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On the Bessel and Stirling Numbers
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Abstract: We study the identities obtained by Yang-Qiao and Mansour-Schork-Shattuck involving Stirling and

Bessel numbers.
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INTRODUCTION
The Bessel numbers of the first and second kind are given by [1-3]:
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Respectively, with the properties:
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Yang-Qiao [1, 3] obtained the relations:
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Involving Stirling numbers of the first and second kind [4-6].
We know the inversion formula [5-8]:
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Whose application to (3) and (4) implies the identities:
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We may remember the following expression [5, 9-12] for the Bernoulli numbers [11, 13]:
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where we can use (6), (7), and after (5) to deduce the relations:
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We have the property [2, 3]:

n () SMSD = (=) Gz (0, k), (10)
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Involving the generalized Stirling numbers G, (n, k):
6B =82, Gk =S, G k) =b, i) =by (11
From (10) for z = § :
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where it was employed the formula [3, 14]:
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With q = 3. The application of (5) to (12) implies the identity:
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Similarly, from (10) for z = 2:
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where it was applied (13) with q = % The inversion of (15) via (5) gives the expression:
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Sh = S o S M (D - 1+ 2t s (16)
REFERENCES 8. Gomez-Goémez, E., J. Lopez-Bonilla and

T.J. Salazar-Sandoval, 2020.

Identities

of

Yang, S. and Z. Qiao, 2011. The Bessel
numbers and Bessel matrices, J. Math. Res.

Vassilev and Jha for Bernoulli numbers, African
J. Basic & Appl. Sci., 12(2): 34-36.

Exposition, 31: 627-636. 9. Comtet, L., 1974. Advanced combinatorics: The
Mansour, T., M. Schork and M. Shattuck, 2012. art of finite and infinite expansions, D. Reidel
The generalized Stirling and Bell numbers Pub., Holland.

revisited, J. Integer Seq., 15 (2012) Article 10. Sandor, J. and B. Crstici, 2004. Handbook of
12.8.3, pp: 47. number theory. I, Kluwer Academic, Dordrecht,
Stenlund, D., 2020. Some observations on the Netherlands.

connection between Stirling and Bessel numbers, 11. Srivastava, H.M. and J. Choi, 2012. Zeta and
arXiv: 2007.11557v1 [math. CO] 22 Jul 2020. g-zeta functions and associated series and
Aigner, M., 2007. A course in enumeration, integrals, Elsevier, London.

Springer, Berlin. 12. Yuluklu, E., Y. Simsek and T. Komatsu, 2017.
Quaintance, J. and H.W. Gould, 2016. Identites related to  special polynomials
Combinatorial identities for Stirling numbers, and  combinatorial numbers,  Filomat,
World Scientific, Singapore. 31(15): 4833-4844.

Spivey, M.Z., 2019. The art of proving binomial 13. Arakawa, T., T. Ibukiyama and M. Kaneko,
identities, CRC Press, Boca Raton, F1, USA. 2014. Bernoulli numbers and zeta functions,
Lopez-Bonilla, J., J. Morales and G. Ovando, Springer, Japan.

Stirling, 2020. Lah and Bernoulli numbers, 14. Mansour, T., M. Schork and M. Shattuck, 2011.

American-Eurasian J. Sci. Res., 15(2): 52-55.

24

On a new family of generalized Stirling and Bell
numbers, Electron. J. Combin., 18: 77.



