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Abstract: We give an elementary proof of the expression for ;F, (2n—1, a, B+ 2; 2a + 2, [3; 2) obtained by
Rakha-Awad-Rathie.
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INTRODUCTION

In [1] we find the result:
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A= 3F(-2n-10,B+2; 200+2,B;2) =

in terms of the Pochhammer [2]-Barnes [3, 4] symbol. Here we use several formulas from Wolfram and the values [5-7]:
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to give an elementary deduction of (1).

Rakha-Awad-Rathie’s Expression for ;F, (2): In Wolfram are the following relations for hypergeometric functions [8]:
b 3F,(a,ay,a3;b,by52) —a 3F5(a+1,ay,a3;0 +1,by;2) + (a —b) 3F5(a,ay,a3;b+1,b5;2) =0, 3)
c(a—Db) 3F5(a,b,as;c,by;z) —a(c—b) sFy(a+1,b,a3;¢+1,by;2) + b(c —a) 3F5(a,b+1,a3;¢+1,b,;2) =0, 4)
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which permit to exhibit an elementary proof of (1). In fact, if into (3) we employ a=-2n-1,a,=a,a,=[+2,b=0, b,
=2a+ 2 and z =2, we obtain the expression:

2 Fi(-n,a;2a +1;2) =

BA=QC2n+B+1)B-(2n+1)C, (7)

Corresponding Author: J. Lopez-Bonilla, ESIME-Zacatenco, Instituto Politécnico Nacional, Edif. 4, ler. Piso, Col. Lindavista
CP 07738, CDMX, México.
18



Comput. & Appl. Math. Sci., 1 (1): 18-20, 2016

such that

B= 3B (2n-1a,B+2;B+1,20+2;2), C= 3F(2n,&, B +2; +1,20 +2;2). ®)

Now we must determine the quantities B and C, then into (4) we introduce the valuesa=-2n—-1,b=ac=0+1,a,=
B+2,b,=2a+2andz=2 to deduce the relation:

B 2n+)(f+1-)

= o+ DED S F (2n,00200 + 2;2), )

where was applied the first formula (2) with A + & + 1

If into (5) we use a =—2n, b = «, c=2a + 2 and z = 2 we obtain that:

o+1 o
—— LF(2n,0200+2;2) = LF(2n,0;200 +1;2) - ————— ,F(=2n,0;200;2), (10)
Sy 1( )= 2F( ) el ? 1( )

besides from (2) and (6) are immediate the values:
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()n
S Fi(=2m,06;20052) = 21«"1(—2;1,05;20”1;2):2—1, (1)
(a+5)n
hence from (9) and (10):
3 3

@En+a+1)3), (B+1-a)(2),

S F(~2n,05200 +2;2) = 2 T B= 2 — (12)
Cn+)a+1)a+ E)n (B+D(x+ Do+ E)n
To calculate C, into (4) we employ a=-2n,b+a,c=p+1,a,=F+2,b,=2a+ 2 and z =2, thus:
2 o
= +1—a) ,F{(2n+Lo;200 +2;2)+—2n+ B +1) ,F{(2n, a+1;2a + 2;2
(2n+a)(/3+1)[n(ﬁ ) 2F1(=2n ) 2( n+ B +1) ,F(2n )] (13)
and from (2) with A = ¢ + 1:
1
(E)n

2F(2mo+1:200+2:2) = —Eo—, (14)

(a+5)n
besides from (5) witha=-2n+1,b=a,c=2a+2andz=2:

3

20 +1 (6) (2n+2a+1)(5)n
2 F(2n+1,05200 +2;2) = 2 (2n+ 105200 +152) = 3

o+l @n+ e+ @+ ), (15)
Now we put (14) and (15) into (13) to obtain:

Qn+20+1)C)
Co B n 5 O{(2n+ﬁ+l)+2n(ﬁ +1—0€)], (16)
(2n+ 120+ o)(B+ 1)+ ), n+200+1 a+l
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Finally, the application of (12) and (16) in (7) permits

to construct the formula (1) deduced by Rakha-Awad-
Rathie [1], q.e.d.

REFERENCES

Rakha, M.A., M.M. Awad and A.K. Rathie, 2013. On
an extension of Kummer’s second summation
theorem, Abstract and Applied Analysis, Article ID
128458.
Pochhammer, L., 1890. Uber eine klasse von
integralen mit geschlossenen integrationskurven,
Math. Ann., 37: 500-511.

Barnes, E.W., 1908. On functions defined by simple
hypergeometric series, Trans. Cambridge Phil. Soc.,

20: 253-279.

20

4,

Barnes, E.W., 1908. A new development of the theory
of hypergeometric functions, Proc. London Math.
Soc., 6: 141-177.

Rainville, E.D., 1960. Special Functions, Macmillan
Co., New York.

Rakha, M.A., M.M. Awad and A.K. Rathie, 2014.
Extension of a theorem due to Ramanujan, J.
Interpolation and Approximation in Scientific
Computing, Article ID jiasc-00072 (2014).

Cruz, R., S., J. Lopez-Bonilla and R. Lépez-Vazquez,
2015. On two results for the terminating ,F,,
Prespacetime Journal, 6(4): 326-328.

Dutka, J., 1984. The early history of the
hypergeometric function, Arch. Hist. Exact Sci.,
31(1): 15-34.



