
2

2 ( ) ,d u x
dx

− + =

2

2m


2

2 ( ) ,d U x
dx

− + =

..
1 1 1 1,u− + =

'
'' ' 1

1 1 1
1

2 ( ) 0,  ,+ + − = ≡

d
dx

2
' ' ' '

1 1 12 2 ( 2 ) 0,d d
dxdx

+ + − + =

'' ' 2
1 1 1( ) ,− + − + =

(4) (5)
' '

1 1 1
1

,d
dx

 
= = = −  
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Abstract: We show elementary approaches to Darboux mapping applied to Schrödinger equation.

Key words: Isospectral potentials  Darboux transform

INTRODUCTION In Sec. 3 we deduce again the DT via an adequate

In the one-dimensional stationary case the equation.
Schrödinger equation is given by [1]:

factorization:
(1)

in  natural  units   such   that    =   1.   The  values of

 represent the energy spectrum allowed for certain
boundary conditions and corresponding to the standard
potential u(x)

The Darboux transform (DT) [2-10] allows construct
a new Schrödinger equation:

(2)

for another potential U(x) with the same energy levels,
hence u and U are isospectral potentials. In the next Sec.
2 we deduce, in natural manner, the principal expressions
of the DT associated to the particular solution  with1

eigenvalue 1

(3)

thus we say that the 'seed function'  generates a DT.1

Selecting diverse seed functions we can obtain many DTs
and therefore a great variety of generalized potentials with
the same energy spectrum; that is, the Schrödinger
equation is covariant with respect to Darboux transform.

factorization of the Hamiltonian involved in Schrödinger

Darboux Mapping: We use  to introduce into (1) the1

 = , (4)1

then (x) satisfies the relation:

(5)

and now to (5) we apply  to obtain a differential

equation of second order for :

(6)

which can be transformed to the Schrödinger equation:

(7)

via the mapping [11]:

(8)

and (7) has the structure (2) for the new isospectral
potential:



' 2 '
1 1 1 1( ) 2 ,U x u= − + = −

' 2.1 1 1u = + +

2

2 ( ),dH u x
dx

≡ − +

†( ),  ( ),d dA W x A W x
dx dx

= + = +

2
† 2 '

1 12 ,dH A A W W
dx

≡ + = − + − +

2 '
1,u W W= − +

''
1 ,1
1

u =

''
' 2 1

1
0,W W− + =

'
W = −

'' ''
1 ,
1

=

'
1

1
1

,W = − = −

' 2.1 1 1u = + − +

†
1 1 1,     A 0.d dA A

dx dx
= − = − − ∴ =

( )
2 2

† 2 '
1 1 1 12 2 ,d dH AA U x

dx dx
≡ + = − + − + = − +

H

†
1( ) ,AA A HA A+ ≡ =

H

'
1 1 ,dA

dx
 = = − = − 
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(9) in harmony with (9) and  we  ask  that  H  and   have

because (3) implies the connection 

Factorization of the Hamiltonian: The equation (1) means
H  =  such that:

(10)

and we search operators of first order [1, 12, 13]:

(11)

to factorize (10) in the form:

(12)

and its comparison with (10) implies the relationship:

(13)

From (3) we have that  hence (13) gives the

following Riccati equation [9, 11, 14-16] for the
superpotential W(x)

(14)

and under the change of variable [11]  it is

reduced to  , therefore  = , then:1

(15)

in according with (5), and (13) gives the known relation
 From (11) and (15):

(16)

 Now we construct the Hamiltonian:

(17)

the  same  energy  levels,  then if the eigenvalue
expression  H   =  A A   +    =   is multiplied by1

A results:

hence the corresponding wave  functions  of   are

given by  which

coincides with (8).
The expressions (8) and (9) represent the Darboux

transformation based in the seed function  Our1

processes are explicit motivations for this important
mapping of the mathematical physics.

REFERENCES

1. Schwabl, F., 992. Quantum Mechanics,
Springer-Verlag, Berlin (1992).

2. Darboux, G., 1882. Sur une proposition relative aux
equations lineaires, Compt. Rend. Acad. Sci. (Paris),
94: 1456-1459.

3. Matveev, V.B. and M.A. Salle, 1991. Darboux
transformations and solitons, Springer-Verlag, Berlin
(1991).

4. Morales, J., J.J. Peña and J. López-Bonilla, 2001.
Generalization of the Darboux transform, J. Math.
Phys. 42(2): 966-975.

5. López-Bonilla, J., J. Morales and G. Ovando, 2002.
Darboux transformations and isospectral potentials
in quantum mechanics, Apeiron 9(3): 20-25.

6. Caltenco, J., J. López-Bonilla and M. Acevedo, 2004.
A comment on the Darboux transformation, Acta
Acad. Paed. Agriensis, Sectio Mathematicae
(Hungary) 31: 121-123.

7. Ovando, G., J. Morales, J.J. Peña, G. Ares de Parga
nad J. López-Bonilla, 2009. The Darboux transform
applied to Schrödinger equations with a
position-dependent mass, The Open Appl. Maths.
Journal (USA) 3: 14-28.

8. Caltenco, J., J. López-Bonilla and R. López-Vázquez,
2013. A note on the Darboux transformation, The Sci.
Tech, J. Sci. & Tech., 2(1): 13-15.

9. Cruz-Santiago, R., J. López-Bonilla and J. Morales,
2013. Riccati equation and Darboux transform, The
Sci. Tech,  J. Sci. & Tech., 2(2): 1-4.

10. Ahsan, Z., J. López-Bonilla and J. Morales, 2014.
Darboux transform applied to Hulthén potential,
Aligarh Bull. Maths., 33(1-2): 64-67.



Comput. & Appl. Math. Sci., 4 (2): 20-22, 2019

22

11. Ahsan, Z., H.E. Caicedo-Ortiz and J. López-Bonilla, 14. Stahlhofen, A., 1989. The Riccati equation: The
2014. Riccati and Schrödinger equations associated common basis for supersymmetric quantum
to second order linear differential equation, Aligarh mechanics and the factorization method, Duke
Bull. Maths, 33(1-2): 5-10. University, USA.

12. Junker, G., 1996. Supersymmetric methods in quantum 15. Hasegawa, K., 2001. The Riccati equation and its
and statistical physics, Springer-Verlag, Berlin (1996). applications in physics, Thesis, Dept. of Physics,

13. Villegas-Silva, F., 2004. Supersymmetry in quantum Reed College, Portland, Oregon, USA (2001).
mechanics, Rev. Inv. Fis., 7(1-2): 45-50. 16. Kryachko, E.S., 2005. Notes on the Riccati equation,

Collect. Czech. Chem. Commun., 70: 941-950.


