.Sl:r]_lj =Bz se.fip)
.S.;rn.:. = (Paz.eiflop )
T':r”':‘ = Tiges Tay)
and
T'Zrilil = [ Tage e s Tap)

Next, we find second transformation matrix, T*
such that T*Iy* = I3, where the vector parameter

. _ r ' ' ' '
0y = [Bus Taa By Tog Brygy Tragy Bragy Trzg Mo 4]

So model (15) can be written as

wW=x,L) +E (16)
Subject to B3, =10
where
B =SEIT, Gl =LA 0:@®1,]
and
0,1 g 0,
A =dia [é:’ ; ,[E’ E]
ello, 1l'loy 1)
Follow the procedure of model reduction

method given in Hocking (1985, p.38), first partition
&1y, and X3, as

Gl = [Blin Biasl and Eh = [En Bl

©3,,, 1S the first four column of &3,,, and &3, is the
rest of the column of &;,;, and &i,,, = 1;. By applying

model reduction method, then we have the unconstraint
model

W, = X[, + E* 17

where
W =W -X;, Gling
where g is the constraint given in (16) and g=0, then
W, =W
He =K, - X;.LJ.GJ-.I%L Gl
since &34, = I, then we have

o =HElp —EiGlge
and

o . . . )
L= [Bsy Traay Brogy Trzgy M1 8]
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Matrix %, has rank of size 2(b+v-1). Therefore
model (17) is full column rank and unconstraint model.
Therefore to analyze the model, namely to find the ratio
of function of parameters, estimation and testing
hypothesis the parameter of the model (17) we can used
the standard Gauss Markov model.

First assume that the variance in (11):

o+ la-10pTy

o 0 3+la-11p7) 2
gt = ; - ;

are known and equal, say &;% =% = 5,2 then the
variance and covariance matrix (11) is equal to

(18)

cov(E*) = o3ily

and assume that the distribution of E* is multivariate
normal distribution with mean zero vector and variance
covariance matrix satisfied (18). Then the estimation of

fr = (X;'Xr]_l'x;'v’wr (19)

and
1

In-I(b+v-1)

a7 W (1 — BB )W, (20)
where the A’ stand for generalized invers of a matrix
A [6, 12]. The estimation given in (19) and (20) has
optimal property, Uniformly Minimum Variance
Unbiased Estimation (UMVUE) [6].

To construct the confidence limit for the ratio

?=rT,
where K and L are 2(b+v-1)x1 vectors of known

constant.
Note that

T= KT .- gLT,
B K (KX~ K-2¢ K (R[E) "L+ @R L (R[N LY/

Has student’s t-distribution with 2n-2(b+v-1)
degrees of freedom. 100%(1-a)) confidence limit for ¢
can be determined by Fieller’s argument [14]:

l-0=P[-t=T =1l = P[Ap® + B¢ + C = 0]

where ]
A=(UL) —2U(m,)tie)? (21)
B = 2[ "K' (R H,) M8 - (K'L)LT)]  (22)

and )
C=(kf) - 2K (EX) K (23)

112

Letting a, b and ¢ denote the observed values of the
above random variables, (1-a) 100% is our confidence
that ¢ contained by the interval

—b—(bi—4 ac)t2

2a

—b4(bi—4ac) ‘—-""-]

Za

(24)

¥

provided that a>0 and b?-4ac > 0.

To test the hypothesis 1, = 1, against Ha: t; # 1o,
which is equal to Ho: 111y = t(21) against Ha: tgqy # 121
which can be written in matrix form as follow:

Ho: Ail'r = Ogpsav-ax1 (25)
where

A= [Uiv—ﬂx[b—u Ly Ulﬁu—i.‘lx.j':-—i.j Lrms Otp_piaa]
and Ay is full row rank and rank(A;) = v-1.
The likelihood ratio test for testing the hypotheses
(25) [6] is given by

o et et
I g ke I A
1= WX X)W,

n-I(b+v-1)

(26)

V-1

Under null hypotheses, A, has F-distribution with
degrees of freedom v-1 and 2n-2(b+v-1). Reject Ho if
Ay = FG’_:H—:':E?+I.-‘—L"I{U—1}'

If the variance covariance matrix are known but
unequal, namely ;% = &;2, then we have

COV(E') =I®I, 27)
where
_ o 0
L= ([] r::':]

To deal with this kind of problem, we can use
generalized linear model [1, 6, 13]. The estimation and
testing hypothesis are given below:

[ =& @ eL)E )15 E QLW (28)
with the covariance matrix

var([) = [ (T1@ )%, ]

Under this assumption, to test the hypothesis given
in (25), the likelihood ratio test is

o T o - S 1
(8, F) [8, (L (Eteln)x ) AL Ay

(W -, ') (1-% X7 ) (W, X, F;)
In—2(b+v-1)

..1:=

x

-1

(29)
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Under null hypotheses, X, has F-distribution with
degrees of freedom v-1 and 2n-2(b+v-1). Reject Ho if
iy = FE’_':U—ﬂI:ﬂ—:':E:'+U—ﬂ' Where Fn‘,':u—ﬂx:r!—:':b+u—ﬂ is
upper o point of F-distribution with (v-1) and 2n-2(b+v-
1) degrees of freedom.

To find the ratio of linear function of parameter ¥
one need only to consider model (10). The model(10) is
nonfull rank model and has a constraint on it
parameters. To transform the constrained model into
unconstrained model, we used Model Reduction
Methods given in Hocking [7]. Define a transform

matrix T, T is an orthogonal matrix and
T“T* = Ipp.;. SUCh that
g =Ty

where

e =811 Y11 Y1zt e ¥iv—11 Yiv B21 Y211 Yaz1 = Yav—1a
Yo 5E11:. Y.r;m.:. YEL:I.} "'YELV—LLJEE:LJ YE:LL} YE::L) Y.r;:v—u:.jr
Now model (10) can be written as
E=HE,¥W+E"

(30)

Subject to G;W =0

where &, = L&[1,®F F®FP] and &3 is a matrix such
that the constraint (30) are satisfied.

Now the model (30) can be written as

Z=ET"T"W+E™

or
T=X; ¥ +E"
Subject to B3, W =0
where
Hy =H, T
and

Gy = [diﬂﬁ':@';n G‘;:Ll ':HHE{GE:: G32;

|

1, 4@l ,

I,
0

Os_ Uz fr+l)

UFIS
1
IS—].

B3y =

3

0

0 (e—Dx(=-1)

G =

.
p(e—13

[ LB,y

Follow the procedure of model reduction method
given in Hocking [7], first partition &3, and %3 as

&3 =[G Gl and H =[HEL Hi]

113

X3, is the first 2(v+s) columns of X2 and X3, is the rest
of the columns of x:. &34, is the first 2(v+s) columns of
&3, and &3.., is the rest of the columns of &i, and
B3, =diag(G:, Gi.,). By applying model reduction
method, then we have the unconstraint model

I, =EW +E” (31)

where
L, =L-H; Glug
where g is the constraint given in (30) and g=0, then

Z, =7

Hy =i - E5,Ghh Gl
and

w =(Braay Yroay Yieza) = Vit 113 5.;:1:. Yiza1y ¥izzay = ¥ zv-1,13)

where

8iazy = (812,843, Bys),

5;:::. = (65, 6230 e,

1 52.3]
'}'ujri.nj = (yy12. ¥ipgs oes Faag)

T’EL:L) = (Y122, ¥azgs o Yags)
}'.jrw—i_ij = {’}’w—us'}’m-u; ---,}’1,,_1_3},
1’.?:1.1) = (212, ¥aa20 oos Yausd

'}'.;r::i:. = (¥p22: ¥azas s Frze)

'}’njril:—i.,i.) = {:}’:L‘—L:’]’:L‘—LE’ '""Vn:—l.s}'

After some calculation, it can be shown that (the
argument can be seen in Mustofa [10]

X} = L®(FDRE, B)

where
Fis givenin (2), P, is given in (8),
I | S _ -1
D _[ 1 —1;,_1] and B = [ L_, ]

Also model (31) is full rank model since % is full
column rank. To show that %; is full column rank, it is
sufficient to show that &' %; is nonsingular. Using the
fact that F/F,E = E, one obtains

Ey'H; = (I, ®(FD@®E, B)) (I, ®(FD ®F, B))=1,® (D 'RD@B'E)
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Since I,, D, R = F'F and B'B=(I,_, +]._,) are
nonsingular matrix, hence ;' ; is nonsingular.

First assume that the variance and covariance
matrix in (12) and let & =s%(1-p*) and
2 =0c"*1—-p") are known and equal, say
o = o037 = ggf then the variance and covariance matrix
(12) is equal to

o

coviE™) = o3} (L®LRL_,) (32)
and assume that the distribution of E** is multivariate
normal distribution with mean zero vector and
variance covariance matrix satisfied (31). Then the
estimation of ¥; is

9= () TIKE, (33)

and
_ L
T an(E-n-IviE-1)

&33 Ty (Lngs-1y — X555 )E, (34)
The estimation given in (33) and (34) has optimal
property, in the sense of Gauss Markov model,
Uniformly Minimum Variance Unbiased Estimation
(UMVUE) [6].
To construct the confidence limit for the ratio of
linear function of parameters ¥; we follow the same

argument as given above, let

My
$ = N
where M and N are 2v(s-1)x1 vectors of known
constant.
Now that

e ME - N
B M (X K21~ M-z M (B2 Xp N+ 2N (X H N3 12

has student’s t-distribution with 2n(s-1)-2v(s-1) degrees
of freedom. 100%(1-o) confidence limit for ¢ can be
determined by Fieller’s argument (Zerbe, 1978):

l-o=Pl-t=T =t =P[A"¢* + B*¢p+ C* = 0]

where

AF=(NE:) - N KNG (35)

B* = 2[ *M'(KyE;)~INGE — (M'TYN'E]  (36)

and

C*=(M'§;)" — M (LK IM B (37)
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Letting a*, b* and c* denote the observed values of

the above random variables, (1-0)100% is our
confidence that ¢ contained by the interval
B L e
[ za ! za* ] (38)
provided that a*>0 and b*?-4a*c* > 0.
Ho: AW = O(S-l)Xl (39)

where
Ay = [Is—ij U'ﬁs—ﬂx'ﬁs—j_"ujl:—ij L, U':s—l_"x':s—ﬂujl:—ij]

and A3 is full row rank and rank((3)=s-1.
The likelihood ratio test for testing the hypotheses
(39) [6] is given by
¥ e Ml e
- TO-X:X)Z,

Infs—1)—2v(s—1)
5-1

(40)

Under null hypotheses, s has F-distribution with
degrees of freedom s-1 and 2n(s-1)-2v(s-1). Reject Ho
ifi; = Fraot n(e-11-2uz-1)

To test the hypothesis Ho: y; = v, against Ha: y; #
72 is equivalent to test the hypothesis

HO:':‘r'ELu:u TEim ---‘r'Ew—LL:C'r = [‘r’E:uj ‘r’E:nj '--'r"E:v—Lijj'r
against

Ha: ['I'

Ej.nj 'I'Ej.:n ---'I'Ew—u:-j'r * ('I'E:nj 1’;::13 ---'I'E:v—Lij'r
which can be written in matrix form as follow:

Ho: Ag¥? = O-ays-1yxt (41)

where

By =00 ptemtintemn) s @ Ly O piteo e

—L_1 @ L]

and Ay is full row rank and rank (A4) = (v-1)(s-1).
The likelihood ratio test for testing the hypotheses
(40) [6] is given by

1
(AP (a7 aL] AP pnrsoiy—zvis-n
- 1 Faris J =&V ) 42
As T -XX:)T, ® v—1[a—13 (42)

Under null hypotheses, A4 has F-distribution with
degrees of freedom (v-1)(s-1) and 2n(s-1)-2v(s-1).
Reject Ho if dy= Fn‘_':u—ﬂ':s—ﬂ_:r!'ﬁs—ﬂ—:l:[s—i.j'

If the variance covariance matrix are known but
unequal, namely ;% = #:Z, then we have
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COV(E™) =" ®@lp;_yy

. (agf 0 J
0 a3

To deal with this kind of problem, we can use
generalized linear model [1, 6, 13]. The estimation and
testing hypothesis are given below:

(43)
where

B = (X (I @y ) K (I @y )2, (44)

with the covariance matrix

var(¥) = [K7 (1@l 0y )X5]

Under this assumption, to test the hypothesis given
in (39), the likelihood ratio test is

o e a1, 0] i
(8P [as (2 @lngs-1)%r ) 03] 8%
5= - - erfe e e— T rafhs
i I:-‘-r_x'rlq:rr.' [I-E7%Er :'I:C'r_xrwr.'
nls—1)-Iv(s-1)
-1

(45)

Under null hypotheses, A5 has F-distribution with
degrees of freedom s-1 and 2n(s-1)-2v(s-1). Reject Ho
if A = F.re— 11,2005 1—2002-13°

Where Pc,l:s—ﬂ_:nl:s—l:l—:v[s—
distribution with (s-1) and 2n(s-1)-2v(s-1) degrees of
freedom.

Under the assumption (43), to test the hypothesis
given in (41), the likelihood ratio test is

4 1S upper o point of F-

B (8095 800 (2ol ey ) 18] s
8 (Z-EP;) (-X3%: ) (Z - K )
nle—1)=Iviz-1]
(a—-1[v—-13

(46)

Under null hypotheses, As has F-distribution with
degrees of freedom (s-1)(v-1) and 2n(s-1)-2v(s-1).
Reject Ho if is> F o np-iiont-n-zos-n-  Where

is upper a point of F-
(s-1)(v-1) and 2n(s-1)-2v(s-1)

Fz_lﬁs—j.‘l.ju:—j.j_:nlis—i_‘l—:mjs—j.j
distribution  with
degrees of freedom.
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