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Abstract:  In  this paper, we are interested in studying entropy and dynamics entanglement between a single
time  dependent  three-level  atoms  interacting  with  one-mode  cavity field when the atomic motion is taken
into  account.  An  exact  analytical  solution  for  the  wave function is given by using Schrödinger equation
for  a  specific  initial  condition.  The  field  entropy  of  this system is investigated in the non-resonant case.
The  influences  of  the  detuning  parameters  and  atomic  motion on the entanglement degree are examined.
We show that both of the detuning parameters and atomic motion play important roles in the evolution of von
Neumann entropy and atomic populations. Finally, conclusion and some features are given.
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INTRODUCTION Moreover, the effects of the atomic motion [17–20], the

The Jaynes-Cummings model (JCM) [1] in the atom [22, 23] are demonstrated.
rotating wave approximation has been a subject of intense Recently, much more attention has been paid to the
investigations [2-5]. Recently, increased attention has von Neumann entropy in the presence of the atomic
been paid to the atomic coherent states [6]. It was found motion. For instance, the effects of atomic motion and
that the JCM initially in an atomic coherent state together field-mode structure in the Jaynes– Cummings model have
with the vacuum field can generate field squeezing as well been studied in [24, 25]. It has been shown that the atomic
as squeezing of the fluctuations of the atomic dipole motion leads to a periodic evolution of the von Neumann
variables [3-5] and it has been shown that squeezed atoms entropy. Also, these results have been extended to
can radiate squeezed light [3, 4]. The relationship between studying the mixed-state entanglement and analysis of the
the field and atomic squeezing in the thermal JCM with an pattern entanglement between a three-level trapped ion
initially coherent atom has been discussed by a few and the laser field [26]. Another extension consists in
authors [4,  7].  The  problem  of  interaction  of  matter examining the influences of   the  atomic  motion  and
with  squeezed   light   has   been   extensively   studied field-mode structure on the dynamical properties of the
for the past ten years [8-10].  However,   the   influence  of Wehrl entropy of the cavity field and comparing it with
nonlinearity in one-photon process on the squeezing the von Neumann entropy for two-photon processes [27].
properties of the radiation field and the  fluctuations of Furthermore, the time evolution of the field (atomic)
the atomic dipole variables has not been studied earlier. entropy reflects the time evolution of the degree of
Nonlinear one-photon processes are important for entanglement between the atom and the field. An
understanding  the  generation  of  squeezed   states in expression for the field entropy for the entangled state of
off-resonant fluorescence [11]. a single two-level atom interacting with a single

This model was generalized in many directions, such electromagnetic field mode in an ideal cavity with the atom
as adding further levels [12] where the three-level ( , V undergoing either a one or a two-photon transition has
and -type) atomic systems have been discussed [13–16]. been studied [28]. Also, much attention has been focused

Kerr medium [21] and the phases of the field and of the
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on the properties of the entropy and phase of the field in where
the Jaynes-Cummings model due to the entropy theory of
the interaction of the field with an atom presented by (4)
Phoenix and Knight (PK) [29-30].

In this paper, we study the interaction between an where  is the detuning parameter.  is the atom-field
atomic system described by a three-level -type atom and coupling constant and g(z) is the shape function of the
a quantized radiation field in the rotating wave cavity field mode. We restrict our study for the stochastic
approximation. The field has single model and interaction motion along z axis, in that case
is affected by a two-photon process. The wave function
of the atomic system is obtained. We show different
phenomena related to this problem when the detuning (5)
parameter and the atomic motion are taken in to account.
With numerical stimulation, the influence of both where v denote the stochastic motion velocity, p
detuning parameters and atomic motion on the degree of represent the number of half- wave length of the field
entanglement are discussed when the atom is initially mode inside the cavity of the length L. For a particular
prepared in exited state and the field in a coherent state. choice of the stochastic motion velocity v =  L/ , thus
 Our paper is organized as follows: In Sec.2 we present the g(z) = sin(p t). Now, we focus to solve the model of
model which describe a three- level lambda-type atom considered atomic system, thus we write the atom-field
one-mode system. Also, the wave function of the wave function of this system at an arbitrary time t in the
considered atomic system is calculated. In Sec.3 we give form
the general formula for the entropy field. The numerical
results are given in Sec.4. Finally, a summary and
conclusion are illustrated. (6)

Model and the Wave Function: We assume that we have
a single three-level lambda-type atom with (j = 1, 2, 3)j

and  >  >  as the transition energy between three1 2 3

level atom levels. This atom is interacting with a single
mode cavity field. The field mode is described by creation
(annihilation) operator  and frequency . In the
rotating wave approximation the total Hamiltonian  for
considered system can be written in the form

(1)

where is the free part and  is the interacting part of
the Hamiltonian. Let us divide  as follows

(2)

where  are the population operators. On the
other hand, we consider the interaction between the
atomic system and the field to be affected through two-
photon processes where the two photon needed to
accomplish the. In the non-resonant case the interaction
Hamiltonian of this system is given by

(3)

s s

s

s

where , with  is the initial mean

photon number for the model. However  are the

probability amplitudes coefficients to be determined from
the initial state  and  are the Fock states of the

mode field.
Using the timed-dependent Schrödinger equation

 and action of  and  on the state

, we obtain the following system of ordinary

differential equations:

(7)

where

(8)

and F  is the conjugate of . We turn our attention toj

solve the system, where the exact solution can be
obtained where . Let us assume that at time t =
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0 the atom is initially prepared in the upper state . where
Thus, the initial wave function can be decomposed into
its atomic and field part in the form: (13)

(9) where  and µ satisfy the third-

Let us firs start with the solution for this system in
the resonant case . In this case, the probability (14)
amplitudes  are given by

(10)

where (15)

These roots are given by:

Also, the probability amplitudes  in the off-
resonance case  are given by (16)

with

(11) In the important to mention that the wave function of

where into account is obtained by computer simulation. Now,

properties of considered system. In the following section,

Furthermore, the solution for this system in the in the the population. This will be done in the following section
non-resonant case  and after some algebra the when we suppose the atom to be initially prepared in its
probability amplitudes  are upper state and the input field in a coherent state as in (9).

Von Neumann Entropy: Quantum entropy was first

(12) satisfy the condition , where  is the density

order equation

where

assumed atomic system, with the stochastic motion taken

with the wave function given, we can discuss dynamics

we shall investigate numerically the influence of the
detuning parameters and the stochastic motion on the
dynamics behavior of the von Neumann entropy and on

formulated by von Neumann [29-30] as an extension of the
Gibbs entropy in classical statistical mechanics. The
entropy of a quantum system is given by the von
Neumann entropy

(17)

It gives zero for all pure states, i.e., for states which
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operator describing a given quantum state. For this
reason, this entropy cannot distinguish between various
pure states and it is rather the measure of purity of (20)
quantum states. Then von Neumann entropy is defined as

(18) where  is the eigenvalue for theatomic density matrix is

where the reduced density operator  are the roots of the cubic equation with one unknown

(19) (21)

Since the trace is invariant under a similarity
transformation, we can go to a basic in which the atomic Here the coefficients A, B, C are given by the matrix
density matrix is diagonal and write Eq. () as elements of Eq. ():

expressed as Eq. (18). Furthermore, the eigenvalues  are

(22)

Therefore, the eigenvalue  is given as simplicity, we consider the coupling constants have beeni

population and von Neumann entropy against the scaled

(23) cover the von Neumann entropy while the right curves

where Figure 1 corresponds to the entanglement due to von

the detuning  and (resonance case). It is remarkable

(24) the atomic motion leads to increase this periodically. In

In what follows, we shall investigate the influence of populations behave oscillator in the onset when p is very
the detuning and the atomic on the behavior of both the small as shown in Fig.1 (b). On the other hand, the
von Neumann entropy and the population of the atomic presence of atomic motion and the collapse and increase
system the oscillations and also increase the amplitude of

RESULTS AND DISCUSSION Figure 2 shows the influence of the detuning on the

In this section we shall study the influence of the the off-resonance (  =  = ) while the atomic motion
detuning parameters and atomic motion on the population takes the same values as in the previous figure. We
and on the entanglement measured by von Neumann observe from the figure, the amplitude of the field entropy
entropy for the pervious considered system. The is smaller than as in resonance case and the oscillations
numerical results are obtained in Fig. 1-4. In our are more periodic. Also, we notice that the field entropy
investigations, we assume the input field is in a coherent reaches to its pure state for a long tome in the presence of

state and we chose the mean value number . For

taken real and equal . We plot both the

time. Furthermore, the scaled time is t when the atomic
motion is not taken in to account while is
when the atom is in motion. Also, in all figures, left curves

cover the populations [31].

Neumann entropy and the populations in the absence of
1 2

that the entropy reaches minimum value. Also, the
evolution of the entropy is periodic and the presence of

fig. 1 (b, d and f ), the time evaluation of the populations
(solid line) and (dash line) are given for the different11 11

value of p in the resonance case. We notice that the
collapse- revival phenomenon is very clear and the

oscillations as seen in Fig. 1(d). From Fig. 1 (f).

evolution of the entropy and on the population we put in
1 1
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Fig. 1: The time evolution of von Neumann entropy figures (a, c, e) and the population (solid line) and (dashing11 22

line) figures (b, d, f) of the three- level system for  and . Also, figures (a, b) the time atomic motion
is neglected and the other figures atomic motion is considered p = 1 in figures (c, d) and p = 3 in figures (e, f)

Fig. 2: The same as Fig. 1 but for  =  = 1 2



World Appl. Sci. J., 34 (1): 43-50, 2016

48

Fig. 3: The same as Fig. 1 but for  = 0,  = 1001 2

Fig. 4: The same as Fig. 1 but for  = 5 and  = 41 2
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the atomic motion. On the other hand, when we plot the entropy are investigated numerically for the atomic
populations with the same data, we see that the collapse system of -configuration. The effect of detuning
and revival occur but the collapse time increases and the parameters or/and the atomic motion on theses
amplitude of the fluctuations decreases. Also, the atomic phenomena when the atom is initially prepared in the
motion increases the periodically of the oscillations that upper state are explored. We observe that the detuning
shown in Fig. 2(b, d and f). parameters and the atomic motion have an important

In figure 3, we consider the non-resonance case effect on the properties of the von Neumann entropy and
where we take  = 0,  = 100 the case of neglected the population.1 2

atomic motion is plotted in Fig. 3(a) while the presences of
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