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Modified Homotopy Perturbation Method by
Using Sumudu Transform for Solving Initial Value Problems
Represented By System of Nonlinear Partial Differential Equations
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Abstract: In this paper, we propose a new approximate solution, namely modified Homotopy Perturbation
Sumudu transform method (MHPSTM) to handle various system of nonlinear partial differential equations.
The modified Homotopy Perturbation Sumudu transform method is a combined form of the Homotopy
Perturbation method and the Sumudu transform. We test our modified method on two examples and compare
the results obtained of this modified method with Modified He Homotopy Perturbation Method (ETHPM). This
modified method is very simple and the results are obtained very effective and fast.
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INTRODUCTION

The Homotopy Perturbation method was proposed
first by He (2000) [1, 2] for solving linear and nonlinear
Boundary Value Problems and Initial Value Problems.
This method was applied to solve nonlinear partial
differential equation [3]. The Sumudu transform was
proposed by Watugala (1993) [4, 5]. The Sumudu
transform operator was denoted by S[.] and it has been
defined by the integral equation as:

00 t
S[f(t)]:G(v):%je v f(6yde, 120
0

where,

n—1
NFAROGIE % - kz:(:)fm P, =1

The Objective of this paper is to apply the partial
derivative on each partial differential equation of the
system, and to combine the basic Homotopy Perturbation
method with Sumudu transform.

The Comparisons of the results of proposed modified
method (MHPSTM) on two applications with the Elzaki
Transform Homotopy perturbation Method (ETHPM) [3]
reveal that (MHPSTM) is very effective and convenient.

Modified Homotopy Perturbation Method by Sumudu
Transform: Consider the following system of partial
differential equation.

U, ou, U o°U,
El_gl(xl""’x”l’t’l]l’""U”’EI”"’Z_I’W’WJ
10X 1
au, U, U U
atn _gn[xl, ,Xn_l,[,l]l, ,Un,al,...,az—lb...,WJ
1 X 1o O

(1)
with initial conditions

Ul (xl, ,xn_l,O)zfl (.Xl, ,xn_l)

Un (.Xl,

,xn_l ,0) = fn (xl 5 eee ,xn_l)

where g,,....¢ are nonlinear functions and U,,...,U, are
unknown functions.

Differentiating both sides
system (1), yields.

of each equation of
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o’ ou, oy 2y, oy,
5 T 81| X Xpy—1o b s geeesy geeesy
ot ot 010 x 8t62xl 0t0 x,...0 x,,_;
’ 2
o™, ou, 8ty U, oy,
=Gul X5 s Xy gsl——5 e eens geees
0+ ot 010 x 5t62xl 0t0 x...0 x,_;
Using system (1), we get,
QUK 5 e » X1 ,0 ou, U oPU
104 n-l )=g1 X5 s Xy 150,Uy, o Uy =L, 5 L., z
ot (’9x1 0 X1 (’9x1...5xn,1
=K1(x1,...,xn_1)
AU, (%1, ., X,_1,0 ou, U Y
2 (% n-l )=gn[x1,...,xn_l,O,Ul,..., n,—l,..., 5 L., 1 ]
ot Ox 0%x;  0x...0x,
:Kn(xl, ...,xn_l)
Taking the Sumudu Transform on system (2), yields
S([zjl) B i2U1(X1,---,xn—1,0)— 10U %1.0)
v v v ot
2 3 P+l
=S| g xl,...,xn_l,t,%,..., U ooy 9 Zl yees " Uy
ot 0t0x;  0to"x 010x..0x,
SU, 1 10U, (x,...,x,1,0)
— 2 —U,(x, .., x,_,0)— ——L h
V2 V2 n( 1 n—1 ) v ot
2 3 pHl
=8| g, X1s s X1 ,%, e U oo o, yeees 0" Uy
ot 010 x 8[82x1 0t0 xy...0 X,
Then,
SU) = fl(xl,...,xn_l)+ Kl(xl,...,xn_l) v
2 3 ptl
+V2S 1| X155 Xp—1> ,%,..., 0 Ul genes 9 (2]1 genes 0 Un
ot 0t0x;  0to"xy 010x...0x,
3)

SWU = fr(x1s Xy )+ Ky(xp, %, 1) v
2 3 pil
+v%S gn xl,...,xn_l,t,%,..., U, ey U, e 0" U,
ot ﬁtaxl atale 5t6x1...6xn,1

The homotopy of system (3) can be written as follows;
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S(Ul): ﬁ(xl,...,xn,1)+ Kl(xl,... ,anl) v

2 3 p+l
+pv2S a1l x5 ,xn_l,t,%, s oy yeees 9 lgl yeees " U,
ot 0t0x 0t0°x 0t0 x;...0 x,_;
: “4)
SWU) = fulxgs Xy )+ Ky(xp,00x,4) v
[ 2 3 p+
+pv2S Zul X150 Xy ,t,%, . U, - U, reees o Uy
ot 0toxy otdtx = 010X..0x,
where p € [0,1] is an embedding parameter.
According to the HHPM the solution of system (4) can be written as a power series in p
X .
Uy = ZPZ Uy;
i=0
(&)

U,= Zpi Upi
i=0

Substituting system (5) into system (4), and comparing coefficients of terms with identical powers of p in the result
system, leads to.

SWUD = fi(xgsesx, )+ Ki(3,ux,y) v

pO: :
S(Un): fn(xl,...,xn_1)+ Kn(xl,...,xn_l) v
ou, o
Xl s s Xy obs——s ey
Li+1) =V 9| &1
" U, or*ly,
Totetn 010 X0 X,
pi+] .
ou, U
Xy s Xy ,a—,...,ﬁ
S(U< )=v2S g ! o
ni+l n 83U1 6P+1Un

"oty 010X 0%,

where i =0,1,2,...
Taking the inverse Sumudu Transform, gives,

U, ., U, ; i=012,..

Setting p = 1, we have the approximate solution of System (1)

UIZZUU
0

Un :Z Uni

0
i=0
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Illustrative Examples: Now we apply the modified method
(MHPSTM) to solve the following examples

Example 1: Consider the system of nonlinear partial
differential equations

{Ut =U,,+2UU, —(UW),

U=U(x,t) , W=W(x,t
W, =Wy + 20 W, —(UW) (x.1) (x.1)

(6)

With initial conditions,

U(x,0)=sin(x) , W (x,0)=sin(x)

Differentiating both sides of system (6), yields
{U,t =U,,, +2U,U, +20U,, —(UW)

Using system (6), we have new initial conditions,

xt

Wyp =Wyg, +2W W, + 20W,, —(UW)

(7

xt

U, (x,O) =-sin(x) , W, (x,O) = —sin(x)
Applying the Sumudu Transform on system (7), yields,

RIC))

2

1 1
——ZU(X,O) __U[(xao)
v v v

S| U + 20,0, +200, ~(UW),, |

xt
(w

v2

~—

1

v2

- S[Wxxt LW+ 2WW,, —(UW) J

W(x,0)— lW, (x,0)
v

xt

Then we have,

S(U) =sin(x) - (sin(x))v
N VZS[UW + 20U, +20U,, —(UW) }

xt

(®)
S(W) = sin(x) - (sin(x))v
+ sz[W

vt T2W W+ 2WW,, —(UW)xt}
Now, constructing the homotopy on system (8) as
follows,

S(U) =sin(x) - (sin(x))v
N psz[Uxx, 120U, +20U,, —(UW) ]

xt (9)
S(W) = sin(x) - (sin(x))v

xt

+pv2S[Wxx, LW+ DWW, —(UW) ]

847

Substituting system (5) into system (9), and
comparing coefficients of terms with identical powers of
p in the result system, leads to.

/|

S(Uy)= V2S|:U0xxt +2U0Upy +2UgUg,, —(UgWp) }

xt

S(Uqg) =sin(x) —(sin(x))v

S(W,) =sin(x)—(sin(x))v (10)

1
P

xt

(W) =25 Wiss + 2o + Dl ~(Ugh),, |

an

Taking the inverse Sumudu Transform of system (10),
system (11) and system ..., gives,

/|

Uy(x,t) =sin(x) — (sin(x))t
Wy (x,t) = sin(x) — (sin(x))t

l2
1 Ui(x,t) = (sin(x));
p - 12'
A1) = (sin(x)) 5,

[3

Uy (x,t) = —(sin(x));

P N

W,(x,t) = —(sin(x))%

Then we obtain the solutions of system (6) as follow;

Ux,t) =Uy(x,0) + Uy (x,8) + U (x,8) + ...

2 3
=sin(x) — (sin(x))v + (sin(x))% - (sin(x))% +...
=sin(x) e’

W(x,t)=Wy(x,t) + Wi(x,t) + Wy (x,t) +...

2 3

= sin(x) - (sin(x))v + (sin(x))tz—!— (sin(x))% L

t

=sin(x) e~

Example 2: Consider the system of nonlinear partial

differential equations.
U=—y W, +y, W, -U
Y :_Wny _WyUx Ty S V=Y (x,y,t)
W,==Uy, Uy, +W  W=W/(x,y,t)

U=U(x,p,1)

(12)
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With initial conditions,
U(x,y,O) =", l//(x,y,O) =7, W(x,y,O) = ¥t

Differentiating both sides of system (12), yeilds

Utt =Wyt Wy —Yx Wyt +l//yt Wx +1/Iy Wxt _Ut
Vi = _Wxt Uy _Wx Uyt - Wyt Ux - Wy Uxt Ty,
VV” :_Uxtl//y _le//yt - Uytl//x - Uyl//xt + VVt

(13)

Using system (12), we have new initial conditions,

U/(x,5,0)=—e", v, (x,7,0)=¢", W,(x,p,0)=¢"

Taking the Sumudu Transform on system (13), yields,
S)
2

1 1
__ZU(X,)’,O) __Ut(xsyao)
v v

= S[_Wxt Wy —Yx Wyt + l//yt Wx +Wy Wxt _Utj|

S 1 1
W) 0~ Ly 0)
v A% v

= S[~W U, =W, U, =W, Uy =W, Uy, +y, |
Sw) 1

v2 V2

:S[_Uxtl//y _lel/yt - Uytll/x _Uyl//xt + I/Vt:|

~—

1
W(x5y70) _;VVI(xayaO)

Then we have,

S(U)=e"r =y
2
+v S[_WxtWy —Vy Wyt +l/’thx +l//y Wxt _Ut:'
S(l//):exfy+ex7yv
2
VIS W Uy =W Uy =Wy, Uy =W, U+, |

S(W) = "V ey

2
+v S[_Uxtl//y _UXWyt _Uytll/x _Uyl//xt +VV[]
(14)

Now, constructing the homotopy on system (14) as
follows,

S(U):ex+y_ex+yv
+pv2S[—l//xt W, =W, W, +v, W, +y, W, _Ut]
S(y)=e"V+e v
+pV2S|:—Wxth—VVny;_Wthx_WyUxt+wl]

S(W) =V pe Yy

+pV2S|:_UxtV/y _le//yt - Uytll/x - Uyl//xt + VVt]
(15)
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Substituting system (5) into system (15), and
comparing coefficients of terms with identical powers of
p in the result system, leads to,

S(Ug)=e" =y
P iaS(wy)=e"V +e Yy (16)

S(Wy)=e " +e ™y

2
S(U1)=v*S[~Vox: Moy —¥ox Moyt + W0y Wox +Voy Wox: ~ Vot |

2
P +5(w1) =S| ~Woxs Uoy —Wox Uoys = Woys Uox oy Uoxs + W |

2
(W) =v2S[ ~Uox1¥oy ~UoxWoy: ~ Uoys Wox — UoyWoxs + W |

a7

Taking the inverse Sumudu Transform of system (16),
system (17) and system ..., yields,

Up(x,y,t) =" -Vt

P oWolnyn=er +e

Wo(x,p,t)=e ™ + e ¢

t2

_xty b

Up(x,y,t)=e o

1. xX—=y tz
p llll(xayat):e .
2!

[2

VVl(xaybt):eijﬁry;

3
t
U2(x5yat) = _ex+y§

t3

P w2(x7y>t) = ex_ya
t3

VVl(xay5t) = e_x+y;

Then we obtain the solution of system (12) as follow;
CONCLUSION

In this paper, Modified Homotopy Perturbation
Sumudu transform method (MHPSTM) has been
implemented to find the solution of various kinds of
system of nonlinear partial differential equations. The
comparisons of our results with the ETHPM, clearly show
that U,, ¥,, W, by (MHPSTM) better than U,, ,, W, by
(ETHPM) and U, + U,, ¢, + ¢, W, + W, by (MHPSTM)
better than U, + U,, ¥, + ¢, W, + W, by (ETHPM).
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