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Abstract: In this paper we want to find the core of a graph. A core of a graph is a path P, such that the total 
travel cost time required for the demand points to reach the closest vertex on this path is minimized. We 
propose an ant colony and a simulated annealing algorithms for finding the core of a graph and compare 
their results. 
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INTRODUCTION

Let G = (V, E) be an undirected graph with vertex 
set V and edge set E. Each vertex vi has a weight wi and 
the edges of graph have positive lengths. A core of a 
graph is a path P, such that the sum of the weighted 
distances from all vertices to P is minimized. The
notion of a core is a generalization of notion p-median
problem. The p-median problem asks for finding a
subset of vertices of cardinality p, so that the sum of the 
distances from this set to all other vertices in G is 
minimized.

Morgan and Slater [1] presented a linear time
algorithm for finding a core of a tree. Later Peng and 
Lo [2] proposed a parallel algorithm with O (logn) time 

using n
O( )

logn
 work. Hakimi et al. [3] showed that this 

problem is NP-hard on general graphs. An extension of 
this problem is finding p-core. A p-core is a set of p 
mutually disjoint paths, minimizing the sum of the
distances of all vertices of the graph from any of these p 
paths. For the case p = 2 on a tree, Becker and Perl [4] 
presented an O(nd(T)) algorithm, where n is  number of 
vertices and d(T) is the diameter of the tree T. Wang [5] 
improved their algorithm to a linear time algorithm.

Peng and Lo [6] presented a recursive O(nlogn) 
time algorithm for finding a core of specified length, 
that is, a path with length exa ctly equal to a specified 
value l, in unweighted trees. For this case Wang [7] 
presented a parallel algorithm with O(logn) time using 
O(n2) processor machines. Becker et al. [8] presented 
an O(n2logn) for finding a core that its length is at most 
l on weighted trees.

Some authors [9, 10, 3, 11, 12] considered a trade 
off between operator and user cost objective functions. 
The operator cost criterion consist of the length of the 
path and user cost criterion is the total weighted
distances from all vertices to the path. In this case we 
have an multi-objective criteria problem. For complete 
survey we refer the reader to Labbe et al. [13].

In this paper we develop two local search methods, 
ant colony and simulated annealing, for finding the core 
of a general graph which their vertices and edges have 
positive weights and compare the results. We should 
note that the two heuristics, Tabu search and the Old 
bachelor acceptance are used for finding a core with 
specified length on a graph by Lari et al. [14].

Ant Colony Optimization (ACO) was proposed by 
Dorigo et al. [15] to solve some difficult combinatorial 
optimization problems such as the traveling salesman 
problem and the quadratic assignment problem. The 
ACO algorithm also was successfully used to tackle 
some other difficult problems such as the vehicle
routing, graph coloring, sequential ordering, job-shop
scheduling and location problems. To see the
convergence of the algorithm and more study we refer 
the reader to Dorigo and Stützle [16].

Simulated annealing (SA) originally is due to
Kirackpatrick et al. [17] who recognized a relation
between physical method called Metropolis rule and 
combinatorial optimization problems. Metropolis rule
simulates the annealing of a solid body in a high 
temperature gradually to low. It can be shown that the 
probability that the simulated annealing algorithm
terminates with the global optimal solution approaches 
1 as the annealing schedule is extended [18]. New
realizations  of  the  simulated  annealing  algorithm are 
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known for the traveling salesman problem [19],
location problems [20], vehicle routing [21] and some 
others.

PROBLEM FORMULATION

Let G = (V, E) be a graph, with V the set of
vertices, |V| = n and E the set of edges. Every edge with 
the end vertices u and v is presented by euv and every 
vertex vi∈V has a real weight w(vi) that for simplicity 
we use wi. d (u,v) is the length of shortest path between 
vertices u and v and d (P,v) is the length of shortest 
path between path P and vertex v that is defined as 
follows

u P
d(P,v)= d(u,v)min

∈
(1)

The core is a path P that minimizes the following 
function

)v,P(dw=)P(F ii

n

1=i
∑ (2)

Applications of this problem in the real world can 
consider railroad lines, highways, pipelines and transit 
routes.

ANT COLONY ALGORITHM

Ant colony algorithms are inspired by the behavior 
of ants in the real world. They are improvement
methods which try to approach optimal solution using 
information obtained by previous solutions. While ants 
walk from food sources to the nest and vice versa 
deposit a substance called pheromone on the ground 
and form in this way a pheromone trail. Ants can smell 
pheromone and choose the path with the strongest 
pheromone trail in probability among many paths
toward sources or nest.

In this section we present an ant colony algorithm 
for finding the core of a graph. The structure of the 
proposed algorithm is described below.

First assign to all edges in the graph a constant 
pheromone value, then set an agent on each vertex and 
generate n initial solutions by them. To construct each 
of these initial solutions, agents move to the adjacent 
vertices in random. Each agent follows this process till 
could not move to any vertex. Procedure Initial
implement the generation of initial solutions. 

Procedure [Initial]
Set S:=∅.

For each vertex v∈V do the following

1. P(v):=v, EndP:=v
2. While Adj:={u∈V|u∉P(v)}, u is adjacent to EndP} 

is not empty do the following
(a) Select randomly a vertex u∈Adj.
(b) Add u to P(v).
(c) EndP:=u.

End While.
3. S:=S∪{P(v)}

End For

Now to generate new solutions choose 
α


n
=m

distinct edges, α≥1 is a parameter, with strongest
pheromone amounts such that no more than two edges 
have a common vertex. Then extend each of these 
edges from two end vertices probabilistically, until
there does not exist any edge to be added to the path. 
By this method we construct m new solutions.

Note that in the initial step all edges have the same 
pheromone value, therefore we use n agents to produce 
initial solutions whereas in iteration steps some
pheromone information are found so m agents are used 
to generate new solutions.

Update pheromones are performed by a semi-
MMAS method. MMAS is originally applied for the 
traveling salesman problem by Bullnheimer et al. [22]. 
In semi-MMAS method we rank the solutions,
P1,…,Pm, in increasing order with respect to their
objective functions. Then assign pheromone τ(euv) to 
edge euv as 

)e(g)i
2
m()e(=)e( uvi

1
2
m

1=i
uvuv −+ρττ ∑

−

(3)

where

uv i
ii uv

1
if e P mF(P)g ( e ) = i=1,..., 1

2
0 otherwise

 ∈   −


(4)

and 0<ρ<1 is a parameter governing pheromone decay.
Let v1 and v2 be the end vertices of the path P. We 

define A1(P) and A2(P) the sets of edges adjacent to v 1
and v2, respectively, that can be added to the path P 
(Fig. 1), i.e. 

i v ui
A( P ) ={ e E | u P}  i=1,2∈ ∈/

For two cases i=1,2 the probability v wi
p(e )  that 

edge v wi
e  is chosen to be added to the path is defined by 

v wi
v wi

v ui
u A ( P )i

(e )
p(e ) =

(e )
∈

τ

τ∑
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Fig. 1: The sets A1(P) and A2(P)

The ideas of the previous discussion lead to the 
following algorithm. 

The Algorithm [ACPMP]:
Initial step: 

1. τ(e):=C, for each e∈E
2. ρ a number in (0,1), α∈{1,…,n}.
3. Do Initial.
4. Fbes = minP∈S F(P). 

Iteration step: 
While stop condition is not met do the following 

1. τ(e):= ρτ(e) for each e∈E.
2. Let P1,…,Pm be the ranked members of S with 

respect to their objective functions. 
3. If F(P1) = 0 then stop, P1 is optimal and Fbes = 0. 

4. For i = 1 to m
1

2
  −  do the following

(a)
i

m 1
(e):= (e) ( i)

2 F(P)
τ τ +   −  for each edge e∈Pi

End For
5. S:=∅

6. n
m:=  

α
7. Let SE:= {e1,…,em} be the set of edges with

strongest pheromone amounts. 
8. For each e∈SE do the following 

(a) P:=e 
(b) Let v1, v2 be the two end vertices of P and 

i v ui
A(P):={e E | u P}∈ ∈/  for i = 1, 2. 

(c) While A1 (P) or A2 (P) is not empty do the 
following
i. For i = 1,2 do the following 
A. if Ai (P) ≠ ∅ add an edge v w ii

e A(P)∈  with 
probability

v wi
v wi

v ui
u A ( P )i

(e )
p(e ):=

(e )
∈

τ

τ∑

to the path P. 
B. Update vi.
C. Update A1 (P) and A2 (P).

End for.
End while.
(d) S:=S∪{P}
End for.

9. Fcur = minP∈SF(P).
10. If Fcur<Fbes then Fbes=Fcur.

End while.

The stopping condition may be a maximum
number of iterations, a maximum number of iterations 
after last improvements, or a maximum CPU time
allowed.

SIMULATED ANNEALING ALGORITHM

Simulated annealing is a generic probabilistic
meta-algorithm for the global optimization problem.
This algorithm begins with an initial solution and a 
global parameter T (called the temperature). Each step 
of the SA algorithm replaces the current solution by a 
random nearby solution. If the new solution is better it 
is chosen, whereas if it is worse it can still be chosen 
with a probability that depends on the difference
between the corresponding function values and
parameter T. The parameter T is gradually decreased 
during the process.

The SA algorithm that we apply for finding the 
core begins with an initial solution which is the best one 
among the n solutions those are generated by Initial
procedure. Let nc be the number of vertices of the 
current solution Pc. We define the neighborhood of Pc
as:

c
c c

n
N(P)={P | P is a path,  | P P | }

2
≥  

where P∩Pc is a path which contains common edges in 
P and Pc. To generate a neighbor Pnew∈N(Pc), a sub-

path of Pc which has cn
2

   vertices is chosen and it 

randomly extended till there does not exist any edge to 
be added to the path. The current solution Pc is replaced
by the new solution Pnew with probability 

new c

new c new

1 if F(P ) < F ( P )
p(P ) = F(P) F(P )

exp( ) otherwise.
T




−


(5)

The temperature T is begun with difference of two 
random solutions and decreased by a coefficient ρ when 
Pc changed β times (ρ∈(0,1) and β∈N are parameters). 
The implementation of the proposed algorithm follows. 

The Algorithm [SAPMP]:
Initial step: 

1. ρ a number in (0,1). 
2. counter:=1, β a natural number. 
3. Do Initial.
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4. Let Pc= arg minP∈SF(P).
5. Fbes = F(Pc)
6. Choose P1, P2 from S, in random. 
7. T = |F(P1) – F(P2)|.

Iteration step: 
While stop condition is not met do the following: 

1. nc:=|V(Pc)|.

2. Choose a subpath P of Pc with cn
|V(P)|=

2
  .

3. Let v1, v2 be the two end vertices of P and 
i v ui

A(P):={e E | u P}∈ ∈/  for i = 1,2.
4. While A1 (P) or A2 (P) is not empty do the

following
(a) For i = 1,2 do the following 

i. if A1 (P) ≠ ∅ add an edge from Ai (P) to the 
path P in random. 

ii. Update vi.
iii. Update A1(P), A2(P).

End For.
End While.
5. Pnew:=P.
6. If  F(Pnew) = 0  then  stop,  Pnew  is  optimal  and 

Pbes = 0. 
7. If F(Pnew)<Fbes) then Fbes:=F(Pnew).
8. Replace Pc by Pnew with probability 

new c

new c new

1 if F(P ) < F ( P )
p(P ) = F(P) F(P )

exp( ) otherwise.
T




−


9. If Pc = Pnew then counter = counter + 1
10. If counter>β then 

(a) T:=ρT.
(b) counter:=1 

End If.
End While.

The stopping condition can be set as mentioned in 
the ant colony algorithm.

COMPUTATIONAL RESULT

We  tested  our  ant  colony  and simulated 
annealing   algorithms   on  40  test  problems  from
OR-library  (p-median  instances  in [23]). The
algorithms  were  written  in  MATLAB  and  run 10 
times  for  each  problem.  All  the  experiments were 
run  on  a  PC  with  pentium  IV  processor, 1 GB of 
RAM and CPU 2 GHz.

Table 1 contains the computational results for
ACPMP and SAPMP algorithms. The last two columns 
of the table show the CPU time of algorithms per
iteration.

We  ran  the ACPMP  for  all  the  problems  with 
C = 0.01 (initial pheromone), ρ = 0.02, 0.03 ,…, 0.09, 
0.1,    0.2,    0.5,    0.8   (evaporation    coefficient)   and 

n
=1,10,

10
α  where n

m =  
α

 is the number of agents in 

each iteration. The best solutions were found for
8≤m≤10. The best parameters ρ are shown in Table 2. 
When m is smaller than 8 and moves toward 1 the 
number of agents reduce therefore the CPU time
decreases whereas the objective function increases.
When m>10 and it raise to n, since the number of 
agents is large the CPU time increases and because of 
the accumulation of pheromones on some special paths 
the algorithm may be trapped on a local optimal
solution.

The SAPMP algorithm was performed for all the 
problems with ρ = 0.1, 0.2,…,0.9 (temperature
reduction coefficient) and

n n n n
= , , ,

5 10 20 40
β

(interior iteration number). The best solutions were

obtained by ρ = 0.5 and n
=

20
β .

(a)                                                                                      (b)
Fig. 2: Graphs of pmed20 for 400 iterations, (a) ACPMP (b) SAPMP
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Table 1: The results for the test problems

Objective function CPU/Iter (sec)
----------------------------------------- -------------------------------------

Test # n Edge number ACPMP SAPMP ACPMP SAPMP

pmed1 100 200 0 0 0.072 0.012
pmed2 100 200 0 25 0.075 0.013
pmed3 100 200 0 4 0.080 0.015
pmed4 100 200 0 41 0.081 0.013
pmed5 100 200 0 8 0.073 0.014
pmed6 200 800 0 16 0.315 0.058
pmed7 200 800 0 36 0.321 0.057
pmed8 200 800 0 41 0.320 0.055
pmed9 200 800 0 29 0.322 0.054
pmed10 200 800 0 26 0.325 0.056
pmed11 300 1800 0 39 0.863 0.138
pmed12 300 1800 0 40 0.867 0.144
pmed13 300 1800 0 36 0.857 0.139
pmed14 300 1800 0 47 0.853 0.137
pmed15 300 1800 0 48 0.861 0.136
pmed16 400 3200 0 45 1.804 0.254
pmed17 400 3200 0 51 1.803 0.265
pmed18 400 3200 0 54 1.780 0.261
pmed19 400 3200 0 56 1.795 0.260
pmed20 400 3200 0 44 1.805 0.258
pmed21 500 5000 24 83 3.262 0.415
pmed22 500 5000 15 59 3.268 0.393
pmed23 500 5000 28 52 3.261 0.397
pmed24 500 5000 18 90 3.281 0.395
pmed25 500 5000 17 84 3.278 0.389
pmed26 600 7200 12 77 5.413 0.613
pmed27 600 7200 9 70 5.345 0.603
pmed28 600 7200 25 74 5.362 0.620
pmed29 600 7200 35 90 5.376 0.621
pmed30 600 9800 34 83 5.432 0.634
pmed31 700 9800 21 63 8.344 0.853
pmed32 700 9800 25 65 8.269 0.864
pmed33 700 9800 18 63 8.300 0.823
pmed34 700 9800 28 95 8.260 0.871
pmed35 800 12800 29 68 12.246 1.127
pmed36 800 12800 36 73 12.169 1.120
pmed37 800 12800 32 53 12.208 1.125
pmed38 900 16200 24 52 17.012 1.432
pmed39 900 16200 30 48 16.826 1.417
pmed40 900 16200 31 59 17.026 1.446

The stoping conditions were set n and 30n
iterations for ACPMP and SAPMP, respectively. Note 
that although the CPU time per iteration for SAPMP is 
less than ACPMP in the all test problems however the 
total time of ACPMP is less than SAPMP.

The solutions of pmed20 are illustrated in Fig. 2 
and 3. Figure 2a and 2b show the values of objective 
function with respect to the number of iterations which 
obtained by ACPMP and SAPMP for 400 iterations, 
respectively.   The ACPMP   attained   to   the  optimal
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Table 2: The best parameters ρ for ACPMP
Test # ρ

pmed1,..., pmed5 0.5
pmed6,..., pmed10 0.2
pmed11,..., pmed15 0.2
pmed16,..., pmed20 0.1
pmed21,..., pmed25 0.1
pmed26,..., pmed30 0.07
pmed31,..., pmed34 0.07
pmed35,..., pmed37 0.06
pmed38,..., pmed40 0.06

Fig. 3: The changes of objective function with respect 
to the accepted solutions for pmed20 with
12000 iterations by SAPMP

solutions after 285 iterations and the algorithm is
stopped before reaching the stop condition (i.e. 400) 
whereas SAPMP hasn't found a good solution in these 
400 iterations and should be repeated until 12000
iterations.

Figure 3 presents the changes of objective function 
with respect to the changes of accepted solutions for 
SAPMP (i.e. the value of objective functions when Pc is 
replaced by Pnew in the step 8 of SAPMP algorithm) in 
12000 iterations.

Note that in the most TSP test problems the
networks are complete graphs. Therefore there are too 
many paths contains all vertices (i.e. Hamiltonian
paths). Each of these paths is a core of graph with 
objective function equal to zero. Hence the initial step 
of both of our algorithms find the optimal solution.

SUMMARY AND CONCLUSION

In this paper we proposed an ant colony and a 
simulated annealing algorithms for for finding the core 
of a graph. The results show that the ant algorithm
outperforms the simulated annealing algorithm.
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