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Equivalence Relations Induced by
Interval Valued (S, T)-fuzzy h-ideals (k-ideals) of Semirings
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Abstract: We introduce the notion of interval valued intutionistic (S,T)-fuzzy left hided (k-ideal) of a
hemiring (semiring). We describe some characteristic properties and connections. Finally, we construct
some equivalence relations induced by interval valued intutionistic (S,T)-fuzzy left h-ideals (k-ideals).
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INTRODUCTION

Semirings and hemirings (semirings with zero and
commutative addition) appear in a natural manner in
some applications to the theory of automata and formal
languages [1-3]. It is a well known result that regular
languages form so-called star semirings. According to
the well known theorem of Kleene, the languages, or
sets of words, recognized by finite-state automata are
precisely those that are obtained from letters of input
alphabets by application of the operations: sum (union),
concatenation (product) and Kleene star (Kleene
closure). If alanguage is represented as a formal series
with the coefficients in a Boolean hemiring, then the
Kleene theorem can be well described by the Kleen-
Schutzenberger theorem. Moreover, if the coefficient
hemiring (semiring) is a field, then a series is rational if
and only if its syntactic algebra [2-4] for details) has a
finite rank. The class of Kfuzzy semirings (KE{+¥},
min, max), where K denotes the subset of the power set
of R which is dosed under opardions min, +, or max, hes
may interesing goplications  Mindmaxplus  computation
(and suitable semirings) are used in several areas, e.g.,
in differential equations. Many other applications with
references can be found in [2] and in a guide to the
literature on semirings and their applications [5]. Ideals
of hemirings and semirings play a centra role in the
structure theory and are useful for many purposes.
However, they do not in general coincide with the usual
ring ideals. Many results in rings apparently have no
analogous in hemirings and semirings using only ideals.
Henriksen [6] defined in a more restricted class of
ideals in semiring, which is called the class of k-ideals,
with the property that if the semiring R isaring then a
complex in R is a k-idedl if and only if it isaring ideal.
Another more restricted, but very important, class of

ideals in hemirings, called now h-ideals, has been given
and investigated by lzuka [7] and La Torre [8]. It is
interesting that the regularity of hemirings can be
characterized by fuzzy hideals [9]. Genera properties
of fuzzy k-ideals are described in [10-12]. Other
important results connected with fuzzy h-ideds in
hemirings were obtained in [13, 14].

After the introduction of fuzzy sets by Zadeh [15],
there have been a number of generalizations of this
fundamental concept. The notion of intuitionistic fuzzy
sets introduced by Atanassov [16] is one among them.
For more details on intuitionistic fuzzy sets, we refer
the reader to [16-18]. In 1975, Zadeh [19] introduced
the concept of interval valued fuzzy subsets, where the
values of the membership functions are intervals of
numbers instead of the numbers. Such fuzzy sets
have some applications in the technological scheme
of the functioning of a silo-farm, with pneumatic
transportation, in a plastic products company and in
medicine (for more details see the book [18]. It &
interesting to observe that the fuzzy cdaulus, usd for
atifidd inteligence purposss indesd invdlves  essentially
(min, max)-semirings which (in some sense) gives the
impulse to the study of intuitionistic fuzzy sets in
semirings. The fuzzy agebraic structures play a
prominent role in mathematics with wide applications
in many other branches such as theoretical physics,
computer sciences, control engineering, information
sciences, coding theory, topological spaces, logic, set
theory, group theory, groupoids, rea analysis,
measure theory etc. Also the notion of fuzzy ideals
in rings and semirings have seriously studied by
many mathematicians [13, 20, 22]. Recently, some
researchers are trying to present new views of fuzzy
algebraic structures as intuitionistic fuzzy algebraic
structures[13, 23-31].

Corresponding Author: Dr. H. Hedayat, Department of Mathematics, Faculty of Basic Science, Babol University of

Technology, Babol, Iran

1240



World Appl. Sci. J., 8 (10): 1240-1252, 2010

In this paper on the basis of the concept of the
interval valued intuitionistic fuzzy sets introduced by K.
Atanassov [17, 18] we introduce the notion of interval
valued intuitionistic fuzzy h-idea (k-idea) of a
hemiring (semiring) with respect to tnorm T and s
norm S. Then we characterize all of them based on
special kind of levels U (M,;[t,s]) and L(N,;[ts]),
which is a gengdization of desic bvd subsets. Then
we investigate their properties and connections with
left h-ideals (k-ideds) of the corresponding hemirings
(semirings). At the following the behavior of these
structures under homomorphisms is investigated. Also
we describe the relationship between some natural
equivalence relations and induced partitions on the set
of al interval valued intutionistic (S,T)-fuzzy hideals
and k-ideals. In particular, we see that there is a
bijective map between partitions and the set of all
interval valued intuitionistic (S,T)-fuzzy h-ideals and k-
ideals of hemiring (semiring) R.

PRELIMINARIESAND NOTATIONS

By a semiring we mean an algebraic system
(R, +,.) consisting of a nonempty set R together with
binary operations on R called add and multiplication
such that (R, +) and (R,.) are semigroups and for all
xy,4 R, we have x (y+2) = xy+xz and (y+2)x =
y.x+zx which are caled distributive. By a zero we
mean an element 0 R such that 0.x = 0 = x.0 and O+x =
x = x+0 for dl X R. A semiring with zero and a
commutative semigroup (R, +) is called a hemiring. By
a subsemring of a semiring R we mean a non-empty
subset S of R such that for al x,yT S, we have x,y1 S
and x+yl S. By a left (right) ideal of a semiring we
mean a subsemiring | of R such that for all yi R and
X | we have x.yl I(xyl I). By an ideal, we mean a
subsemiring of R which both a left and right ideal of R.
A left (right) ideal | of a semiring of R is called left

(right) kideal if y I(xyl I). By an ideal, we mean a
subsemiring of R which both aleft and aright ideal of
R. A left (right) ideal | of a semiring R is called |eft
(right) kideal if yi | and x+yl | imply that » 1. Also a
left (right) ideal | of a hemiring R is called left (right) h-
idedl if for any x,4 R and abl | from x+atz = b+z it
followsx 12, 8].

A fuzzy set 1:R® [0,1] is caled a fuzzy left ideal
of semiring R if for al xylR we have
n(x +y) 3 min{n(x),m(y)} and n(xy) 3 my) . A fuzzy left
ideal U is caled a fuzzy left kidea of a semiring R if
for dl x,yl R we have m(x) ® min{n{y),m(x +y)}. Also a
fuzzy left ideal p is called a fuzzy left hidea of a
hemiring R if for dl abx,d R from x+atz = b+z it
follows[10-12]:

m(x) * min{r(a),m(b)}

By an interval number awe mean [19] an interval

[a, a'], where Ofa £a’£1. The set of al interval
numbers is denoted by D[0,1]. The interva [aa] is
identified with the number & [0,1]. For interval
numbers

& =[a.,a’11 D[OALiT I,
we define
infa =[Ua,Ua’], supg =[Ua,Ua']
and put

() &4£&0 a £a anda’ £a’,
@
(d &<30 a£aands, a,

(4) ka=[kaka];whenever0£k£1.

-3 1 - — o + o ot
=3, U a =d anda’ =a,

o

It is clear that (D[0,1],£,U,U) is a complete lattice
with 0 = [0,0] as the least element and 1 = [1,1] as the
greatest element.

By an interval valued fuzzy set F on X we mean
[11] the set

F={(xIm: (O.mECOTXT X3

where ntand ntare two fuzzy subsets of X such that
m(x) £ ni(x) foral X X. Putting

M(x) =[O0, (3)]

we seethat F={(x,m.(x))xT X} , where m.: X® D[0]] .
Asit iswell-known, the function

d:[0,1] [0,1] ® [0,1]

is caled a t-norm (resp. s-norm) if d satisfies the
conditions:

(i) d(x,1) = x(resp. d(x,0) =x)
(i) d(x,y) =d(y,x)

(ii)) d(d(x,y),z) =d(x,d(y,z))
(iv) d(x,u) £d(x,w)

for dl x,y,z,uwi [01], where uEw. A t-norm (resp.
s-norm) is called idempotent if dxx) = x, for al X
[0,1] [29].
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If d is an idempotent tnorm (s-norm), then
the mapping D: D[0] D[0,1]® D[0,1] defined by
D&, a) =[d(a ,a,),d(a,a;)]is, as it is not difficult to
verify, an idempotent t-norm (s-norm, respectively)
and is called an idempotent interval tnorm (s-norm,
respectively).

According to Atanassov [17, 18] an interval valued
intuitionistic fuzzy set on X is defined as an object of
the from

A={6M, (X),N,09) [xT X}

where M, and N, are interval valued fuzzy sets on X
such that

[0,0EM ,(x)+ N, (x) £[11]

for al M X. For the sake of simplicity, in the following
such interval intuitionistic fuzzy sets will be denoted by

A=(M,,N,).

INTERVAL VALUED INTUITIONISTIC
(ST)-FUZZY h-IDEALS (k-l deals) OF Semirings

In the sequel, T and S denote idempotent interval t-
norm and s-norm respectively, unless otherwise
specified.

Definition 3.1: An interval valued intuitionistic fuzzy
set A=(M,,N,) of ahemiring R is called an interval
valued intuitionistic (S,T)-fuzzy left hided if for al
xy.,zabl R:

(1) M, (x+y)2 T(M,(x),M (),
(2 N, (x+y)ES(N, (X),N,(¥)),
3 M, (xy)2M,(y),

@ N,y EN, ),
(5) x+a+z=b+zimplies

M, ()3 T(M,(a),M, (b)),
(6) x+a+z=b+zimplies
N, (x)£S(N,(a),N, (b)) .
An interval vaued intuitionistic fuzzy set

A=(M,,N,) sisfying the firs four conditions is caled an
interval veluedintuitionisticfuzzy |eftided.

Definiton 3.2: An interval valued intuitionistic fuzzy
left ideal A=(M,,N,)of a semiring R is caled an
interval valued intuitionistic (S,T)-fuzzy left kidea if
fordl xyl R

D M) TM, ()M, (x+Y)),
@ NLOESN, (YN, (x+y)).

Clearly every interval valued intuitionistic (S,T)-
fuzzy left h-ideal is an interval valued intuitionistic
(ST)-fuzzy left kideal, but following example shows
that in general case the converseisnot true.

Example On a four element semiring (R,+,.) defined
by the following two tables:

+ 0 a b c
0 0 a b c
a a a b c
b b b b c
[ c c [ b
0 a b c
0 0 0 0 0
a 0 a a a
b 0 a a a
[ 0 a a a
Consider the interva vaued fuzzy set
A=(M,,N,) asfollows
~ 1[0.4,0.5], ifx=0
M (0 = om0k
1[0.2,0.25], ifxt0
- 1[0.2,0.3], ifx=0
N, (X) =i
2 () 107,075, ifxt 0

It is easy to verify that A=(M,,N,)isaninterval
valued intuitionistic  (S,T)-fuzzy k-ided. But
A=(M,,N,)is not an interval valued intuitionistic
(S,T)-fuzzy h-ideal. Because a+0+b = 0+b and

M, (a) =[0.2,0.25] 7 [0.4,0.5]
= T([0.4,0.5],[0.4,0.5]) = T(M ,(0),M , (0))

Example Let N be the set of non-negative integers
and

1[0.9,0.95] ifx1 <4>
MA(X):}[O.4,O.5] ifx] <2>- <4>
{[0,005]  otherwise
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1[0,0.05] ifx1<4>
NA(X):%[O-410-5] ifxl<2>-<4>
{[09,095]  otherwise

where <n> denotes the set of all integers divided by
n. It is routine to cdoulate that A=(M,,N,) isan interve
vdued inwitionidic  (ST)-fuzzy hided of hamiring
(N'+0. Thadoe A=(M,,N,) is an inevd vaued
intuitionistic (ST)-fuzzy k-idedl.

With any interval valued ntuitionistic fuzzy set
A=(M,,N,) of a hemiring (semiring) R there are
connected two levels:

UM, [ts)) ={xT R|M, ()2 [ts]}
L(N,[ts]) ={xT R[N, () £[t.]}

Theorem 33: A=(M,,N,)is an interval valued
intuitionistic  (S,T)-fuzzy left h-ideal (k-idea) of
hemiring (semiring) R if and only if for all
t,sT [0 tESU(M,;[ts]) and L(N,;[ts]) are left h
ideals (k-ideals) of hemiring (semiring) R.

Proof: Let A=(M,,N,) be an interval valued
intuitionistic (S,T)-fuzzy left h-idedl (k-idedl) of R.
Then for every x,yT U(M ;[t,a]) and rl R we have:

M, (x)2[ts] and M, (x) 3 [t.] .
Hence
T(M,(0).M () ® T([t.s].[ts]) =[t,s] ,
and so
M, (x+y) 3 T(M,(x),M ,(y)) 2 [t.S] .

Thismeans x +yT UM ,;[t.s]). Also
M, (rx) 2 M, (x) 2 [ts].

This T UM ,;[ts]).  Therefore
U(M,;[t,s]) isaleftideal of R.

Suppose that A=(M,,N,) is an
valued intuitionistic (S, T)-fuzzy  left
x,z1 R,abl UM,;[ts]) and x+a+z=b+z.

M, (a)2 [ts] andso M,(b)? [ts]. Also

means

interval
h-ideal,
Then

M, (x)3 T(M,(a),M, (b)) * [t9] -

Thus xT U(M,;[ts])and so U(M;[t,s]) isaleft h-
ideal of hemiring R. Similarly we can show that
UM,:[t,s]) is a left h-ideal of hemiring R. Similarly
we can show that L(M,;[ts]) is a left h-ideal of
hemiring R.

Now suppose that A=(M,,N,)is an interval
valued intuitionistic (S,T)-fuzzy left k-idedl,

x1 R,al UM,;[ts]), x+al UM,;[ts]).
Then M, (a) 2 [t,s] and M, (x +a) 3 [t,s] . Al
M, (x)3 T(M,(a),M, (x +a)) 3 [t,9] .

Thus xT U(M,;[t,s]) and so U(M;[t,5]) isaleft k-
ideal of semiring R. Similaly we can show tha
L(M ,;[t,s]) isaleftk-ided of semiingR

Conversely, assume that for every [t,s]l D[0,1] any
non-empty U(M,;[t,s]) is a left hrideal (k-idedl) of R. If
[ty $1=T(M, (x),M,(y)) for
x,yI UM, ;[t,s]) and so

some xyl R, then

x+yl UM,;[t.s]) -

Therefore
M, (X +Y) 2 [t,, §1 =T(M, (X),M ,(¥)) -
Also if
[tg. g1 =M, (),
then

xT UM ;[tgsP)

and so i UM,;[tgsg]) for every rl R. Therefore
M,(rx)3[¢ 91=M, (x). This proves that M, is an
interval valued TFfuzzy left idea of R. Smilarly, we
can show that N, isaninterval valued S-fuzzy left ideal
of R. Therefore A=(M,,N,)is an interval valued
intuitionistic (S,T)-fuzzy left idea of R.

Suppose that for every [t,s]i D[0,1] any nonempty
U(M,:[t,s]) isalefth-ideal, x,z1 R, x+a+z=b+z and

T(M,(a),M, (b)) =[t,, §].
Thus a,bT UM,;[t,,s,]) and so

xT UM ,;[t,s])
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This means

M, (%) 2 [t,, §]1 =T(M, (@), M, ().

Therefore M, is an interval valued T-fuzzy left
h-ideal of hemiring R. Similarly we can show that N, is
an interval valued Sfuzzy left hideal of hemiring R.
Therefore A=(M,,N,) is an interval valued
intuitionistic (S,T)-fuzzy left h-ideal of hemiring R.

Now suppose that for every [t,s]i D[0,1] any
nonempty U(M ,;[t,s]) isaleftk-ideal, axi R and

T(M,(a).M,(x+a) =[t,, 5],

then aa+x1 U(M,:[t,,§)) and so xT UM ;[t.s]) .
This means M, is an interval valued Ffuzzy Eft k
ideal of semiring R. Similarly, we can show that N, is
an internal valued Sfuzzy left kidea of R. Therefore
A=(M,,N,)is an interval valued intuitionistic (S,T)-
fuzzy left k-ideal of semmng R.

Lee A=(M,,N,) be an valued
intuitionistic fuzzy set of semiring R and let t, s,
t¢sd [0,1] such that tEsand t¢Ese Put

interval

RIS, ={xT RIM, (x)? [t,9, N, (x) £[t¢s8} .

Clearly
R =UM,[tSIC L(N,; [t9sP).

Corollary 3.4: A=(M,,N,

intuitionistic  (S,T)-fuzzy left h-ideal (k-ideal) of
hemiring (semiring) R if and only if for all

t,st¢sd [0, t £5tCESERI is a left h-ideal (k-
ideal) of hemiring (semiring) R.

)is an interval vaued

Proof: Itisimmediately by Theorem 3.3.

Definiton 35: Let f: X®Y be a mapping and
A=(M,,N)and B=(M,,N,) interval valued
intuitionistic sets of X and Y, respectively. Then the
image

fIA]=(f(M,),f(N,))

of A is an interval valued intuitionistic fuzzy set of Y
defined by

Lsup M(2)  iffi(y)r o,
F(M)(y) =41 <v)

10,01 otherwise

binf N, (2)  iffi(y)2 o,
F(NL)(Y) = 12” _

1[11] otherwise

foral yl Y. Theinverseimage
f5(B)=(f* (My),f*(N,))

of B is an interval valued intuitionistic fuzzy set of X
defined by

FH M) () = M, o) () = Mg (f(X)),
F(Ng) () = N,y ) () =N (F(x)
foral d X.

Definition 3.6: Let R; and R, be two hemirings
(semirings). A mapping f: R®R, is caled a
homomorphism if for al x,yl Ry we have f(x+y) = f (x)
+f (y) and f(x.y) =f (X).f (y).

Lemma 3.7 Let R, and R, be two hemirings
(semirings) and f: R;® R, an epimorphism.

() 1f1isaleft hiidedl (k-ideal) of Ry, then f(1) is aleft
h-ideal (k-ideal) of R,.

(i) 1f Jis aleft hridedl (k-ideal) of Ry, then 1 (J) isa
left h-ideal (k-ideal) of R;.

Proof: Straightforward.

Theorem 38: Let R; and R, be two hemirings
(semirings) and f: R;® R, an epimorphism.

@i If A=(M,,N,) isaninterval valued intuitionistic
(ST)fuzzy left h-ideal (k-ideal) of R, then the
image f[A]=(f(M,),f(N,)) of A is an interval
valued intuitionistic (S,T)-fuzzy left h-idea (k-
ideal) of Ry.

(i) If B=(M,,N,) isan interval valued intuitionistic
(ST)-fuzzy left h-ideal (k-ideal) of R, then the
inverseimage

xT UM ,;[g.08

is an interval valued intuitionistic (S,T)-fuzzy left h
ideal (k-idedl) of R;.
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Proof: (i) Let A=(M,,N,) be an interval valued
intuitionistic (S,T)-fuzzy left h-ideal (k-ideal) of R,. By
Theorem 3.3, UM,;[t;s]) and L(N,;[ts]) are left h
ideals (k-ideals) of R for every [t,s]l D[0,1]. Therdfore
by Lemma 37, f(U(I\7IA;[t,s])) and f(L(NA;[t,s])) are left
h-ideals (k-ideals) of R,. But

U(f(M,):[ts]) =f(U(M,;[t.s]))
and
L(F(N,):[ts]) = F(L(N,:[ts])
othelevds
U(f(M,);[t.s]) and L(f(N,);[t.s])

are left hideals (k-ideals) of R. Therefore f[A] is an
interval valued intuitionistic (S,T)-fuzzy left hided
(k-ideal) of R,.

(i) Forany x,yl Ry, wehave

My gy (X+Y) = Mg (F(X +y))® T(Mg (f(x)),
Mg (F(¥))) = T, o (O.M . (9)-

Also we have

M+ 5 (XY) = Mg(f(xy)) =M (FOf(y)) 3

Mg (f(y) =M. o ().
This proves that I\N/If,l(B) is an interval valued
T-fuzzy left ideal of R. Similarly we can show tat
N... is an interval valued Sfuzzy left ided of R.

-1(B)

Therefore
f1(B)=(F* (M,).f(N,))

is an interval valued intuitionistic (S,T)-fuzzy left ided
of Ry.

Let B=(M_,N,) beaninterval valued intuitionistic
(ST)fuzzy left h-ideal and x,z,abl R,. If
x+a+z=b+z then f(x)+f(a)+f(z) =f(b)+f(z) and
we have

M. ) (X) = Mg (F(X))2 T(M(f(a),

Mg (F(0)) =T(M, . g, (@M. 5, (B)).
So M., is an interval valued T-fuzzy left h-ideal

f1(B)
of R.. Similarly we can prove that Nf,l(s) is an interval
valued S-fuzzy left h-idedl of R;. Therefore

f4(B) = (F* (M).f*(Ny))

is an interval valued intuitionistic (S,T)-fuzzy left h
ideal of R;.

Also if B=(M,,N,) interval valued
intuitionistic (S,T)-fuzzy left kideal, for any x,al R, we
have

is an

M, 6 (0) = Mg (F(X))® T(M, (f(a)),

Mg (f(8) +1(x))) = T(M z(f(a)), M4 (F(a+ X))
=TV, (@AM, (@+X)

So M is an interval valued T-fuzzy left k-ideal

(e)
of Ry. Similarly we can prove that Nf,l(B) is an interval
valued Sfuzzy left k-ideal of R;. Therefore

f3(B)=(F* (My),fH(Ny)

is an interval valued intuitionistic (S, T)-fuzzy left k
ideal of R;. This completesthe proof.

Theorem 3.9: Let f: Ri® R, be an epimorphism of
hemirings (semirings). If f*(A)=(f*(M,),f*(N,)) is
an interval valued intuitionistic (S,T)-fuzzy left h-ideal
(k-ideal) of Ry, then A=(M_,N,)is an interval valued
intuitionistic (S, T)-fuzzy left h-ideal (k-ideal) of R.

Proof: It is a easy to verify that A=(M,,N,) isan
interval valued intuitionistic (S,T)-fuzzy left idea of
R,. Suppose that

fHA)=(FT(M,).fH(N,)
is an interval valued intuitionistic (S,T)-fuzzy left h

ideal. Since f is a surjective mapping, for x,ab,zl R,
thereare x, a,b, z1 R, such that

x=f(x),a=f(a),b=1(b),z=f(3).
Now if x+at+z = b+z then

f(x)+f(a)+f(z)=f(h) +f(2)
and so
M, (x) =M, (f(x))® T(M, (f(a)),

M, (f(0)))=T(M, (@M, (b).
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Similarly we can prove that N, (x)£S(N,(a), N, (b)),
which means that A=(M,,N,)is an interval valued

intuitionistic (S, T)-fuzzy left h-ideal of Rs.
Also suppose that

fiA) =" (M,).fH(N,))

is an interval valued intuitionistic (S-T)-fuzzy left

k-idedl. For x,d R, there are x,&l R; such that
x=f(x),a=f(a). Wehave

M, (x)= M, (f(x,))® T(M,(f(a))
M, (f () +f(@))) =T(M,(a).M, (x+2))

Similarly we can show that N, (x) £ S(N, (a),
N, (x +a)). Therefore A=(M,,N,) isan interval
valued intuitionistic (S-T)-fuzzy left k-ideal of R,.

Theorem 3.10: Let f: R® R, be an epimorphism of
hemirings (semirings). Then f *(A)=(f*(M,).f"*(N,))
is an interval valued intuitionistic (S,T)-fuzzy left h
ideal (k-ideal) of R if and only if A=(M,,N,) isan
interval valued intuitionistic (S-T)-fuzzy left kidea
(k-ideal) of R,.

Proof: The result is a consequence of the Theorems 3.8
and 3.9.

Theorem 3.11: Let | be a nonempty subset of a
hemiring (semiring) R. Then interval valued fuzzy set

A=(M,,N,) defined by
if xT 1

if xT 1

0, ()= | £ 0

iéa, afp,
if x11
if x11

R A
{6,

where

€0.08E én, affy <@, AHE d.1p,
€.05E g0, i< g i £4.1y

and ag¢+b¢£1l for =12, is an interval valued
intuitionistic (S,T)-fuzzy left h-ided (k-ideal) if and
only if | is a left h-idea (k-ideal) of hemiring
(semiring) R.

Proof: We prove that | is a left hidea (k-ideal). The
proof of | is a left ideal is straightforward. Le

A=(M,N,) be a inavd veued intitorisic (ST
fuzzy Idth-ided, x+arz=+zandapl 1. Then

M, (@) = M, (b) = g,.a%,
thus
M,(x) 3 T(M,(2),M, (b)) =g, a8

andso Xl |. Thereforel isaleft h-ideal.
Also if A=(M,,N,) is an interval valued

intuitionisic (ST)-fuzzy leftkdideel, x+al 1 andd 1, then
M, (x)® T(M,(a),M,(x +a)) =[a,, a, ],

and so XI I. Therefore| isaleft k-idedl.
Conversely, suppose that | is a left hidea (k-

ideal). The proof of A=(M,,N,) isan interval valued
intuitionistic  (S,T)-fuzzy left ideal of R s
straightforward. If | is a left hideal and x+at+z = b+z,
we have the following cases:

(1) abl I, whichimpliesthatx | and so we have
M (x) =€, a8= T(M 1 (8).M (b))

(@ abi I, sowehave
MA() * @, o= T(M ,(3), M ,(5)

(3) a I,bl I, sowehave
Ma(x) * @ 2 T(M, (3)M,, (B)

(4) dl 1,bl I,issimilar to the case (3).

Thus M, isan interval valued T-fuzzy left h-idedl.
Similarly we can prove that N, is an interval valued S
fuzzy left hideal. Therefore (M,,N,) is an interval
valued intuitionistic (S,T)-fuzzy left h-ideal.

Alsoif | isak-ideal we have the following cases:

(1) x,x+yl I,whichimpliesthat yl | and so we have
MA(Y) = g, a8=T(M, (X),M,, (x +))
(@ x,x+yl 1,sowehave

MA(Y) 2 €808 T(M, (X), M, (x + )
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(3) xT I, x+yT | sowehave

MA(Y)® @, af= T(M,, (X). M, (x +))

(@ xT 1,x+y1 | issimilar tothe case (3).

Thus M, isaninterval valued T-fuzzy left k-ideal.
Similarly we can prove that N, isan interval valued S

fuzzy left k-ideal. Therefore (M,,N,) is an interval
valued intuitionistic (S,T)-fuzzy left k-ideal.

Cleary every interval valued intuitionistic (S,T)-
fuzzy left h-ideal (k-ideal) is an interval vaued
intuitionistic (S, T)-fuzzy left ideal, but the converse is
not true in general as can be seen in the following
example.

Example The set N* of all non-negative integersis a
hemiring with respect to wusual addition and
multiplication. Define an interval valued intuitionistic

set A=(M,,N,) of N* by

160,0.0 if 0£x<5
MA(X):}@.S,O@,H S5EX<7
160.7,085 if X3 7

160.9,0.9% if 0Ex<5
NA(x):}@.s,o.g,if 5EX<7
10,05 it x37

It is easy to show that A=(M,,N,) isaninterval

valued intuitionistic (S,T)-fuzzy left ideal of N*, but it
is neither an interval valued intuitionistic (S,T)-fuzzy
left hideal nor an interval valued intuitionistic (S,T)-
fuzzy left k-ideal of N*. To see thiswe have

M, (3) =[0,0.1] 7 T(M, (6),M, (3+6))
=T([0.5,0.5],[0.7,0.8])

Alsoif x=1, a=7,z=2and b = 8, then x+atz =
b+z and

N, (1) =[091] £ S(N, (7),N,(8)) =[0,0.1]

Lemma 3.12: Let A=(M,,N,)be an interval valued
intuitionistic (S,T)-fuzzy left h-ideal (k-ideal) of a
hemiring (semiring) R and X R.  Then
I\7IA(X) =[a,5ﬂ],NA(x) =b bq ifandonlyif

xT UM ,;[a,a8),xT UM,;[g.99)
and

xT L(N,;[bbT)xT L(N,;[d,dT])
foral [g ¢ >[a, & and [d,d]< p b .

Proof: Let

M, (x)=[a, & and N, (x) =[bbq .
Clearly
x1 UM ,;[a,a)
and
x1 L(NA;[b bq.

Now if [g & >[a,4] and xT U(M,;[g od). then
M, ()2 [g d >[a,4]
which isacontradiction. Thus
xT UM ,;[g,09).
Similarly we can prove that for
[d,di<[o bd, xT L(NA;[d a4) .
Conversely, let

M, (x)=[a,.af] and N, (x)=[h,,bg].

Since
xT UM ,;[a,a) and xT L(N,;[bbd),
SO
[a, & =M ,(x)3 [a,&]
and

[b,.091= N, (x) £[b b
If [a, &f] >[a,d&] then by hypothesis
xT UM ,;[a,af)

which is a contradiction. Thus [a,, af] =[a, &]. Smilarly
we can show that [b,,bfl =b bd.

Definition 3.13: A ldt hdided (kided) | of a hemiring
(@miring) R is sad to be dwaateidic if w(l)=1 for
dl ul Aut(R), whee Aut (R) is the st of dl automorphisms
oR
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Ddfinition 314: An intevd vaued intutionisic fuzzy s
A=(M,,N,) iscdledcharacteristic if

M, (1(x)) =M, (x) and N, (u(x)) = N, (x)

foral Xl Rand ul Aut(R).

Theorem 3.15: An intavd vdued intutionigic (ST)-fuzzy
left hidedl (kided) A=(M,,N,) is charadteidic if and
onlyif UM ,;[st]) and L(N,;[st]) aechaataisic left b
ideel (k-idkdl) of hemiring (semiring) R for dl [stl D[0].

Proof: By Theorem 3.3, it is enough we prove
A=(M,,N,) isinterval valued fuzzy characteristic if

and only if UM,;[st]) and L(N;[st]) are
characteristic for all [st]T D[03] . If A=(M,,N,) is
interval valued fuzzy characteristic,
[a,a]l Im(M,), ul Aut(R) and xi U(M,;[aa}), then

PirM) () =M, Y () =M ,(x) ? [a,aF,
which means that w(x)T U(M,;[a,a). Then
wUM,:[aah) i UM ,;[aa).

Also for each x1 UM, [a,a) there exists yi R
such that u(y) =x, thuswe have

M, (y) = U (M,)(y) =M L (U(y))
=M, (x)*[a,4]

So yI UM ,;[a.af)) and
xT )T w(U(M,;[aal)
Hence it is concluded that
wuM,;[aa]) = UM ,;[aal).
Similarly we can show
W(L(N,;[obT)=L(N, [bbd)

This means U(M,;[a, & and L(N,;[bbd) are
characteristic. Conversely, for

x1 R, uT Aut(R),M,(x) =[aa]

and
N, (x)bb

by Lemma 3.12, we have

x1 UM ,;[a.a)xi UM,:[g.00)
and
xT L(N,;[bbd)xi L(N,;[dd)

for dl [g ¢ >[a,4 and
conclude that

[d,di<[b b"]. Thus we can

f(x)T f(UM ,;[a,a))= UM ,;[aa)
and
f(x)T f(L(N,;[bbd=))L(N ;[bbg)

which means M, (f(x))?[a,&] and N, (f(x))£b bd.
Now if

M, (f(x)) =[g.¢]1>[a,&]

and
N, (f(x))=[d d& b bd.
we have
f(x)T UM ,;[9.08) = f(U(M,;[9.00))
and

fOOT L(N,;[d dd) =f(L(N,;[d dq)).
Thisimpliesthat xT UM ,;[g,0) and
xT L(N,;[d,d4) , whichisa contradiction. Thus
M, (F(x)) =M ,(x) and N, (f(x))=N ().

Thadoe A=(M,,N,) is
charadteidic.

inevel  valued  fuzzy

EQUIVALENCE RELATIONSON INTERVAL
VALUED INTUITIONISTIC FUZZY H-IDEALS
(K-IDEALYS)

Let [a, T D[01] be fixed (at 0,a¢t 1) and Ih(R)
(Ik(R)) be the family of al interval valued intuitionistic
(ST)-fuzzy left h-ideals (k-ideals) of a hemiring
(semiring) R. For any A=(M,,N,) and B=(M_,N,)
from Ih(R) (Ik(R)), we define two binary relations
ulad ylaat gng LB on h (R) (1k (R)) asfollows:

AU[a,&]BU U(MA’[a’@) = U(MB.[ay@)
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ALI2EB0 L(NA;[a'aq:) = L(NB;[a,aD

Clearly these two relations U® and L are
equivalence relations. Hence Ih (R) (Ik (R)) can be

divided in to the equivalence classes of U™ and L[
denoted by [A] .. and [A],.., , respectively, for any
A=(M,,N,) in Ih(R) (Ik(R)). The corresponding
quotient stes will be denoted as Ih(R)/UP® (Ik(R)/
ule® and 1h(R)/LE® (Ik(R)/ L®®, respectively. If h (R)
(k (R)) is the set of al Ieft hrideds (k-idedls) of R, we

define two maps Uy and L for each
A=M, N )T Ih(R) asfollows:

U..¢:/h(R) ® h(R)E{f} by

Upog(A) = UM ,;[aa]),

Lo 1N(R)® h(R) E{f} by

Liaag(A) =L(N,;[a,28),

Exactly such these maps can be defined on Ik(R).
Clearly if A =B, then

U, ;[a,a) = U(W;[a.a)
and
L(N,;[aa) = L(N[aap). .

Therefore Up, 4 and Lia ¢ are well-defined.

Lemma 4.1: Let Ofb¢E1l and 1T h(R)(IT k(R)). Then
A=(M,,N,), defined as follows, is interval valued
intuitionistic (S T)-fuzzy left h-ided (k-ideal) of
hemiring (semiring) R:

- b, if xT
MaCO =100, it xT
. _i[00], ifxi1
NaGO=1 e it xi o

Proof: It isaconsequence of Theorem 3.11.

Theorem 4.2: For any [a,&1 D[0,1], the maps Uaa
and L4 are surjective.

Proof: Let 0 and 1 be interval valued fuzzy sets on
hemiring (semiring) R defined by 0(x) =[0,0] and

1(x) =[b']] such that beatfor dl xR Then A =(01) is
an intavd vdued intitionisic (ST)fuzzy left hided
(kideeel) of hemiring (semiring) Rand

Uiaag(A) =F =Lz (Ag)

for any [a,&]T D[0,1] with & O and a 1. Moreover, for
any 1T h(R)(IT k(R)), we define A=(M,,N,) as
follows:

0= S8 1
160, @ if xI 1
0 (X)zj[@,oq, ff xlll [
i@ty if xI |

By Lemma4.1,

A=(M, ,N)T Ih(R)(A =(M,,N,)T IK(R))
Also
U g(A) =UM,;[a,c) =1
and
Lo (A) =L(M,;[a ) =1

Thismeans Uy, and L are surjective.

Theorem 4.3: For any [a,adl D[0,1], there are bijective
mapsfrom

Ih (R/UBE (ik(R)/UP™
and

Th(R)/L>® (1k(R)/L'™>®)
to h(R)E {# (k(R)E{#).

Proof: Let [a,@i D[01]. Define U;,, and L, as
follows:

U ¢ IN(R)/U=F® h(R)E{f} by
Ula, g ([Alyes) = Upa o(A),
Las :1N(R)/L*¥® h(R) E{f} by
Lo (AL s) = Lo a(A)-
Exactly such these maps can be defined on

Ik(R)/U** and 1k(R)/L'™® . Since Ugaq and Liaqg are
well-defined, so U",, 4 and L, 4. If

[a,a&]"
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UM, ;[a,a)=U(M;[aaf)

and
L(N,:[a,a) =L(N,;[aaf)
for some
A=(M,.N,)
and
B=(M,,N,)
from Ih(R)(Ik(R)) then AU'"*#Band AL*¥B, so

[Al e =[B] e @Nd [A],
ad L, qae inetive Le
A=(M,,N,) definedby:

aa] :[B]L[a‘a'] 1 mmm UFa,a]
T hR(TKR) then for

=[BT
§60.@  if xI |
NA(x)=¥@'OQ’ if x‘I. [
¢l if x|

where b¢ag is an intevd vaued intuitionigic (ST)-fuzzy left
hrided (k-ided) of hemiring (samiring) R. Wehave

Ul g([A] jun) =UM,;[a,88) = |
and

Lo (Al ) =L(N,;[a28) =1.
Moreover

U g(Agun) = U0 [ach) = f
and
Liag (Aol e =L(L[a ) =1,

where A =(0,1) was defined in the proof of Theorem
4.2. Therefore U;, 4and L, ,, aresurjective.

Now for any g,a%j D¢, Igwith a,att 0.5, we have
anew relation W on 1h (R) (Ik(R)) asfollows:

AWE B0 UM,;@a,a§C L(N,;@.a=
=U(Mg;g.a CL(N;; .29,
where
A=M,,N,) andB=(M,,N,)
Clearly WP is an equivalence relation.

Theorem 4.4: The map

sy (1N(R)® h(R)E{f}

defined by
laas(A) = UM, 68,88 CL(N,; 8,89,

where A=(M,,N,) issurjective for any g.a%] D@1
with a,a€0.5 (such this map can be defined on 1k(R)).

Proof: If ¢,a% D@1y is fixed (aa€0.5) then for
A, =017 Ih(R), defined in the proof of Theorem 4.2,
we have

luagA0) =U(0:@,2QC L(Lg. a9 = .

Also for any IT h(R)(IT k(R)), by Lemma 4.1, there
exists
A=M, N )T Ih(R)
(A=(M, N )T Ik(R))
defined by:
S i
760, if xI I
NA(X)—:[@’Q? if xI 1
i@¢ly if xI 1

where b¢>ad Such that
leag(A) =UM,;@,8Q CL(N,; %= | .

Theorem 4.5: For any @,a%] D@1y with aat0.5,

there is a bijective map from Th(R)/W&8(1k(R)/W&Y)
to

h(R) E {f} (k(R) E{f}).
Proof: Let I . :1h(R)/W®®® h(R)E {f},

whare be defined by
|*éa,a%([A]w‘a»]):| aaA) for each [A] .., T Ih(R)/W**!
(such this map can be defined on Tk(R)/W™), If

g,a§ Dgolpand a,al£ 0.5

I oy (Al o) = 1 ag([Blyyian)

for some
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[A]\N{a‘a‘] .[B]W[a‘a‘] T | h(R)/Wga,aq'
then

UM,;ga®) CL(N,;g.a® =UM, ;a8 CL(N,: a9,

which implies AW®**8 and so [A] .., =[B] .., . This

means |, isinjective. I, issurjective because

Lo ([Aolwer) = lgag( A) =

for A, =(0,0)T In(R) defined in the proof of Theorem 42
Al if Th ®) (Tk R, then 1. ([Alon) =lau(A) =1,
where A=(M,,N,) isdefinedasfollows

if x1 1
if xT 1

e
1,00 = £

160.0g
if xT 1
if xT 1

. 1 60,08,
R, (g =} &8
16 ]

where be>at Therefore |, isabijective map.
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