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Abstract: In the present paper we investigate the L;-weak ergodicity of nonhomogeneous discrete Markov
processes with general state spaces. Note that the L;-weak ergodicity is weaker than well-known weak
ergodicity. It was known a necessary and sufficient condition for such processes to satisfy the weak
ergodicity. In this paper we provide a necessary and sufficient condition for nonhomogeneous discrete
Markov processes to satisfy the Ly-weak ergodicity. Moreover, as an application of the main result, we
provide more concrete examples of Markov processes which satisfy the L;-weak ergodicity

Key words: Weak ergodicity . nonhomogeneous Markov process. the Doeblin’s condition

INTRODUCTION

Markov processes with general state space have become a subject of interest due to their applications in many
branches of mathematics and natural sciences. One of the important notions in these studies is ergodicity of Markov
processes, i.e. the tendency for a chain to ‘forget’ the distant past. In many cases, a huge number of investigations
were devoted to such processes with countable state space [1-7]. For nonhomogeneous Markov processes with
countable state space, investigation of the general conditions of weak ergodicity leads to the definition of a special
subclass of regular matrices. In many papers [7-9, 11] the weak ergodicity of nonhomogeneous Markov process are
given in terms of Dobrushin’s ergodicity coefficient [1]. In general case, one may consider several kinds of
convergence [16].

In the present paper we are going to investigate the L;-weak ergodicity of nonhomogeneous discrete Markov
processes, in general state spaces. In our study we are not going to use Dobrushin’s ergodicity coefficient. We have
to stress that the Ly-weak ergodicity is weaker than usual weak ergodicity (see next section). It is known [2] the a
necessary and sufficient condition for the homogeneous Markov process to satisfy the weak ergodicity. In this paper,
we shall provide necessary and sufficient conditions for such processes to satisfy the Lj-weak ergodicity. As
application of the main result, certain concrete examples are provided. It is worth to mention that in [10] a necessary
and sufficient condition was found for homogeneous Markov processes to satisfy Lj-ergodicity. Our condition
recovers the mentioned condition when the processes become homogeneous.

L;-WEAK ERGODICITY

Let (X, F, 1) be a probability space. In what follows, we consider the standard L}(X, F, p) and L*(X, F, p)
spaces. Note that Ll(X, F, n) can be identified with the space of finite signed measures on X absolutely continuous
with respect to 1. By M we denote the set of all probability measures on X which are absolutely continuous w.r.t. 1.
Recall that transition probabilities P“"(x,A), ¥ X, Al F (k, A Z,) form a non-homogeneous discrete Markov
process (NHDMP) iff the following conditions are satisfied:

(i) For each k,n the function P*"'(sA) is measurable for any Al F; for every X X one has P*"(x;)1 M and it is
p-measurable, i.e. u(A) = 0implies P*"(xA) =0 ae. on X;
(i) One has Kolmogorov-Chapman equation: for every KEmEn
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PE(x,A) = P (xdy) P (yA) )

In the sequel, we will deal with p-measurable NHDMP. In this case, for each k,n such one can define a positive
linear contraction operator on L* (resp. L¥) denoted by B " (resp. P*™). Namely,

(FRIn)(A) = PR (x A ) dn(x),ni L2 @

(PHF) (x) = BPL(x, dy) F ()T T LY )

From (2) it follows that (1) can be rewritten as follows B*" =pmpkm - where KEmEn. Recall that if for a
NHDMP P (x,A) one has B " = (Pl%)™ ¥ then such a process becomes homogeneous and therefore, it is denoted
by P"(x,A).

Definition: A NHDMP P%"(x,A) is said to satisfy
1. Theweak ergodicity if for any ki Z. one has

msup||F*(x,3 - PEI(y, ¥ =0

li
n® ¥ X ¥ X
2. Thel;-weak ergodicity if for any probability measures | vi M and ki Z. one has

i knl| _ pknl =
lim|[P*7 - F<In =0
3. Thestrong ergodicity if there exists aprobability measure p; such that for every kI Z, one has

limsup||P*" (x,3- m[,® 0
n®¥ yi X

4. Thel,-strong ergodicity if there exists a probability measure p; such that for every ki Z, and11 M one has

H knlp _
lim|[F* - m | ® 0

One can see that the weak (resp. strong) ergodicity implies the L;-weak (resp. L;-strong) ergodicity. Therefore,
it is natural to find certain necessary and sufficient conditions for the satisfaction L;-weak ergodicity of NHDMP.
So, in the paper we will deal with L;-weak ergodicity. Note that historically, one of the most significant conditions
for the weak ergodicity is the Doeblin’s Condition (for homogeneous Markov processes), which is formulated as
follows: there exist a probability measure v, an integer nol N and constants 0<e<1, ¢>0 such that for every Al Fif

V(A)>ethen inf P@(xA) 2 d. Thiscondition does not imply either the aperiodicity or the ergodicity of the process. In

[8] the aperiodicity is studied by minorization type conditions, i.e. there exist a non-trivia positive measure | and
nol N such that P™(x,A)3 | (A)," xT X, " Al F. But the last condition is not sufficient for the strong ergodicity. In
[10] it was introduced a variation of the above condition, i.e. Condition (Cp): there exists a non-trivial positive
measure m1 L*, ||m |, O and for every I T M one can find a sequence {X,}i F with m{(X\ X,)® 0, asn® ¥ and

nol N such that for all n3ny one has

P12 mf,y 4
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where 1y stands for the indicator function of a set Y. Here and in what follows, for a given Bl F the measure plg is
defined by mi{Y)=mY CB) for any Yl F. It has been proved that such a condition is necessary and sufficient for

the L;-strong ergodicity of homogeneous processes.

In the present paper we shall introduce a simple variation of the above condition (A ) for NHDMP and prove
that the introduced condition is a necessary and sufficient for the L;-weak ergodicity. Note that an other direction of
variation of the Doeblin’s Condition has been studied in [2]. There, by means of the Dobrushin’s ergodicity
coefficient it has been proved a necessary and sufficient condition for the weak ergodicity.

MAIN RESULTS

In this section we are going to introduce a simple variation of the Condition (Cp).

Definition: We say that a NHDMP B*"(x,A) given on (X, F, p) satisfies the condition (C,) if for each Ki Z. there
exist a positive measure m1 L, |m|,t O and for every d>0 and | ul M one can find a set X, 1 F with

mX\_X,) <d and an integer n,I N such that

R e ma B ml, ®)
here as before 1y stands for the indicator function of aset Y.
Remark: In (5) without loss of generality one may assumethat ||m |,<1/2, otherwise we replace p with m = m/2.

Proposition 3.1: Let aNHDMP P*"(x,A) given on (X, F, W). Then for the following assertions

(i) P*"(x,A) satisfies the condition (Cy);
(i) Forany!l vl Mandki Z, thereisasequence{n;} suchthat foral n®K,:=§ _n, (Ko =k) onehas

.
P - Bin = (O @) IIFK - P n, ) ©
i=1
where | ,,n, T M and
1 Im I
ZE£Qqfl- il =1...,¢
> g > Ja=1...7

theimplication hold true: ()P (ii).
Next theorem shows that the condition (C;) is equivalent to the satisfaction of the Lj-weak ergodicity of
NHDMP.

Theorem 3.2: Let a NHDMP B“"(x,A) be given on (X, F, n). Then the following assertions are equivalent
Pknl(x,A) satisfiesthe condition (C1) and one has

4 a-1by -y 0

E]

for any increasing subsequence { kn} of N. P*"(x A) satisfies the L;-weak ergodicity.

Proof: (i)p (ii). Then dueto Proposition 3.1 thereis a subsequence {K ,} such that

£
IR - R = (O @) IR - P
i=1

where | ,,n, T M . Now from (7) one gets
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R - e e 20 - 1y
i=1

According to (7) we get the desired assertion.
Now consider the implication (ii)b (i). Fix 1>e>0. Then given K N and | ,m1 M, (here  is a fixed measure)
one has

[|P - BRIm | ® 0 as n® ¥
Thenthereisasequence { Y.} I F suchthat m(X\ Y,)® 0,asn® ¥ and
[I(PE™1 - Pm)L, [ ® 0 as n® ¥
Therefore, there existsan n i N such that m(X \ Y, ) <e and

ICPE 1 B, < ®

Now denote n, =P * * 2 i . Hence, from (8) we get

e
where

1 < e
m = Sndo, A (X Xin (2 2}

Imli, 3
2

Since v is aprobability measure, therefore, we have 0<|m [[£1/2, so 1- >

Hence, this completes the proof.
Now let us consider a nonhomogeneous version of the condition (Cy). Namely, we say that a NHDMP

Pk(x,A) given on (X, F, p) satisfies the condition (C,) if for each K Z. there exists a positive measure m 1 L,
[m |t 0 and for every | uT M one can find asequence {X¥}i F with m{(X\ X% )® 0,asn® ¥ and n,(I ,k)T N
suchthat for all n* ny(l k) onehas Bl 3 m1,,, P*us m1,..

From Proposition 3.1 and Theorem 3.2 we immediately see that the condition (C,) with (7) is sufficient for the
L;-weak ergodicity. One the other hand, if NHDMP becomes homogeneous then the condition (C;) reduces to (4),
but in [10] it has been proved that the last condition (i.e. (4)) is equivalent to the Lj-strong ergodicity of the
homogeneous process. Therefore, one can formulate the following:

Problem: Isthe Condition (C;) with (7) necessary for the L;-weak ergodicity?
APPLICATIONS

In this section we provide some application of the main result for concrete cases. let us consider a countable
state space NHDMP. Namely, let X = N and p be the Poisson measure. Then NHDMP can be given in a form of

stochastic matrices {p*"}, ; -

Theorem 4.1: Let {p'%"}, ;. beaNHDMP. If there existsasequence {I .};,, 0£1  £1 satisfying

@-1,)=¥ ©

Qox

E]
I8
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and such that for some segquence of states { ny}

plrsl sy forall ikl N (10

then the NHDMP satisfies the L;-weak ergodicity.

Proof: Now we show that the process satisfies the condition (C,). Indeed, for each ki Z, we first define a measure
u(") on X asfollows:

Itisclear that ||m¥ ||, 0. From (10) it followsthat
pra€ls pf, foralli,ji N (12)
Now take any vi M and each kI Z, we put Xy = X, then from (11) one finds
P*tkIns nf for al kT N

Hence, the condition (C,) is satisfied. So, taking into account (10), from Theorem 3.2 we get the desired
assertion.

Example4.1: Assume that the transition probability pj““' is defined by

Bk = o1+ dy, 1§ TN KT N (12)

herelj,q, r; are positive numbers with the following constrains

(1, +r.d,) =1 foral il N 13

o«

=1

Itisclear that g *'2 1, g% . Now assumethat inf{q{’ :iTl N}:=g, >0 and

@-1, 90 =¥

o

=~
N

Then one can see that pi** 3 |, g, this means that conditions of Theorem 3.2 are satisfied with nc = k,
I =1 @ Hence, the defined NHDMP s L;-weak ergodic.

Example4.2: Consider the previous example, but now we will provide more exact values of | j,q® , ri;. Define

1 10, 1£j £k- 20rj3k +1
o :r- | Kj :Il a,j=k-1 (14

+i i .
I b, j =k

Note that ai, by will be chosen later on. Let qf =b, for al il N and q{ =0 for every 1£j £k - 2 and 3k+1.
Now define g , from the equality (13) asfollows
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(k) 2 —
akq\‘k-l+bk +h; =1

which implies that

1
qi(.kk)-l =—-r,- bi) (15
ak
Now choose a, and by as follows
1 k-1, -
:—'b = —,kl N 16
a, =b == (16)

Then from (14)-(16) onefinds q) , :ﬁ. Itisclear that g =b, , therefore, from (14),(16) one gets

AL-19)=¥

ox

=~
N

Hence, due to Theorem 3.2 the following NHDMP defined by

i——1£j £k- 20r j3 k+1
k +

i I+di,k_1), j=k-1
+_idi.|<’ j=k
satisfiesthe L1-weak ergodicity.
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