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Abstract: This paper is concerned with the problem of fuzzy iterative learning control for two-dimensional
(2-D) state systems described by the Fornasini and Marchesini (FM) second state-space model. This paper 
gives iterative learning control (ILC) techniques, used to improve tracking control performance in 2-D
processes. The fundamental concepts of the various ILC algorithms are presented, with a particular focus 
on a fuzzy-based algorithm called Fuzzy-ILC (FILC). The study indicates that one can solve a seemingly 
very difficult multivariable nonlinear tracking problem with relative ease by intelligently combining the ILC 
technique with fuzzy logic systems. The results of simulations show that our proposed FILC can reduce 
the trajectory error in far less number of iterations. This is due to the fact that FILC is providing a nonlinear 
mapping while all our others presented schemes is linear.
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INTRODUCTION

Two-dimensional (2-D) systems have received
considerable attention because of their vast
applications  of  both theoretical and practical interest 
[1-3].  The  main characteristic of a 2-D system is that 
the information is propagated along two independent
directions. Many real life processes, such as image
processing [4], signal filtering [5] and thermal processes 
in chemical reactors, heat exchangers and pipe furnaces 
[3], have a 2-D structure. The 2-D system theory is often 
used as an investigating tool to tackle with some
problems, e.g., iterative learning control [6, 7] and
repetitive process control [8, 9]. Thus the study of 2-D
systems is an fascinating and challenging   topic and  a 
lot of results have been published in the literature.

An ILC applied onto one dimensional system can 
be viewed as a special 2-D system [3], where the
dynamic behavior along the time is determined by the 
process, whereas the iterative learning algorithm
introduces the dynamic along the cycle. From a 2-D
system viewpoint, the conventional ILC [10] is only a 
cycle-wise feedback control with integral action along 
the cycle index which guarantees the tracking errors for 
the cycle-invariant trajectory to be gradually removed 
along cycle index. The key feature of viewing an ILC 
system as a 2-D system is that the 2-D dynamic of the 

system can be taken into account not only in the
process modeling but also in the control performance 
and controller design, which results in the united design 
and optimal combination of the time-wise controller and 
cycle-wise ILC algorithm in the 2-D sense. Rogers et al.
[11] firstly noted the 2-D dynamic characteristics of the 
ILC system and explored the convergence of the system 
based on the stability criterion for the 2-D system. Geng
et al. [12] first proposed ILC system as a 2-D system for 
design and analysis. Their resulted ILC scheme,
however, is a conventional ILC. Based on a 2-D Roesser 
model, Kurek et al. [13] and Fang et al. [14] developed 
feedback feed-forward ILC schemes for deterministic 
repetitive processes. Shi et al. [15, 16] extended robust 
control concept to 2-D Roesser system resulting in an 
integrated design of robust feedback control and feed-
forward ILC for uncertain batch processes.

In  this article the ILC methodology is considered 
on 2-D systems. As mentioned before, the conventional 
ILC applied onto one dimensional system is considered 
as  a 2-D system but while ILC scheme is implemented 
on a 2-D system, a three dimensional system is created. 
We  have  developed  various  ILC algorithms to 
improve  the  tracking  performance  of a 2-D system. 
The proof of convergence for some cases is expressed 
and the rest schemes would be considered in our future 
works.
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Up to now, the theory of 2-D systems has been 
used in the analysis of ILC but the ILC methodology 
hasn't been applied onto 2-D systems yet. Therefore, no 
results have been published in the literature so far. We 
propose new ILC schemes on the above fascinating 
topic in this article and as there wasn't been any 
previous results and methods, we have to compare our 
new schemes together.

The paper is structured as follows: In section II, the 
problem formulation of a 2-D system is expressed. In 
section III, new ILC schemes for improving the tracking 
performance in 2-D systems are proposed. In section IV, 
simulation results are demonstrated to verify the
effectiveness of our proposed schemes. Finally,
conclusion is discussed in section V.

THE PROBLEM OF ITERATIVE LEARNING 
CONTROL IN 2-D SYSTEMS

In controlling the iterative processes, during the 
performance of control algorithm in the kth iteration some 
information such as the error between the real output 
and the given ideal output is saved in memory of the 
system. This information is used in (k+1)th iteration to 
decrease error and improve the function of closed-loop
system in determining its input according to a law called 
learning algorithm.

It leads to this situation that in case of stability of 
the closed-loop system after some iteration the proper 
input is obtained so that it ends up making the desired 
output [2].

The ILC on 1-D systems is regarded as a two degree-
of-freedom system because its control dynamic
behavior follows two different guidelines, one is the 
regular time indices and the other is the iterative runs. 
The system reacts to the regular time steps and the 
iterative run displays the number of system learning 
iterations. As the number of iteration increases the
system response improves gradually.

ILC in 2-D behaves as a dynamic system propagated 
along three independent directions. Dynamic behavior 
along the horizontal and vertical coordinates, (i and j), is 
determined by the process, whereas the iterative
learning algorithm introduces the dynamic along the 
cycle. So a 2-d system in presence of ILC methodology
is considered as a function of three independent
variables i and j (the horizontal and vertical variables of 
2-D system) and k  (number of iteration).

Consider 2-D discrete linear system described by the 
following FM second state-space model as:

xk(i+1,j+1)=A1xk(i,j) + A2xk(i+1,j) + A3xk(i,j+1) + Buk(i,j)
yk(i,j) = Cxk(i,j)
i = 0,1,...,M, j=0,1,...,N, k=0,1,..., (1)
xk(i,j) = X0 for (i or j)= 0

The above model presented by Fornasini and
Marchesini [17] for 2-D state-space digital filters, in
which i and j indicate independent variables of 2-D
system and k  shows iteration number. x ∈ Rn state 
vector, u∈Rq, y∈Rp are input and output of the process 
respectively. Matrices A1, A2, A3, B and C are real and 
have proper size. The real numbers M and N are the size 
of each iteration and X0 is the boundary conditions of 
the process in each iteration and considered unknown. 

Fornasini-Marchesini state-space model has been 
applied in many practical problems, for example, the 
control of sheet forming processes [18], circuits, signal 
processing and discretization of some partial differential 
equations with initial-boundary conditions [3].

According to model (1) the problem of iterative 
learning control in 2-D systems is defined as:

Determine the input of the process uk(i,j) for
i=0,1,…,M, j=0,1,…,N, k=0,1,… in a way that the output 
of the process would get closer to the desired given 
trajectory by increasing the number of iterations in each 
point (i,j), it means that:

          Lim { yd(i,j)-yk(i,j) } = 0 for i=0,1,...,M,
          k →∞ j=0,1,...,N (2)

NEW PROPOSED ILC SCHEMES IN 2-D SYSTEMS

In this section new ILC schemes are proposed. At 
first, by getting idea from conventional ILC methods, 
the updating law for the controller is adjusted which we 
call this methodology 1-D scheme. After introducing the 
1-D method and examining its function in solving
tracking problems of 2-D systems, a more efficient 
method will be taken into consideration named 2-D
method. The proofs of convergence for the mentioned 
methods are analyzed in subsection C and other new 
schemes are represented in the rest of this section.

The 1-D solution: Similar to the conventional ILC
method, our proposed 1-D method is updated as
follows:

                          uk+1(i,j) = uk(i,j) + ∆uk(i,j) (3)

It means, the input in point (i,j) is constructed from 
the  previous iteration of k  as well as the correcting term
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of ∆uk(i,j). The value of ∆uk(i,j) should be specified by 
means of the obtained error in previous iteration which 
is saved in the memory as mentioned in (2). To
determine ∆uk(i,j), conventional ILC concepts can be 
used. It means that:

∆uk(i,j) = qek(i+1,j+1) (4)
where:
                                  ek(i,j) = yd(i,j)-yk(i,j) (5)

For i=0,1,...,M, j=0,1,...,N

The relation (4) is causal because in the considered 
F-M model for 2-D system (1), output in point (i+1,j+1) is 
made form the input in the point: (i,j), therefore the 
correcting term (4) which improves the input in point (i,j) 
is made by the error in point (i+1,j+1). q is the learning 
factor and should be chosen in a way that leads to 
convergence of the process. 

The 2-D solution: As it has seen from the dynamic of a 
2-D system in (1), for producing the output in point 
(i+1,j+1), the side horizontal and vertical points plus the 
input in point (i,j) are used. Therefore, the corrective 
term ∆uk(i,j), is constructed from the error in point 
(i+1,j+1) and the error in its side points.

In this section, an innovative method is introduced, 
in which the correcting term ∆uk(i,j) is considered in the 
following way: 

∆uk(i,j)=q1ek(i+1,j+1) + q2ek(i+1,j) + q3ek(i,j+1) (6)

To construct the correcting term ∆uk(i,j), the error of 
point (i+1,j+1) and the horizontal and vertical points: 
(i+1,j), (i,j+1) are used respectively.

In comparison with our 1-D method, this new
scheme has some advantages. The coefficients, q1, q2

and q3, cause the controller to be more flexible in its 
convergence speed. By proper tuning of the mentioned 
learning factors, more convergence speed in comparison 
with 1-D method would be achieved which as illustrated 
in our simulation results in section IV.

The analysis of convergence: The proof of convergence 
for the considered methods is examined in this section. 
Consider the transfer function of the system as:

                                       yk = Gpuk (7)

using the 1-D method we have:

uk+1 = uk+ qek.
where
                Gp = (z1z2) C (I-A1z1z2-A2z1-A3z2)-1 B (8)

where Gp is defined in [3]. Then the learning
convergence condition can be derived by substituting 
the learning control law into the formula of the error as:

                              ek+1 = yd-yk+1

                                     = yd-Gpuk+1

                                     = yd-Gp(uk+ qek)
                                     = (I-qGp)ek

then:
                               ||ek+1|| = ||I-qGp|| ||ek|| (9)

for the convergence condition we have:

                                    ||I-qGp|| = ρ<1 (10)

As far as the tracking error signal of the 1st iteration, 
e1, is finite, then ||e i || = ρ ||e1 ||→0 as i→∞. Therefore by 
choosing the proper learning factor, q, the convergence 
would be satisfied. 

Now, the proof of convergence for our 2-D
proposed method is expressed as follows:

uk+1 (i,j)= uk(i,j) + q1ek(i+1,j+1) + q2ek(i+1,j)+ q3ek(i,j+1)

Then:

       ek+1(i+1,j+1) = yd(i+1,j+1)-yk+1(i+1,j+1)
                            = yd(i+1,j+1)-Gpuk+1(i,j)
                            = yd(i+1,j+1)-Gp (uk(i,j)+ q1ek(i+1,j+1)
                               + q2ek(i+1,j) + q3ek(i,j+1)) (11)
                            = (I-q1Gp)ek(i+1,j+1)-q2Gpek(i+1,j)

-q3Gpek(i,j+1)
                            = (I-q1Gp)ek(i+1,j+1)-q2Gpek(i+1,j)

-q3Gpek(i,j+1)

The above equation is a three dimensional
polynomial and should be stable for the convergence of 
the tracking error. Using the reference [5] the stability of 
this polynomial was examined and the necessary
conditions which allowed the values of q1, q2 and q3 for 
convergence of this method were proposed. 

The 2-D PID over dimensions: The traditional P, PD, PI
and PID algorithms have been used as ILC strategies to 
control 1-D systems. In the following, a PID algorithm 
for 2-D systems is defined as:
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As seen, the corrective term is constructed using
error at the point (i+1,j+1), summation of error at all 
previous points and the difference in error between the 
points (i+1,j+1) and (i,j) as well. 

The 2-D PID over iterations: In this scheme, the
corrective term is defined as the sum of following three
terms:

• Tracking error at kth iteration.
• Summation of tracking error at all previous

iterations.
• The difference in tracking error at point

(i+1,j+1)between k th and (k-1)th iterations.

The corrective term is formally defined as:

( ) ( ) ( )
K

k k I m
m 1

D k k 1

u i,j Kpe i 1,j 1 k e i 1,j 1

k (e (i 1,j 1) e (i 1,j 1))
=

−

∆ = + + + + +

+ + + − + +

∑ (13)

Two-dimensional fuzzy iterative learning control: In
this scheme, a fuzzy system is used to generate the 
corrective term. In general, fuzzy systems can provide 
nonlinear mapping between its inputs and outputs. 

The tracking error e(i+1,j+1) and its variation 
∆e(i+1,j+1) were used as inputs to fuzzy system and 
∆uFILC as its output. Variation of tracking error was 
defined using the following scanning methods:

• Row scanning: 
e(i 1,j 1) e(i 1,j 1) e(i,j 1)∆ + + = + + − +

• Column scanning: 
e(i 1,j 1) e(i 1,j 1) e(i 1,j)∆ + + = + + − +

The fuzzy system uses zero order Takagi-Sugeno
rules. Seven fuzzy sets were used to partition each input 
using triangular fuzzy sets expressed as Negative Big 
(NB), Negative Medium (NM), Negative Small (NS), Zero 
(ZE), Positive Small (PS), Positive Medium (PM) and 
Positive Big (PB). Similarly, seven singleton fuzzy sets 
were assigned to output. The fuzzy rule table was 
designed as in Table 1. The membership functions of 
inputs and output fuzzy sets are shown in Fig. 1. The 
fuzzy iterative learning controller (FILC) can be
represented as:

FILC FILCu (i,j) k FILC(e(i 1, j 1), e(i 1,j 1)∆ = + + ∆ + + (14)

Table 1: The rule-base of FILC

e
-----------------------------------------------------------

uFILC             PB         PM PS ZE NS NM NB

∆e PB NB NB NB NB NM NS ZE
PM NB NB NB NM NS ZE PS
PS NB NB NM NS ZE PS PM
ZE NB NM NS ZE PS PM PB
NS NM NS ZE PS PM PB PB
NM NS ZE PS PM PB PB PB
NB ZE PS PM PB PB PB PB

(a)

                                                   (b)

Fig. 2: Membership functions of (a) output fuzzy sets, 
(b) input fuzzy sets

SIMULATION RESULTS

1-D and 2-D schemes: The first simulation shows the 
capability of 2-D ILC in comparison with 1-D ILC. The 
system is considered as (1) and the matrices A1, A2, A3,
B and C are selected as scalar where their values are-
0.2,-0.1,-0.1, 1 and 1 respectively. The desired output is 
also considered as follows: 

yd(i,j) = (i-5)2 + (j-5)2

The values for horizontal and vertical coordinate 
are adjusted as: M = N = 10. It is also assumed that the
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Fig. 2: The trajectory of desired output

Fig. 3: The curve of variation on the 2-norm of the error 
(q = 0.5) iterations k = (0 to 20)

Fig. 4: The curve of variation on the 2-norm of the error 
(q=0.5) iterations k= (10 to 20)

System be initially relax or in the other hand the values 
of boundary conditions are supposed to be zero.
The trajectory of yd(i,j) is illustrated as follows:

Now, the given method in part A is applied and the 
initial value of u (i,j) in the first iteration (k=0), where the 
controller has no previous experience, is equal to 1.

Fig. 5: The curve of variation on the 2-norm of the error 
(q=1.2) iterations k= (0 to 20)

Fig. 6: The curve of variation on the 2-norm of the error 
(q=1.2) iterations k= (10 to 20)

The achieved results of simulation for the 2-norm
of the error ||Ek|| and for q=0.5 and q=1 are shown in 
Fig. 3-6.

As it is shown in the above Figs., by increasing the 
number of iterations, the 2-norm of errors converges to 
zero and the outputs of the system get close to desired 
given trajectory. Also it can be determined that the 
convergence speed when q=1.2  is higher than the
speed while q=0.5.

By increasing the value of q, the convergence 
speed improves but q can not be increased without any 
limitation. For example, in the case when q=1.5, the 
convergence speed slows down and while q=2, the ||Ek||
doesn't converge to zero. In next Fig. the changes of 
convergence speed in comparison with the changes of q
is illustrated. The criterion which is considered for the 
determining the convergence speed is as follows:

Convergence speed = 100 k-1

where k  is the first iteration that ||Ek|| = 0.
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Fig. 7: The changes of the convergence speed in
Comparison with the changes of q

Fig. 8: The curve of variation on the 2-norm of the error
(q1=1, q2=0.1, q3=0.1),   iterations k= (0 to 20)

Fig. 9: The curve of variation on the 2-norm of the error 
(q=1.2) iterations k=(8 to 20)

As, it is obvious in Fig. 7 the convergence speed in 
this experiment is increasing for q=0 to q=1 and start 
decreasing from q=1 and is decreasing and the system 
will be diverged in q=2. So, for more convergence speed 
increasing in the 1-D method, the 2-D method
introduced in this paper can be used. 
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Fig. 10: The desired trajectory of 2-D system

Fig. 11: The 2-norm of the tracking error for presented 
algorithms (k= 5-12)

For simulation of the given method in part B, the 
initial value of u(i,j) in the first iteration (k=0) is also 
equal to 1. The coefficients of q1, q2 and q3 are
considered 1, 0.1 and 0.1 respectively. The achieved 
results of simulation are shown in Fig. 8.

As, it is obvious from Fig. 8 and 9 the convergence 
speed in 2-D method with q1=1, q2=0.1 and q3=0.1 is 
more than the 1-D method with q=1.

Other proposed schemes: To verify effectiveness of 
other proposed schemes, we apply our methodologies 
on the same previous system. The desired signal yd (i, j) 
was selected as: 

dy (i, j)  sin (i 0.2j), 1 i 10, 1 j 10= + ≤ ≤ ≤ ≤

The desired trajectory yd (i, j) is shown in Fig. 10.
By adjusting the initial value of the controller to 

one, we  have  used various algorithms presented in this 
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Fig. 12: The 2-norm of the tracking error for nonlinear
system with 1-D scheme, q=0.8, (k= 0-30)

paper for the mentioned task. The parameters of various 
schemes were selected as: q=1.2 q1=1, q2=0.17 and 
q3=0.17. In the two-dimensional PID algorithm the
coefficients are considered as KD= 0.005, KI= 0.007 and
KP =1 and at the algorithm PID on the iterations
algorithm KD = 0.2, KI = 0.2 and KP= 1.

The second norm of tracking error for various 
schemes is given in Fig. 11. As seen, all schemes are 
capable to reduce the norm of tracking error to zero.

As it is  clear, the performance of our proposed FILC 
is much better than our other presented schemes. This 
is mainly because our FILC is provids a nonlinear
mapping.

Nonlinear 2-D systems: Though our proposed schemes 
are considered for linear 2-D systems, but they are 
applicable for nonlinear 2-D systems as well. The
convergence proof for nonlinear systems will be
considered for future work but the capability of our 
schemes in the sense of simulation is illustrated as 
follows:

Consider the system with the following description:

k 1 k 2 k

3 k k

x (i 1,j 1) Sin[Ax (i,j 1) A x (i 1,j)
A x (i,j)] Bu (i,j)

y(i,j) Cx(i,j)

+ + = + + +

+ +
=

The matrices A1, A2, A3, B and C are selected as 
scalars where their values are-0.1,-0.1, 1, 0.1 and 1
respectively and desired output of the system is
considered:

yd(i,j) = sin(i+j)

The second norm of tracking error for 1-D scheme is 
given in Fig. 12. As seen, our proposed methodology is 
capable to reduce norm of tracking error to zero.

CONCLUSION

In this paper, to control a 2-D system, different ILC 
schemes were proposed so that the process output 
follows a given and desired trajectory. We proposed 
five different ILC methods to control 2-D systems. 
Simulation results showed that the convergence speed 
of FILC is more efficient than all our other presented 
schemes in this current study. This was due to the fact 
that our FILC is providing a nonlinear mapping while all 
others are linear
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