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Abstract: Fluid flow and heat transfer of viscoelastic materials in noncircular duct are complicated subject 
because of nonlinear behavior of rheological properties. In this paper flow and heat transfer of CEF fluids 
are studied with numerical modeling. Numerical solution is based on the artificial compressibility method 
and by using staggered mesh. The effect of secondary flows on the forced and natural heat convection is 
studied and dis tribution of velocity, temperature, pressure and secondary flows are shown. The CFD code 
was used in this research work is written by authors. In this paper, it is shown that the buoyancy has too 
stronger effect on secondary flows generation and heat transfer than the second normal stress difference.
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INTRODUCTION

In the flow of viscoelastic materials in straight duct 
with rectangular cross section, the secondary flows are 
generated with the second normal stress difference.
These secondary flows were seen by Dodson et al. [1] 
at the theory-empirical research and by using CEF
model.  This  subject  is  studied with other researchers
[2-24].

In noncircular pipes, the direction of the secondary 
flow is such as to go from areas of high shear to low 
shear along the wall. For an elliptic cross section, four 
recirculating eddies occupy the four symmetric
quadrants, flowing from the center toward the wall
along the minor axis and back to the center along the 
major axis. For a square cross section, eight eddies are 
demarcated by the symmetry lines, going from the
center of the sides toward the corners [2]. Theoretically 
and computationally, a larger number of studies have 
been devoted to secondary flows in those geometries 
using  different  constitutive  models,  including
Reiner-Rivlin [3-6], Criminale-Ericksen-Filbey (CEF)
[1, 7-11], Phan-Thien-Tanner (PTT) [12-14], modified 
PTT (MPTT) [2, 15, 16], Giesekus model [17-19],
Oldroyd-3-constant model [20], Green Rivlin model
[21, 22] and White-Metzner model [23, 24]. For square 
and elliptic cross sections, all predict the correct
number of eddies and the general flow pattern.
However,  there  has  been  much  confusion  over  how 
the direction of the recirculation depends on fluid

rheology. It can be easily shown that N1 has no 
contribution to the traction acting in the transverse 
planeand N2 is the driving mechanism of secondary 
flow. Also unlike the N2, the first normal stress
difference has a great effect on main velocity
distribution and pressure drop.

Hashemabadi and Etemad [3] investigate the Effect 
of rounded corners on the secondary flow of
viscoelastic fluids through non-circular ducts. They 
show that the increasing of radius of corners decrease 
the velocity of secondary flows.

It is important to know that the body forces could 
generate secondary flows (for example: Centrifugal
force that arising from curvature or rotation, buoyancy,
magnetic field and …).

In this research, force and mixed convection of 
viscoelastic materials are studied with generalized CEF 
model in straight duct with rectangular cross section. In 
the case of mixed convection, the interaction between 
secondary flows that arising from buoyancy and second 
normal stress difference is investigated. Here,
governing equations are solved directly without any 
approximation (for example perturbation method or
other approximations).

Here, the generalized CEF model is used for
constitutive equation of viscoelastic fluid according to 
equation (1) [25].
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The rheological functions are established in
equations (2-2) to (2-4) and the generalized strain rate 
and the nth rate of strain tensor are defined in equations 
(2-1), (2-5) and (2-6) [25].
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Governing equations consist of continuity,
momentum and energy equations. First, the governing 
equations for forced convection case are presented:

i

i

U
0

x
∂

=
∂

(3-1)

iji
j

j i j

U 1 P
U

x x x

 ∂τ∂ ∂
= − +  ∂ ρ ∂ ∂ 

(3-2)

2

i 2
i P i

T T
U

x C x
 ∂ Κ ∂

=  ∂ ρ ∂ 
(3-3)

In this research, we assume that the fluid flow is 
fully developed and heat transfer is developing
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). In this case, the

continuity and momentum equations are independent 
from energy equation.

Next, the governing equations for free convection 
are considered. In this case, continuity and energy 
equations do not change and the momentum equation 
change as below:
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where, Fi is body force that arising from buoyancy
( 2ˆF ge= −


). Here, density is a local function because it 
varies with temperature:

0
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In this case, all of governing equations are
dependent together (Because of the dependence
between density and temperature). 

Following boundary conditions are applied in
governing equation solving:

• Velocity is stated absolute and equal to the channel 
inlet velocityand no slip condition on the wall is 
used. In addition, the wall temperature is constant
and assumed to be 400k.

• At the inlet, Dirichlet condition (constant value) is 
considered for velocity and temperature.

• At the outlet, Neuman condition is considered 
(Fully developed conditions).

MATERIALS AND METHODS

The viscoelastic fluid and geometry characteristics 
that are used in this research are as below:

• Rheological properties:
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• Geometry properties: a = b = 0.003m, Dh = 0.003m
• The entrance flow temperature = 300k
• Walls temperature = 400k
• Prandtl number = 3
• Channel length in z direction = 12
• Pressure gradient = 2103-4350 N/m2

Flow analysis by quasi unsteady assumption is one 
of the CFD methods for solving steady state problems 
[26]. In this method, the unsteady terms are not
eliminated from the equations and flow analysis is 
carried out until the steady state condition. In this 
research, artificial compressibility method is used. This 
method was demonstrated by Chorin [27] in which 
unsteady pressure term is added to continuity equation. 
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tend to zero. Finally, governing equations are discreted 
explicitly forward first order in time and central second
order approximation in space (FTCS) using a staggered 
mesh where the velocity nodes and other physical
property nodes like pressure is displaced [26]. It is 
necessary to mention that the computer program used 
here is written by the authorsand no commercial codes 
are used.

RESULTS AND DISCUSSIONS

Force convection: For investigation of precision, main 
flow profile that computed with CFD code is compared 
by exact solution of Newtonian fully developed fluid 
flow in straight duct with square cross section [28].
Figure 1 shows the error distribution at different cells 
number. According to Fig. 1, for nx=ny>60, error of 
answers is less than 0.3% and therefore the sensitivity 
of answers at these nodes is very low. Thus the value 
nx=ny=60 is considered as base number of nodes in this 
study. Figure 2, display the residual of governing
equations  versus  the  iteration  number  at Re = 12 and 

nx=ny=60. It's clear that the all of governing equations 
are converged at 40000. 

Figure 3 shows the secondary flows that arising 
from the combination of second normal stress
difference and corners. In this case, eight vortices are 
appeared in the duct and the direction of circulation for 
each of them is in opposite direction of other vortices 
that placed in beside of it. The vortex direction can 
change with changing rheological constants when N2
become positive as seen at Fig. 4. Secondary flows 
streamlines in a quarter of cross section for different 
aspect ratio is shown in Fig. 5, there are eight vortex 
flows in square cross section and two vortexes in the 
quarter cross section. Fig. 6, illustrate the Xue et al.
[15] results for MPTT fluid in different aspect ratio. It 
is evident that the results of the present research are 
similar  to  conclusions  of  Xue et al. [15] (compare
Fig. 5 and Fig. 6). Figure 7 shows the main flow
velocity in the fully developed case. The main flow 
velocity is too stronger than vortex velocities and it is 
seem that the velocity profile in viscoelastic fluid is 
similar to Newtonian fluid.

Fig. 1: Effect of cell number to percentage of error at Re = 12

Fig. 2: Residual of governing equations versus the iteration number at Re=12
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Fig. 3: Secondary flows for force convection case 

                                             N2 < 0 N2 > 0

Fig. 4: Change of the secondary flows direction with N2
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Fig. 5: Secondary flows gradually changes with change in the longitude to latitude ratio (present research)
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Fig. 6: Secondary flows gradually changes with change in the longitude to latitude ratio (Xue et al. [15])

Fig. 7: Non dimensional main velocity

Axial velocity at Re = 12
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Fig. 8: Static pressure contours in cross section

Fig. 9: Temperature distribution at three planes of channel

Pressure Distribution at Re = 12
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Fig. 10: Effect of Reynolds number on the overall Nusselt number

Fig. 11: Effect of CN21 on the maximum velocity of vortexes

Fig. 12: Effect of CN21 on the overall Nusselt number
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Fig. 13: Temperature   distribution  for  natural
convection

Fig. 14: Vortexes streamlines and affect of β on natural 
convection vortexes

Fig. 15: Effect of β on maximum velocity of vortex flows

Fig. 16: Effect of β on the overall Nusselt number
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Fig. 17: Effect of ∆T on maximum velocity of vortex flows

Fig. 18: Effect of ∆T on the overall Nusselt number

Numerical solution with this method helps to static 
pressure calculation as is shown in Fig. 8. There is 
maximum static pressure at the channel center because 
there aren’t any secondary flows. The decreasing of 
entrance  length  due  to  secondary  flow  is  shown in 
Fig. 9 in which temperature distribution is shown in 
three cross plan of channel. The effect of Reynolds
number on the overall Nusselt number was studied and 
results are depicted in Fig. 10. Increasing the main flow 
velocity and being latitudinal flows to be cause
increasing in the overall Nusselt number. The vortex
velocities increase with increasing the value of
rheological constant CN21 (second normal stress
coefficient), Fig. 11 shows the aforementioned effect. It 
is clear from Fig. 12 that vortex velocity increment has 
no considerable effect on the overall Nusselt number.

Mixed convection: Density gradient is the main cause 
of  natural  convection.  Density gradients depends on β

and ∆T. The temperature distribution for fully
developed flow is shown in Fig. 13 in half of square 
cross section. First ∆T is remained constant. Fig. 14 
shows the produced latitudinal vortexes by natural
convection in half of the channel cross section with 
increasing the value of β. As it is shown the vortex 
velocity decreases when β decreases. At β = 1×10−6 the 
natural convection effect reduces so natural and forced 
convection has the same order. It seems that vortex
flows velocities have no effect in forced convection but 
they can influence natural convection. Change in β
value and maximum of vortex velocities is shown in 
Fig. 15. Figure 16 illustrates the effect of β on the
overall Nusselt number. 

Finally β is remained constant and temperature
difference is varied from 20 to 150. The results are
shown in Fig. 17 and 18. It is clear that temperature 
difference don’t have considerable effect on vortex
velocity increasing.
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CONCLUSION

Some researches on "force convection of
viscoelastic materials in straight duct with rectangular 
cross section" have been done so far, but the present 
investigation is one of the first researches on the
interaction of force and free convection (mixed
convection) of these materials. In this paper the CEF 
model is used as a constitutive equation. This model 
consists of nonlinear viscosity and the first and second 
normal stress differences. Generally each parameter
that strengthens secondary flows can increase the rate 
of heat transfer. In the mixed convection of viscoelastic 
materials in straight duct with rectangular cross section, 
secondary flows were generated due to effect of second 
normal stress difference and buoyancy. In practice, due 
to the weakness of the effect of second normal stress, 
compared to volume expansion coefficient, the free
convection is more conspicuous and change in the
volume expansion coefficient causes a noticeable
increase in Nusselt number and secondary flows
intensity.

Nomenclature
a, b Dimension of cross section (m)
CNij Rhelogical constants
Cp Specific heat (J/kg.K)
Dh = 2(a+b)/ab Hydraulic diameter (m)

2ˆF ge= −


Buoyancy force

G Acceleration due to gravity (m/s2)
γ Generalized strain rate
γ(n) T he nth rate of strain tensor
K Thermal conductivity coefficient (W/K.m)
N1 First normal stress difference (Pa.s2)
N2 Second normal stress difference (Pa.s2)

mNu Overall Nusselt number

P Pressure Gradient (pa/m)
P Pressure (Pa)

hP P/(D.P)∗ = Dimensionless static pressure

3 2
h 0Re PD /= ρ η Reynolds number

T Temperature (K)
T in Inlet Temperature (K)
T w Wall Temperature (K)
T * = (T-T w)/(T in-T w) Dimensionless Temperature
U Velocity (m/s)

2
0 hU U /(PD )∗ = η Dimensionless Velocity 

x,y,z Cartesian coordinate
Xi

* = Xt/Dh Dimensionless coordinate
CEF Criminale-Ericksen-Filbey
FTCS Forward Time-Central Space

Greek symbols

∆T Temperature difference
β Volume expansion coefficient (1/K)
η0 Viscosity at zero shear rate (N.s/m 2)
η Viscosity
λi, σi Rhelogical constants
ρ Density (kg/m3)
τik Stress tensor
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