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Application of He's Variational Iteration Method for Lie´nard Equations
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Abstract: In this work, we are going to obtain approximate solutions for Lie´nard equations using He's
variational iteration method. This method proves to be very promising for obtaining approximate solutions for
this kind of equations. We also demonstrate the superiority of variational iteration method over the
decomposition method for this type of equations providing numerical comparisons.
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INTRODUCTION

The variational iteration method (VIM) has been can be regarded as a special case of (1) with f(y) = - µ(1-y )
proposed by He [1-7]. Efficiency of the VIM for Solving and g(y) = y.
Linear Integro-Differential Equations has been approved In this paper, we are going to extend He's variational
by comparing it with Trapezoidal Rule [8]. The advantages iteration method for solving the general form of Lie´nard
of using Modified Variational Iteration Method over the equations.
decomposition method for solving nonlinear problems
have been shown in [9]. In [10] a modification of the VIM He's Variational Iteration Method: In this section, we
is proposed by introducing Adomian’s polynomials in the briefly review the main points of He's variational iteration
correction functional of VIM. In [11] an iterative scheme method [1-7]. This method is a modification of a general
has been proposed for finding the solution of Schrödinger Lagrange multiplier  method  proposed  by  Inokuti  [17].
Equations without any discretization, linearization or In the variational iteration method, a differential equation
restrictive assumptions. It has been shown that using
VIM requires less work than using ADM for solving
Nonlinear   Partial   Integro-differential   Equations   [12].
In [13] a new transformation and its inverse have been is considered, where L and N are linear and nonlinear
utilized in order to adapt VIM for solving Flierl- operators, respectively  and  g(x)  is  a  known  function.
petviashivili  Equation.  Recently,  an  excellent  prospect In this method, after choosing a suitable first
for VIM has been provided by He [14]. approximation y (x), the correction functional

Let f and g be two continuously differentiable
functions on R, with f an even function and g an odd (2)
function. Then the nonlinear second order ordinary
differential equation of the form

(1) is the n-th approximate solution and     is a restricted

is  called  a  Lie´nard  equation.  During  the  development first we determine the Lagrange multiplier  that can be
of radio and vacuum tubes, Lie´nard equations were found via variational theory, i.e., the multiplier should be
intensively studied as they can be used to model chosen  such  that  the  correction  functional is
oscillating circuits. Under certain additional assumptions stationary, i.e.,   .              Then the successive
Lie´nard's theorem guarantees the existence of a limit approximation, y , n 0 of the solution y will be obtained
cycle for such a system [15]. Moreover the equation by using any selective initial function y  and the
governing the Van der Pol oscillator [16], i.e., calculated Lagrange multiplier . Consequently, .

2

0

is considered, where  is a general Lagrange multiplier, yn

variation which means               [2, 3, 4]. In this method,
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It means that, by the correction functional (2) several
approximations will be obtained and therefore, the exact
solution emerges at the limit of the resulting successive
approximations.

In the case of Lie´nard equations we have

There fore

Setting y 1, we obtain the following PDE:n+

which gives (x,t) = t x. Therefore our iteration becomes

(3)

Test Problems: In this section, some examples are
presented to show the ability and efficiency of the
proposed method. Computations have been done using
Maple 12. We have tested the variational iteration method
on two equations which are solved by the decomposition
method [18] and we compare the results.

Example 1: Consider the Lie´nard equation

(4)

with exact solution [19]

In Table 1 we compare the absolute errors obtained
by variational iteration method with the absolute errors
obtained by decomposition method introduced in [18].

Table 1: Comparison between variational iteration method and

decomposition method for example 1.

Decomposition Variational iteration

---------------------------------------- -----------------------------------------

x      N=2 N=3     N=2 N=3

0.1 5.3784E-10 2.8155E-12 3.3588E-10 6.8994E-14

0.2 6.4118E-08 9.4426E-10 1.7492E-08 1.2856E-11

0.3 1.1344E-06 2.9895E-08 1.4733E-07 2.0991E-10

0.4 8.9650E-06 3.4870E-07 5.3415E-07 1.1004E-09

0.5 4.5008E-05 2.2889E-06 1.0563E-06 2.4336E-09

0.6 1.6821E-04 1.0139E-06 1.0877E-06 1.0557E-09

0.7 5.0950E-04 2.9054E-05 7.6947E-07 6.7182E-09

0.8 1.3155E-03 7.9427E-05 6.6035E-06 2.7743E-08

0.9 2.9894E-03 1.2890E-04 4.5759E-05 1.8790E-07

1.0 6.1037E-03 4.0137E-05 1.9575E-04 1.3473E-06

Table 2: Comparison between variational iteration method and

decomposition method for example 2

Decomposition Variational iteration

---------------------------------------- ----------------------------------------

x     N=2 N=3     N=2 N=3

0.1 1.1860E-07 7.0000E-10 4.4279E-08 5.1414E-11

0.2 7.4545E-06 1.8280E-07 2.7276E-06 1.2431E-08

0.3 8.2451E-05 4.5416E-06 2.9172E-05 2.9015E-07

0.4 4.4524E-04 4.3537E-05 1.5024E-04 2.5506E-06

0.5 1.6178E-03 2.4674E-04 5.1335E-04 1.2966E-05

0.6 4.5666E-03 1.0009E-03 1.3428E-03 4.6229E-05

0.7 3.8546E-02 1.0818E-03 3.2206E-03 1.2831E-04

0.8 2.2538E-02 8.7437E-03 5.4295E-03 2.9545E-04

0.9 4.2565E-02 2.0851E-02 3.9042E-03 5.8850E-04

1.0 7.4424E-02 4.4907E-02 1.3666E-02 1.0439E-03

Example 2: Consider the Lie´nard equation

(5)

with exact solution [19]

In Table 2 we compare the absolute errors obtained
by variational iteration method with the absolute errors
obtained by decomposition method introduced in [18].
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CONCLUSION 8. Saadati,  R., B. Raftari, H. Adibi, S.M. Vaezpour and

In  this  work,   we   extended   the  variational Variational Iteration Method and Trapezoidal Rule for
iteration   method    for    solving    Lie´nard    equations. Solving Linear Integro-Differential Equations. World
In  examples  1  and  2, we compared the results obtained Appl. Sci. J., 4(3): 321-325.
by  variational  iteration  method  with  the results 9. Noor, M.A. and S.T. Mohyud-Din, 2008. Modified
obtained by decomposition method. Table 1 and Table 2 Variational Iteration Method for Goursat and Laplace
show the obvious superiority of variational iteration Problems. World Appl. Sci. J., 4(4): 487-498.
method over the decomposition method for this type of 10. Mohyud-Din, S.T., M.A. Noor and K.I. Noor, 2009.
equations. Modified Variational Iteration Method for Solving
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