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Abstract: In this survey, we review many examples on cone metric spaces to verify some properties of 
cones on real Banach spaces and in the sequel, we shall present other examples in cone metric spaces that 
some properties are incorrect in these spaces but hold in ordinary case like as comparison test.

AMS subject classification: 47H10 • 54C60

Key words: Cone metric space • normal cone • non-normal cone

INTRODUCTION

Let E be a real Banach space. A nonempty convex 
closed subset P⊆E is called a cone in E if it satisfies:

i. P is closed, nonempty and P≠{0}.
ii. a,b∈R, a,b≥0 and x,y∈P imply that ax+by∈P.
iii. x∈P and - x∈P imply that x = 0.

The space E can be partially ordered by the cone 
P⊆E that is, x≤y if and only if y-x∈P Also we write 
x<<y if y-x∈ int P where int P denotes the interior of P

In the following we always suppose that E is a real 
Banach space, P is a cone in E and ≤ is partial ordering 
with respect to P

Definition 1.1: [1] The cone P is called

1. Normal if there exists a constant K>0 such that 
0≤x≤y implies ||x||≤K||y||.

2. Minihedral if sup(x,y) exists for all x,y∈E
3. Strongly minihedral if every subset of E which is 

bounded from above has a supremum.
4. Solid if int P≠φ
5. Generating if E = P-P.
6. Regular if every increasing sequence which is 

bounded from above is convergent. That is, if (xn)
is a sequence such that 

1 2x x y≤ ≤ ≤

for some y∈E then there is x∈E such that

nn
lim||x x | | 0
→∞

− =

Definition 1.2: [2] Let X be a nonempty set. Assume 
that the mapping d:X×X→E satisfies

i. 0≤d(x,y)  for  all  x,y∈X and d(x,y) = 0 if and only 
x = y.

ii. d(x,y) = d(y,x) for all x,y∈X.
iii. d(x,y)≤ d(x,z)+ d(z,y) for all x,y,z∈X.

Then d is called a cone metric on X and (X,d)  is 
called a cone metric space.

Definition 1.3: Let (X,d) be a cone metric space, x∈X
and {xn} a sequence in X. Then

i. {xn} is said to be convergent to x∈X whenever for 
every c∈E with 0<<c there is N such that for all 
n≥N, d(xn,x)<<c that is, nn

limx x.
→∞

=

ii. {xn} is called a Cauchy sequence in X whenever 
for every c∈E with 0<<c there is N such that for all 
m,n≥N d(xn,xm)<<c.

iii. (X, d) is a complete cone metric space if every 
Cauchy sequence is convergent.

The following example states that sandwich
theorem does not hold.

Example 1.4: [3] Let 1
RE C [0,1]=  with

| |x | | | | x | | ||x'||∞ ∞= +

P {x E|x( t ) 0}= ∈ ≥

This cone is non-normal. Consider, 
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n

n
t

x ( t )
n

= and n
1

y (t)
n

=

Then 0≤xn≤yn and nn
limy 0.
→∞

=  but 

n
n 1

n
t

| |x || max{t [0,1]: } max{t [0,1]:t }
n

−= ∈ + ∈

So

n
1

| |x || 1 1
n

= + >

hence xn does not converge to zero. This shows us the 
sandwich theorem does not hold.

Example 1.5: [4] Let 1
RE C [0,1]=  with

| | f | | | | f | | | | f ' | |∞ ∞= +

P {f E | f ( t ) 0}= ∈ ≥
Put

n
1 sinnt

x (t)
n 2
−

=
+

 and yn
1 sinnt

(t)
n 2
+

=
+

Then
n n n0 x x y ,≤ ≤ + n n| |x || | | y || 1= =

and

n n
2

x y 0
n 2

+ = →
+

The next example states cone can be non-normal.

Example 1.6: [5] Let 2
RE C [0,1]=  with

| | f | | | | f | | | | f ' | |∞ ∞= +

P {f E | f ( t ) 0}= ∈ ≥

For each k≥1 put ƒ(x) = x and g(x) = x2k. Then 
0≤g≤ƒ, ||ƒ|| = 2 and ||g|| = 2k+l Since ||ƒ||<||g||, k is not 
normal constant of P. Therefore, P is not non-normal
cone.

The next is normal cone with K>1.

Example 1.7: [5] Let with K>1. be given. Consider the 
real vector space with

1
E {ax b :a ,b R;x [1 ,1]}

k
= + ∈ ∈ −

with supremum norm and the cone

P {ax b : a 0,b 0}= + ≥ ≤

in E. The cone P is regular and so normal.
The following examples verify some properties of 

definition 1.1.

Example 1.8: [7] Let E = Rn with

1 n iP {(x, , x ) : x 0, i 1, ,n}= ≥ ∀ = 

The cone P is normal, generating, minihedral,
strongly minihedral and solid.

Example 1.9: [7] Let D⊆Rn be a compact set, E = C(D) 
and

P {f E | f ( t ) 0, x D}= ∈ ≥ ∀ ∈

The cone P is normal, solid, generating and
minihedral but is not strongly minihedral, P isn't
regular.

Example 1.10: [7] Let (X, S, µ) be a finite measure 
space, S countably generated, E = Lp(X), l<p<∞ and 

P {f E | f ( t ) 0,[ ]a.e.on X}= ∈ ≥ µ

The cone P is normal, generating, regular,
minihedral and strongly minihedral and it isn't solid.

Example 1.11: Let 2
R

E C [0,1]+=  with norm

| | f | | | | f | | | | f ' | |∞ ∞= +

and
P {f E | f ( t ) 0}= ∈ ≥

that isn't normal cone by [5] and not minihedral by [1].

Example 1.12: [8] Let E = R2 and

P {(x,y):x,y 0}= ≥

The cone P is strongly minihedral in which each 
subset of P has infimum.

Example 1.13: Let E = R2 and

P {(x,0):x 0}= ≥

This P is strongly minihedral but not minihedral by [1].

Example 1.14: Let E = CR[0,1] with the supremum
norm and 

P {f E | f ( t ) 0}= ∈ ≥
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Then P is a cone with normal constant of K = 1.
The next examples are some of cone metrics.

Example 1.15: [2] Let E = R2

P {(x,y):x,y 0}= ≥

X = R and d: X×X→E such that 

d(x,y) ( |x y|, | x y|)= − α −

where α≥0 is a constant. Then (X, d) is a cone metric 
space.

Example 1.16: Let E = Rn with

1 n iP {(x , , x ) : x 0, i 1, ,n}= ≥ ∀ = 

X = R and d: X×X→E such that

1 n 1d(x,y) ( |x y|, | x y | , , | x y| )−= − α − α −

where αi≥0 for all l≤i≤n-1. Then (X, d) is a cone metric 
space.

Example 1.17: [6] Let 

RE (C [0, ),||.|| )∞= ∞

P {f E | f ( t ) 0}= ∈ ≥

(X, ρ) a metric space and d: X×X→E defined by 

d(x,y) (x,y)= ρ ϕ

where ϕ: [0,1]→R+ is continuous. Then (X, d) is a
normal cone metric space and the normal constant of P 
is equal to K = l.

Example 1.18: [6] Let q>0, E = lq

n nP {{x } : x 0, n}= ≥ ∀

(X, ρ) a metric space and defined by

1 / q
n 1n

(x,y)
d(x,y) {( ) }

2 ≥

ρ
=

Then (X, d) is a cone metric space and the normal 
constant of P is equal to K = 1.

Example 1.19: [4] Let E = CR[0,1] with the supremum 
norm and 

P {f E | f ( t ) 0}= ∈ ≥

Then P is a cone with normal constant of K = l. Define

d: X×X→E by d(x,y) | x y |= − ϕ

where ϕ: [0,1]→R+ such that ϕ(t) = et. It is easy to see 
that d is a cone metric on X. 

Example 1.20: [9] Let 

RE (C [0, ),||.|| )∞= ∞

P {f E | f ( t ) 0}= ∈ ≥

(X, ρ)  a  metric  space  and  d: X×X→E defined by 
d(x,y) = ƒx,y where x , yf (t) | x y| t.= −  Then (X, d) is a 
normal cone metric space and the normal constant of P 
is equal to K = l. 

Example 1.21: [16] Let 2
R

M E C [0,1]+= =  with norm

| | f | | | | f | | | | f ' | |∞ ∞= +

and
P {f E | f ( t ) 0}= ∈ ≥

that isn't normal cone by [5]. Consider 

n
1 sinnt

x (t)
n 2
−

=
+

 and yn
1 sinnt

(t)
n 2
+

=
+

so
n n n0 x x y ,≤ ≤ + n n| |x || | | y || 1= =

and

n n
2

x y 0
n 2

+ = →
+

[1]

Define cone metric d: M×M→E with

d(f,g) f g,= +  for ƒ = g; d(f,f ) 0.=

Since xn<<c namely d(xn, 0)<<c but d(xn,0) doesn’t 
tend to zero. Indeed xn→0 in (M, d) but xn again does 
not tend to zero in E. Even for n>m

n m n md(x ,x ) | | x x || c= + <<

and
n m n md(x ,x ) | |x x || 2= + =

in particular d(xn, xn+1)<<c but d(xn, xn+1) does not tend
to zero.
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MAIN RESULTS

In this section we obtain other examples in cone 
metric spaces that some properties are incorrect in these 
spaces but hold in ordinary case. For instance, two 
examples are presented: first one states comparison test 
does not hold and the second example is for normal 
cone which we can find two members of cone that ƒ≥g
but ||ƒ||>||g||.

Example 2.1: Let 1
RE C [0,1]=  with norm

||x | | | | x | | ||x'||∞ ∞= +

and
P {x E|x( t ) 0}= ∈ ≥

that isn't normal cone.
For all n≥1 and t∈[0,1] put 

2 2( n 1 ) n

n 2 2

t t
x (t)

(n 1) 1 n 1

−

= −
− + +

 and yn 2

2
(t)

n
=

So n n0 x y ,≤ ≤  and 
2nn

n k 2
k 1

ts (t) x (t) 1
n 1=

= = −
+∑

Therefore

n m n m n m| |s s || ||s s || ||(s s )'||∞ ∞− = − + −
2 2 2 2m n 2 m 1 2 n 1

2 2 2 2

t t m t n t
|| || || ||

m 1 n 1 m 1 n 1

− −

∞ ∞= − + −
+ + + +

2

2 2

1 m
1

m 1 m 1
= + =

+ +

for all m,n So {sn} is not Cauchy sequence, namely 

k
k 1

x (t)
∞

=
∑  is divergent, but 

k 2
k 1 k 1

2y (t)
k

∞ ∞

= =

=∑ ∑

is convergent. This means comparison test does not 
hold for series.

Example 2.2: Let E be a real vector space

1
E {ax b :a ,b R;x [ ,1]}

2
= + ∈ ∈

with supremum norm and

P {ax b : a 0,b 0}= + ≤ ≥

So P is a normal cone in E with constant K>1. Define

f(x) 2x 10,g(x) 6x 11 P= − + = − + ∈

Then ƒ≤g as g(x) f(x) 3x 1 P.− = − + ∈  But 

1 1
| | f | | f ( ) 9,| |g|| g( ) 8

2 2
= = = =

Therefore, ƒ≤g but ||ƒ||>||g||.

CONCLUSION

According to example 1.4 we obtained that
sandwich theorem didn't  hold in cone metric space. We 
provided also example 2.1 that stated comparison test 
didn't hold in such space. And in the example 2.2 we 
saw that we may find two elements such that as ƒ≤g but 
||ƒ||>||g||.

These examples led us to find other examples or 
properties which may be held in ordinary spaces but 
don't hold in cone metric spaces.
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