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Abstract: We employ factorizations of the time evolution operator to obtain the propagator of free particle,
harmonic oscillator and linear potential in quantum mechanics.
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INTRODUCTION
The propagator in quantum mechanics is given by [1]:
K(Zpstys Zaty) =< 24 | U (ty,1,) | 24 >, (1)

with the time evolution operator:

U(tb’ta) = eXP(_%(tb - ta)Hj’

2
where H is the Hamiltonian operator for the system under analysis; thus:
|W(tb) >= U(tb9ta) |V/(ta) >, (3)
“4)

Y (Casty) =<2 [ (13) >= [ d2, K Gyt 241 W (oot

In Sec. 2 we use (1) and (2) to determine the propagator for a free particle, harmonic oscillator and linear potential
via certain factorizations of U (¢,, t,).

Propagators:

* Free particle.

. 2
1

K (2t zaty) =< zp exp(——(ty — 1) L) | 2, >,
h 2m

2

1
—|<p'lz, >,
2 ] p ‘ a

i
:”dp' dp"<z| p">< P"p'>eXp[_E(tb —1,)
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where we can employ the relations:

i 1,
yiad 5)

- 1
<zy|p">= ehp'z,, <p"|p'>=8(p"-p") <p'z T h

2nh

to obtain the expression:

2

1 i p i
K(zpty,z ,t =—Id ‘exp| —(t, —t,)—+—(z, —z,)p" |
(bb aa) h p p[ h(b a)zm h(b a)p]

(6)

We know the property [2]:
© /B2

I dx exp(—iox’ +ifix) = \/z exp [ij )
» o 4a

whose application in (6) implies the following propagator [1, 3, 4]:

. _ 2
K(zpty,z,t,) = Lexp m'(zb—za) .
2ih(t, —t,) 2h ty—t, (8)

+ Harmonic oscillator.

. A2 2 2 2 .

i p- mwT d z (0] ih
U(ty,t,) =exp| ——(t, —t z° | |=explc| g—+— [l,c=—=(t, — t,).g =—,
(b a) p{ h(b a){ J‘| p[ {qdz (]]] 2(b a)q mo

4
2m 2 /4 )
which accepts the decomposition [5-8]:
2 2
Uty.t,) = exp(z—tanc) exp[—%sin(%)ﬁz]exp(z—tanc), p= —ihi,
29 2h 2q dz (10)

then from (1), (5) and (10):

1 tanc, o 2 I . 2 I
K(zpty,z,t,) =——eX zo+z Id 'exp| — sin(2e)p"“+—(z, —z,)p'|,
( b'b aa) h p[ Zq ( a b] \p p[ 2moh ( )p h( b a)p

where we can use (7) to deduce the propagator [4, 9]:

mao tanc , 2 imo 2
K(zpty,z,t,) = ex zo+zp))+———— (2, — 2 s
@2 2ala) =\ S rhisingze) p{ 2 C ) e ”)} (n

= \/ mao p{ ima [zg + zlf)cos(co(tl7 —t,)— ZZaZb]}

ex
i27hisin(w(t, —t,)) 2hsin(w(t, —1,))

» Linear potential.
2

U(tb,ta)zexp[—lA—t Lok, M=ty-1,, (12)
h\2m
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which admits the splitting [8, 10]:
ik 5 ik 5 j i ik
U(ty,t,) = —— (At —— (At ——— At ——Atz), (13)
(1p:4) exp[ 6mh( ) ]eXp[ 2mh( )" P |exp 2o AP exp( P z)
thus from (1), (5) and (13):

ik* 5 ik i ) ko
K(zpty,,z,t,) =exp| —— (A1) ——At.z jd 'exp[-——At.p'“+—| z;, —z, ——— (At ,
( b*b aa) pl: 6mh( ) 3 a:l p p[ mh P h( b a 2m( ) P]

where we can apply (7) to determine the following propagator [1, 4]:

; 2 (14)
K(2ylyszaty) = ,/#})_” exp{é{z—”;@a ~23)” ~k(zy + 2p)(th~1,) =ty —m)’*‘}}.
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