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Abstract: A mathematical model is developed to describe the trajectories of magnetic nano particles in a blood
vessel for the application of magnetic drug targeting. The magnetic nanoparticles are injected upstream from
a malignant tissue into the blood vessel and are captured at the tumor site with the help of an applied magnetic
field. The applied field is produced by a rare earth cylindrical magnet positioned outside the body. All forces
expected to affect the transport of nanoparticles were considered namely magnetization force, drag force and
buoyancy force. The results show that particles are captured under the influence of magnetic force. The
equations of motion for transport of the carrier particles is solved using scilab 5.4.0 and the trajectories are
traced. It is optimized that all particles are captured either near or at the centre of the magnet when the blood
vessel is at a distance 0.025m to 0.035m from the magnet. The trajectories show that when the distance (d)
between blood vessel and magnet increases (above0.035m), the magnetic nanoparticles particles flow into the
blood vessel. The results are computed by using Scilab 5.4.0.

Key words: Magnetic drug targeting  Magnetic nanoparticles  Magnetic particle capture  Nanoparticle
transport  Noninvasive magnetic targeting

INTRODUCTION Magnetic drug delivery is a method to target

Mathematical modelling of targeted drug delivery targeting, drugs are chemically bound to magnetic
system provides a quantitative description of the drug nanoparticles, injected into the body and steered to the
transportation in the biological system. Modelling of site of the diseased tissue using external magnetic fields
magnetic particle therapy involves interaction among [1]. Here it is important to note that magnetic particle
electromagnetic fields, fluid mechanics and therapeutic steering and trapping will not always have 100% success
phenomena. The interaction of  electromagnetic  fields rate and some particles will always be lost between the
and fluids has various applications in the field of injection site and the target. The problem now is to
Engineering and Medicine. Ferro Hydrodynamics has no increase the number of particles reaching the target and
current flowing in the fluid and the body force is due to also to make them adhere for a longer  time [2]. Some of
the polarization force and the present work deals the important properties of nanoparticles are made use in
exclusively in this field. magnetic targeting.

The greatest challenge in treating Cancer and other Nanotechnology is a field that applies engineering
localised diseases is getting medication to the affected and manufacturing principles to the design synthesis of
tissue. Since every vessel in the circulatory system is materials and devices on a nanoscale. It has gained
linked, drugs taken orally or injected into the blood stream increasing importance in the last few decades and the
spread throughout the body damaging the healthy unique feature of magnetic nanoparticles makes it useful
tissues. in drug targeting.

medicine to a diseased area in the body. In an ideal drug
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Nanoparticles are solid sub micron colloidal of magnets made upto now. Iron oxides (Fe O ) is ideal to
polymeric carrier system ranging in size from 1nm to 1000 be used as a nanoparticle as it is advantageous in terms
nm and are used as drug delivery agents [2]. Magnetic of control of size, shape and biocompatibility [4].
nanoparticles are powerful and versatile  diagnostic tool The first worldwide clinical trials of magnetic drug
in  the  field  of  medicine.  For  biological applications targeting in humans were reported Lubbe et al. [5].
they are coated with suitable molecules to facilitate Mathematical model for targeting in microvasculature and
biocompatibility in the body. Magnetic nanoparticles can the transport of magnetic nanoparticle and its capture was
be controlled by  an  external  magnetic  field  which discussed by Furlani and Ng [6]. Study of Permanent
allows them to transport therapeutic agents to a targeted magnets and its applications and the formulae for
site in the body. They are superparamagnetic in the sense calculating  its  flux  densities  is  given  in detail in [7].
that they lose the magnetic property when the external Grief and Richardson considered particle interaction and
magnetic field is removed. The use of magnetic performed numerical calculations for a two dimensional
nanoparticles for this purpose is called magnetic drug network based on the hydrodynamic model. They
targeting. suggested that it was not possible to target interior

Drug targeting can be active or passive. In passive regions of the body deeper than 2cm without affecting
targeting, therapeutic particles leak out of the vascular other regions [8]. The effect of Newtonian and Non-
system and accumulate at the tumor due to the permeable Newtonian characteristics of blood on magnetic drug
vasculature. In active targeting , magnetic particles are targeting was studied by Shaw and Murthy [9, 10].
functionalised with molecules which are capable of Analysis of particle trajectories was studied by Heidsieck
binding the target tissue. The carrier particle is non and Gleich [2]. A Comprehensive model of magnetic
magnetic and is embedded with magnetic nanoparticles particle motion during magnetic drug targeting was
and therapeutic agents. It is coated on the surface with developed by Cherry et al. [11, 12]. Kenjeres and Stuart
suitable molecules to promote binding [3].  This work [13]  have  used  Lagrangian particle tracking to predict
deals with active targeting. The differential equation the Trajectories of magnetic particles subject to magnetic
governing the dynamics of fluid motion follows the force in flows. Recent trends inmagnetic drug targeting
Lagrangian procedure. was given by Sharma et al. [14]. Advances in drug

Blood the Fluid for Transport: Blood contains a by changing various parameters suitably and quantitative
suspension of white blood cells (leukocytes) and red targeting maps based on experimental investigation in
blood cells (erythrocytes) and platelets in an aqueous magnetic targeting have been done earlier [15].
solution (plasma). The density of red blood cells is 1.1 Trajectories of the nanoparticles are traced by solving the
gm/cm  whereas density of whole blood is 1.05 – 1.06 set of ODEs using Scilab 5.4.0 [16] and a parametric3

gm/cm . Plasma has a density of about 1.035 gm/ml.The analysis is done.3

volume percentage of the red blood cells is referred to as
hematocrit and constitutes 40 to 45 percent of the whole Motivation: Many of the existing models predicting
blood. Platelets measure 2-3 µm in diameter and their magnetic targeting of nano particles invivo utilize
number is one tenth of the red cells.The micro vessel in numerical methods to solve for particle transport. They do
human blood is less than 1000µm and the diameter of the not provide explicit functional relations for the particle
capillaries is less than 5µm which is permeable in nature. capture and only a few account for Rheology of blood in
The architecture of the microvasculature and the microvasculature.
behaviour of the flowing blood strongly influence its An analytical model would be ideal for parametric
capacity for material transport and exchange analysis of magnetic targeting invivo. Numerical

Prior Work: The first Nanotechnology pioneer is said to problem when the system is numerically unstable.
be V.Laufberger from Charles university in Prague who in A detailed knowledge about the particle trajectories
1937 isolated for the first time protein Ferritin containing and influencing parameters is needed to design an
4nm  large  magnetic particle. The field of magnetic appropriate magnetic field. The mathematical model so
research has been revolutionised with the introduction of designed must be rich enough to capture fundamental
rare- earth magnets. A Neodymium magnet made up of an behaviour and simple enough to be computational and
alloy of neodymium, iron and boron are the strongest type useable for magnet design and control.

2 3

delivery system and focussing drug deep into the system

calculations must be better equipped to deal with the
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Obectives for this Study: function of external magnetic field gradient and the

To analyse particle movement knowing the local flow
condition and using appropriate field magnets.
To predict particle trajectories using numerical field
calculations.
To study the influential parameters with the help of
trajectories.
To implement the model by solving stiff differential
equations using mathematical software Scilab 5.4.0
version and also to trace the trajectories accurately

Mathematical Formulation: The model described in this
work is developed to predict the transport and capture of
magnetic nanoparticles under the influence of magnetic
field. The magnetic nanoparticles are injected into the
blood vessel and their flow within blood (in the direction
of z axis along the axis of blood vessel) is targeted by
applying an external magnetic field. The magnetic field is
applied by a rare-earth cylindrical magnet positioned
outside the body. The magnet is assumed [3] to be infinite
extent and oriented to the perpendicular direction of the
blood flow (x direction). The schematic diagram of
magnetic particle transport in a blood vessel is depicted
in Figure 1. The blood vessel is assumed to be a
cylindrical tube with a laminar flow of magnetic particles
and parallel to the axis.. Magnetic transport of a carrier
particle in the vascular system is governed by several
factors. They are magnetic force, viscous drag, particle
cell interaction, Inertia, buoyancy, gravity, Thermal
kinetics and particle/fluid interaction. We take into
account the dominant magnetic, Viscous and buoyancy
forces. Balancing the forces Fm, F and F  we havef b

Newton’s equation of motion to be.

F  + F  + F  = mp dv  /dt (1)m f b p

In order to predict the model it was assumed that
each particle has a radius R  and volume V  = 4 /3R .mp mp mp

3

The force on the magnetic particle is predicted using an
effective dipole moment approach in which the particle is
replaced by an equivalent point dipole which is located at
its centre. This force depends on the magnetic force at the
location of the dipole.

F µ(m , . )H where m  = V f(H ) H (2)m = p eff a p, eff p a a

Ha is the applied magnetic field intensity at the centre
of the carrier particle. µ is the permeability of the fluid
environment. We see that the magnetic force is therefore

magnetisation of the particle.  =  - 1 and µ  aremp mp

the susceptibility and permeability of the particles.
Also µ  = 4  x 10  is the permeability of air. Before0

7

saturation, particles are linearly magnetised with their
magnetic moment magnitude increasing in the  direction
of H After saturation point, the same value tends to aa..

constant. Hence, it is assumed[4] that the function f(Ha)
is given by.

If we assume nonmagnetic fluid (  = 0) and magneticf

particles with high susceptibility (  p >> 1), then in the
case of water environment and magnetite (Fe O ) we have3 4

f (Ha) or

(3)

where B is the magnetic flux density of the external
magnet. Ha = B/µ

The total magnetic force on the carrier particle is the
sum of the forces on the embedded magnetic particle. It
was assumed that the blood is purely nonmagnetic with
permeability µ . The fluidic force was predicted using0

stokes’ approximation for the drag on a sphere in a laminar
flow field.

F  = - 6 R (v  – v ). (4)f cp c f

R  is the radius of the carrier particle ç the viscositycp

of blood and v  is the velocity of fluid flow. The vessel isf

assumed to be cylindrical and the fluid flow is a laminar
flow parallel to the axis. The micro and nanoparticles are
spherical and are assumed to move in capillaries whose
diameter is much larger than the size of the particle. The
velocity of flowing fluid in the blood vessel [3].

v (x) = 2v [1 – (x/R ) ] (5)cp f bv
2

v  is average fluid velocity R  is radius of the bloodf bv

vessel.

Using equations (2) to (5) in (1)
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F  = µ v  f(B) (H . )H where  and  are the densities  of  the  particle  andm p a a

= v  f(B) ( [B/µ ]. )B Resolving componentwise we havep

F  = µ  v  {3 /(  + 3)} (H  . )H (6)m 0 p  mp  mp  a a

Using [3, 7]
H  (x, z) = M  R ((x + d)  – z ) / 2 ((x + d)  – z )x  s  mag

2 2 2 2 2 2

H  (x, z) = M  R  2(x + d) z / 2 ((x + d)  + z ) (7)z  s  mag
2 2 2

(8)

Simplifying further

(9)

In noninvasive magnetic targeting the distance from
the magnet to the blood vessel is much larger than the
diameter of the blood vessel. Therefore x / d <<1. Also,
the magnetic nanoparticles used in bioapplications are
usually made from biocompatible materials such as
magnetite (Fe O ) for which  >>1. Based on these3 4 mp

assumptions, the magnetic force components can be
simplified as;

(10)

The fluidic force components are determined from (4)

(11)

The buoyancy force is obtained by considering [17]
gravitational force in a viscous fluid.

F  = v ( –  )g (12)bx p p f

p f

fluid respectively. The acceleration due to gravity is
9.8m/sec . This force acts along the x- direction.2

Equations of Motion: The equation of motion for a carrier
particle travelling through a microvessel can be written in
component form by substituting equations (10) to (12) in
equation (2).

F  + F  + F  = 0 (13)mx fx bx

F  + F  = 0mz fz

(14)

(15)

RESULTS AND DISCUSSIONS

The study of the transport of nanoparticles is done
[14] by considering particles of iron oxide (Fe O ) with3 4

radius 300nm and density  = 5000 Kg/m . A rare earthp
3

NdFeB cylindrical magnet of radius R  = 2cm and withmag

saturation magnetization M  = 10  A/m is positionedsp
6

outside the blood vessel to create the applied magnetic
field. The distance d between the centre of the magnet
and the axis of the blood vessel is varied to study the
trajectories of the nanoparticle. The radius of the blood
vessel(R ) is selected to be 75µm (7.5 x 10 ) and averagev

5

blood flow velocity v  to be 10mm/sec. It is assumed thatf

the viscosity of blood is 3.2 x 10  N.s/m  and  the3 2
f

density is 1060 Kg/m . Equations (14) and (15) are solved2

using Scilab 5.4.0. Parametric analysis is done by
changing the initial position and distance d. Figure 2
shows the trajectories obtained for a fixed d = 0.025 m
value and for various initial positions ± 0.6 Rv, ± 0.4 Rv,
± 0.2 Rv. It is observed that all particles are captured at
the origin or nearer to it. The particles adhere to the side
of the vessel and those that are closer to the magnet bind
first due magnetic activity. The trajectories are again
traced for different d values starting from the centre. It is
seen in Figure 3, that for d = 0 .025m, the magnetic
particles reach the wall of the blood vessel and travel for
a distance 0.0002m through it. Again when the  distance
d = 0.035 m, the particles travel lesser than 0.00005m
through the side of the blood vessel and run into the
blood stream.
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Fig. 1: Reference for Mathematical Analysis

Fig. 2: Trajectories of Magnetic Nanoparticles for various initial positions and d = 0.025m

Fig. 3: Trajectories of Magnetic Nanoparticles flowing from  the centre of the blood   vessel for   d= 0.025m and d = 0.035m
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Fig. 4: Trajectories of Magnetic Nanoparticles flowing from  the centre of the blood   vessel for  d=-0.045m , 0.055m,
0.065m

Similarly in Figure 4, for d = .045m, d = .055m, d = REFERENCES
.065m we see that the corresponding distances travelled
by the particles are 0.000012m, 0.000004m and 0.000002m
respectively. Hence when d is at a distance greater than
0.035m, the magnetic particles do not travel much and flow
down the blood stream. When d increases the vertical
component of the magnetic force F  decreases whichmx

results in the free movement of the magnetic particles and
are carried into the blood stream.

CONCLUSION

In summary a mathematical model has been
developed for the transport of magnetic particles in the
blood vessel under the influence of a permanent magnet
placed outside and trajectories traced. Magnetic force,
drag and buoyancy which influence the transport of the
particle motion are considered. It is observed here that
when the distance of the magnet is not greater than
0.035m then the magnetic particles move through a longer
distance on the blood vessel. The particles runs into the
blood stream when d is 0.045m to 0.065m.The trajectories
have been traced using Scilab 5.4.0. For effective drug
targeting it is essential that the external applied force
namely the magnet be in close proximity to the blood
vessel.

1. Adil Mardinoglu, 2009. Inclusion of interactions in
mathematical modelling of implant assisted magnetic
drug targeting, Dissertation, Waterford Institute of
Technology, Nov 2009

2. Alexandra Heidsieck and Bernhard Gleich, 2010.
Analysis of Particle Trajectories for Magnetic Drug
Targeting, Excerpt from the Proceedings of the
COMSOL Conference 2010 Paris

3. Edward J. Furlani and Edward P. Furlani, 2007. A
model for predicting magnetic targeting of
multifunctional particles in the microvasculature,
JMM, 312: 187-193.

4. Babincova, M. and Peter Babinec, 2009. Magnetic
drug delivery and targeting principles and
Applications, biomed Pap Med Fac univ palacky
holomouc, Czech Repub. 2009 Dec; 153(4): 243-250.

5. Lubbe, A.S., C. Alexiou and C. Bergemann, 2001.
Clinical applications of magnetic drug targeting. J.
Surg Res., 95(2): 200-6

6. Edward P. Furlani, 2010. Magnetic Biotransport:
Analysis and Applications, Materials 2010, 3, 2412-
2446; doi:10.3390/ma3042412.

7. Furlani, E.P., 2001. Permanent Magnet and
Electromechanical Devices; Materials, Analysis and
Applications , Academic Press, New York.



World Appl. Sci. J., 34 (8): 1083-1089, 2016

1089

8. Grief and Richardson, 2005. Mathematical modeling 14. Shashi.Sharma, V.K Katiar and Uaday Singh, 2015.
of magnetically targeted drug delivery. Journal of Mathematical modelling of magnetic nano particles in
Magnetism and Magnetic Materials, 293: 455-463. a blood vessel in a magnetic field, Journal of

9. Shaw, S., P.V.S.N. Murthy and S.C. Pradhan, 2010. Magnetism and Magnetic Materials, 379: 102-107.
Effect of non-Newtonian characteristics of blood on 15. Krafcik, P. Babinec and M. Babincová, 2010.
magnetic targeting in the impermeable micro-vessel, Feasibility of subcutaneously implanted magnetic
Journal  of  Magnetism  and   Magnetic  Materials, microarrays for site specific drug and gene targeting,
322: 1037-1043. Journal of Engineering Science and Technology

10. Sachin Shaw, P.V.S.N. Murthy, 2010. “Magnetic Review, 3(1): 53-57.
targeting in the impermeable microvessel with two- 16. Introduction to ODE’s in Scilab, Aditya Sengupta,
phase fluid model-Non-Newtonian characteristics of IIT Bombay, April15th 2010,  Indra  Gandhi  college
blood” J. Of Microvascular Research, 80: 209-220. of Engineering [online] http://www.scilab.in/files/

11. Erica M. Cherry, 2013. A Fluid Mechanics Approach workshops/15-4-2010-mumbai/sengpta-ode.pdf.
to Understanding And Optimizing Magnetic Drug
Targeting, Dissertation.

12. Erica M. Cherry and John K. Eaton, 2014. A
comprehensive model of magnetic particle motion for
magnetic drug targeting, International Journal of
Multiphase Flow, 59: 173-185.

13. Kenjeres, S. and D.C.C. Stuart, 2009. Computational
simulations of magnetic particle capture in simplified
and realistic arterial flows: towards optimized
magnetic drug targeting. In Schlegel, W. C. And
Doessel,  O.,  editors,  IFMBE   Proceedings  25/IV,
pp: 1006-1009.


