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Abstract: For years, scientists have been looking for the solution of the nonlinear problem of controlling a 
cart with an inverted pendulum. Many researchers carry out approbation of methods of synthesis of 
algorithms of automated control, which they develop, based on this problem. This article considers 
theoretical aspects of the new methodology of synthesis, which allows to provide good quality 
characteristics in the circumstances of strong nonlinearities in the model description. Theoretical provisions 
are accompanied by the results of model experiments.
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INTRODUCTION

The publications [1-16] contain large lists of
literature and reviews with analysis of published results 
of synthesis of algorithms of unstable pendulum
control. For example, publications [1, 5, 7-16] contain 
researches, which are very close to the considered 
problem study. The following peculiarities in various 
combinations are typical of the renowned researches: 
considerable deviations in representation of the original 
nonlinear systems of differential equations of motion 
(transformation, reduction of equations with limitation 
of the pendulum weight with respect to the weight of 
the cart, linearization, etc.); instability in the large; the 
heuristic nature of synthesis (e.g., at using fuzzy
synthesis methods); absence of theoretical possibilities 
of synthesis of control algorithms with assessment of 
the quality characteristics by accuracy and response 
rate; absence or considerable limitation of a priori
changes of characteristics by means of variation of
parameters used in the synthesized control algorithms; 
control of the cart movement with the pendulum fixed 
in the originally vertical position; and some other
peculiarities that limit the efficient practical usage of 
the respective synthesis methodologies.

This article considers the methodology that is
based on optimized second-order delta transformations 
and allows to overcome or, at least, to weaken
considerably the deficiencies specified above [9]. 

Statement of the problem and the mathematical
model    of    motion   of   a   cart   with   an   inverted

pendulum: In  solving  this  problem,  we  will  keep to 
the following   practically   important   provisions:  We 
need to use the renowned original nonlinear differential 
equations  of  motion, which are most relevant to the 
real processes of motion of a controlled pendulum on a 
cart (the respective equations are taken from the book 
[4]); the decisions being taken must be theoretically 
reasoned, the synthesis methodology must be based on 
the possibility of usage of guaranteed theoretical
assessments; the principles of optimizing for timing of 
transitional processes and the original motion equations 
with a steady state of accuracy with account for the 
nonlinearities of the original differential equations of 
motion must be used.

The  cart  can  move  only in a horizontal and 
straight  direction  and  is  driven  by  applied  force  in 
the form of the single control action µ(t) at the time 
point t (Fig. 1) [4]. The horizontal movement of the cart 
is described with the function S(t), the angular
deviation  of  the   pendulum  is  described  with  f(t). 
The following designations are used: m ? the mass of 
the  pendulum, L ? the  distance  between  the  axis
and   the  center  of  the  pendulum's  barycenter  (2L-
the length of the pendulum), J ? the moment of inertia 
with respect to the pendulum's barycenter, ? ?  the  
cart's mass, Tc(t) ? the friction force at the cart's 
motion; ƒp ? the  friction  factor  at  the  pendulum's 
axis. The force mg is applied to the pendulum in the 
barycenter (g is the acceleration of gravity) and the 
horizontal H(t) and vertical V(t) reaction forces are
applied at the axis.
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                                           a)                                                                           b)
Fig. 1: The inverted pendulum on a cart (a), the acting forces and movements (b)

Differential equations of motion are expressed as [4]:

2mS(t) mL (t)cos (t) mL (t)sin (t) H(t)+ ϕ ϕ − ϕ ϕ =   (1)

2mL (t)sin (t) mL (t)cos (t) V(t) mg− ϕ ϕ − ϕ ϕ = −  (2)

pJ (t) LV(t)sin (t) LH(t)cos (t) f (t)ϕ = ϕ − ϕ − ϕ  (3)

cMS(t) (t) H(t) T ( t )= µ − − (4)

0 0 0 0(t t ); (t t );S(t t );S(t t )ϕ = ϕ = = =

Using substitutions, we transform the set of
equations (1-4) to the following equivalent view:

2

2

pc

g L (t)cos (t)
cos (t) (t) sin (t)

(t) LM (t)cos (t)L(t)(M m) L(t)
M m

f (t)cos (t)T(t)
L(t)(M m) L(t)mL

 − ϕ ϕ
ϕ µ ϕ  ϕ = − + ϕ ϕ ′ ′+ + + 

ϕϕ
+ −

′ ′+



 



(5)

2
c(t) mL (t)cos (t) mL (t)sin (t) T( t )

S(t)
M m

µ − ϕ ϕ + ϕ ϕ −
=

+
  (6)

2 2 2MJ L m sin (t) cos (t)
M mL(t)

mL

 + ϕ + ϕ + ′ =

0 0 0 0(t t ); ( t t );S(t t );S(t t )ϕ = ϕ = = =

This set of differential equations is used in the 
experimental model for simulation of the pendulum and 
the cart behavior without reductions. 

One of the problems in solving of this problem is 
that the control of two variables (ϕ(t) and S(t)) must be 
provided using the single control action µ(t).

The physical subject matter of the problem solution:
The subject matter of the considered solution of the 
problem can be illustrated in the form of three
processes, which are matched in time, in the actions of 
a person: orienting a stick placed on a finger from the 
given position to the vertical position, moving in a 
certain direction holding the stick in the vertical
position and holding the stick in the vertical position in 
the endpoint. Ideally, a person after orienting the stick 
vertically at the beginning of the directed motion
provides a slight incline of the stick towards the motion 
direction (acceleration of the motion) and provides an 
incline opposite to motion direction at a certain time 
point when approaching the endpoint (slowdown). In 
real life, when a person moves, he carries out multiple
processes of acceleration and slowdown by moving his 
body and arm. 

Transformation of original equations of motion to
the form required for synthesis of control
algorithms: The synthesis of the algorithm of the
pendulum control must correspond to providing the 
transitional  process  at  large  deviations  of  the  error 
from the given position and be implemented without 
reduction of the respective original nonlinear equations 
of motion. 

When the pendulum is in the vertical controllable 
position, the algorithms that provide the cart control 
may be based on the reduced representation of the 
respective components of the equations of motion. The 
essence of this reduction resides in the following: let us 
assume that at a certain time point t with the control
action value µ(t)=const, the vertical position of the
pendulum is fixed in a stationary position, i.e. ϕ(t) = 
const and accordingly, (t) 0ϕ = , (t) 0ϕ = , as well as 
ϕ(t)≠0  and  the  value  of  the  modulus |ϕ(t)| is quite 
small  (|ϕ(t)|<<1)  to  such  an  extent that it is possible 
to   express  it   in   the   following   way:   sin ϕ(t)≈ϕ(t),
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cos ϕ(t)≈1, ϕ2(t)≈0. Then, based on (1-4) and ignoring 
the friction as well as taking into account that V(t)>0, 
V(t)≈const, we can deduce

S(t) (t)g≈ ϕ (7)

Where, at the given conditions, ϕ(t)g≈const.
Thus, in order to provide control of motion on S(t) 

with the vertical position of the pendulum, it is
sufficient to provide the acceleration and slowdown 
modes by means of setting the values |ϕ(t)| with the 
respective sign at certain time points according to (7).

Taking into account the allowances provided
above, we use the equation (5) for synthesis of the 
control algorithm, in which equation the parameters 

*
?T( t )  and *

pf  as well as equation (7) are provided by 
analogy for approximated accounting for friction in the 
control algorithms. 

Optimized second-order delta transformations and
the methodology of synthesis of digital control
algorithms: The essence of second-order delta
transformations resides in the formation of the
approximating function with the discrete step ∇t for the 
given original function (signal), the second differences 
or the second derivatives of which at the stage of 
transformation take on the values from the limited set 
of values, for example +1, 0 and -1. For years, the 
problem of instability of the renowned algorithms of 
second-order delta transformations considerably has 
been limiting their practical application [18]. For the 
first time, the algorithms of second-order delta
transformations optimized by response rate and
accuracy were developed by one of the authors of
this article. The basic concepts of the theory and the 
practicability of the new algorithms, in particular, in 
the sphere of digital control, were covered by, for
example, the publication [17]. We can consider the
classical algorithms of optimal continuous control
over an object in the form of two sequential
integrating factors as the closest analog of these
algorithms [19].

The publication [17] covers the following
possibilities,  in  particular,  which  are  determined 
by application of new algorithms of second-order
delta  transformations  for  synthesis  of  digital
control algorithms: the uniform simple engineering
methodology of synthesis of digital control algorithms 
(with discrete step) for linear and nonlinear objects; the 
optimization in the circumstances of quality indicators 
set a priori with respect to response rate and accuracy; 
the achievement of guaranteed quality indicators at 
finite    intervals;    the   roughness   of   algorithms;  the 

prospects for their application for mobile objects in 
standard and extreme conditions and some other
possibilities.

The subject matter of the methodology of synthesis 
of control algorithms lies in the fact that it provides 
formation of the control process, which is equivalent to 
the process of an optimized second-order delta
transformation. The peculiar feature of the application
of delta transformations with the purpose of control is 
that, actually, template characteristics are shown by 
various objects with respect to the controllability
envelopes as well as qualitative estimates and
recommendations, which can be a priori used at
designing digital control systems. Particularly, if
external disturbances are absent (or influence weakly), 
the qualitative experimental estimates do not differ
greatly from the respective theoretical values of the 
guaranteed indexes of second-order delta
transformations (the purpose of c* will be considered 
further) [17]:

The error of a steady-state process (for a trinary 
algorithm):

*z(t) 0,5c<≈ (8)

The number of steps and the duration of the
transitional process ( 0z(t ) 0≈ ):

( )0
*

z t
R 2 ,

c
≈ T R t≈ ∇ (9)

The methodology of solving the problem
considered  within  the  framework  of  this  article  is 
based on usage of optimized second-order delta
transformations. We provide here the record of the
equations determined for synthesis according to the 
designations suggested in the publication [17] x1(t) = 
ϕ(t), 1x ( t ) (t),= ϕ 1x ( t ) (t)= ϕ ,  x2(t) = S(t), 2x (t) S(t),= 

2x (t) S(t)=  , U(t) = µ(t):

2
1 1

1 1 2
1 1 1

**
p 11 ?

g Lx( t )c osx ( t )
cosx(t)U(t) s inx( t)

x(t) LMx (t)cosx(t)L(t)(M m) L( t )
M m

f x ( t )cosx (t)T
L(t)(M m) L(t)mL

 −
 = − +  ′ ′+ + + 

+ −
′ ′+



 



2 1x ( t ) x (t)g;≈ 1 0 1 0 2 0 2 0x ( t t ) ; x ( t t ) ;x (t t ) ;x (t t )= = = = 

We input the control actions yh,1(t), yh,2(t) and 
proceed to recording equations with account for the 
control errors:



World Appl. Sci. J., 29 (12): 1631-1637, 2014

1634

*2 *
p 121 1 1 1 1 ?

1 1 1 h,1

f x ( t )cosx (t)U(t) sinx(t) LMx (t)cosx(t) cosx(t)T
z( t ) g Lx(t )cosx ( t ) y (t)

L(t)(M m) L(t) M m L(t)(M m) L(t)mL
 

= − + − + + − − ′ ′ ′ ′+ + + 


   (10)

2 1 h,2z ( t ) x ( t ) g y (t)≈ −  (11)

1 0 1 0 2 0 2 0x ( t t ) ; x ( t t ) ;x (t t ) ;x (t t )= = = = 

Based on (10), (11), we input the designation of transformation quantums and proceed to the record for the step 
(i+1) (N is the number of discrete steps ∇t of modelling):

2 2 2
1,i 1 1,i 1

i 1

MJ L m sin x (t) cos x (t)
M mL (t)

mL

+ +

+

 + + + ′ =

*2 *
p 1,i 11,i 1 i 1 1,i 1 1,i 1 i 1 1,i 1 ?2

1,i 1 1,i 1 i 1
i 1 i 1 i 1 i 1

f x (t)cosx (t)U (t) sinx (t) LMx (t)cosx (t) cosx (t)T
Y (t) g Lx (t)cosx (t)

L (t)(M m) L (t) M m L (t)(M m) L (t)mL
++ + + + + +

+ + +
+ + + +

 
= − + − + + − ′ ′ ′ ′+ + +  

  (12)

2,i 1 1,i 1Y (t) x (t)g+ += (13)

i i 1i 0,N; t [ t ; t ]+= ∈

Taking into account (12) and (13), we express the equations (10) and (11) in the following form:

j,i 1 j , i 1 h , j , i 1z (t) Y y (t)+ + += −  , j,i 1 j,i 1Y Y (t) const+ += =  for [ ]i i 1t t ; t ; i 0 , N ; j 1,2+∈ = =

If we assume that the ordinates of the errors and their derivatives

j,i j i j,i h,j,iz z ( t ) x y= = − , j,i j i j,i h,j,iz z (t ) x y= = −   
, i 0 , N ; j 1,2= =

are measurable, we can further use the trinary algorithm of delta transformation and determine the value j,i 1Y ,+


j 1,2=  [17]:

ji ji h,ji ji ji h,ji

1 2
ji ji ji ji j j ji

2 2
ji ji ji ji j j ji

1 2 1
ji ji j,i 1 ji

j,i 1

*
j , i 1 j j,i 1

z x y ; z x y ;

F z 2z t (0,5(z t) / c 0,5c)sign(z );

F z z t (0,5(z t) / c 0,5c)sign(z );

if F F 0, then signF;

else 0;

Y ? /(

+

+

+ +

= − = −

= + ∇ + ∇ +

= + ∇ + ∇ −

> ∆ = −

∆ =

= ∆ ∇

  

  

  

 [ ]2 * *
i i 1 j j jt) ; t t ; t ; c 0,75c ,c 0; j 1,2.+










∈ = > = 

(14)

where 1
jiF  and 2

jiF  are the forecast functions, ∇j,i+1  is the formed sign of the transformation quantum j,i 1Y +
 . Values 

∆j,i+1∈{+1;0;-1} determine the acceleration/0/slowdown modes at j = 1 for the pendulum and at j = 2 for the cart.
The value *

1c  for the algorithm of delta transformation (14) is selected depending on the required (or determined 

by compromise) guaranteed by value number of steps and duration with account for the sampling intervals ∇t of the 
transitional process (9) as well as the error in the steady-state process of the moving pendulum (8). The value 1,i 1Y +



is estimated in the result. Based on (12), the value of 1,i 1Y +
  and with account for the possible necessity of 

implementation of control with additional split of the step ∇t for ∇τ (∇t = r⋅∇τ, t = ∇τ⋅σ; ti+1,σ = ti+∇τ⋅σ; σ = 
0,1,2,…,(r-1)), we get the following equation for the control action
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     x1,i Ui+1,σ

 i  i

                                               a)                    b)
        x1,I                                                                                      x2,i

i  i
                                                 c)                         d) 

Fig. 2: Temporal diagrams of the experiment

2 2 2
1 , i 1 , 1, i1 ,

i 1,

MJ L m sin x cos x
M mL

mL

+ σ + σ

+ σ

 + + + ′ =

{
2

i 1, 1,i 1 , 1 , i 1 , 1,i 1 ,2
i 1, 1,i 1 1 , i 1 , 1,i 1 ,

i 1, i 1,

**
p 1,i 1,1,i 1 , ?,i 1,

i 1, i 1,

L (M m) sinx LMx cosx
U Y g Lx cosx

cosx L M m

f x (t)cosx T
; i 0,N; 0,(r 1)

L (M m) L mL

+ σ + σ + σ + σ
+ σ + + σ + σ

+ σ + σ

+ σ+ σ + σ

+ σ + σ

′  +
= − − − + ′ +  

− + = σ = −′ ′+ 


 


(15)

The variables x1,i+1,σ, 1,i 1 ,x + σ , x2,i+1,σ, 2, i1 ,x ,+ σ

0,(r 1)σ = − , are formed and estimated in the process of 
motion modeling based on equations (5), (6) or (1-4).

According to the accepted methodology of solution 
of the given problem, we can conclude that for
simultaneous control of the cart movement on S(t) and 
the pendulum being oriented vertically, it is necessary 
to provide the acceleration/0/slowdown modes by
means of setting certain values yh,1(t) at certain time 
points with the respective sign.

For the analysis of the value ϕ(t) in the steady-state
process, the maximum error according to (8) is equal to 

*
1 ~0,5c ; therefore, for the control action, it is at least 

necessary to meet the proportion 

*
h,1,i 1y 0,5c , b 1(b 2)> > ≈

Control of the acceleration/0/slowdown modes,
which ensure the movement of the cart with control in 
response to the control action Si ≡ yh,2,i , is based on 
introduction of the control action yh,1,i  = |yh,1,i |∆2,i  in the 
algorithm (14) with j=1, formation of ∆2,i+1  and 2,i 1Y +

  at 
the given yh,2,i . We can show that it should be

* * 2
2 1c 0,5bcg( t) , b 1 (b 2).= ∇ > ≈  at that.

The results of the experiments: For the purposes of 
the experiments, we used the following values of
constant  parameters,  which  characterize  the
pendulum  and  the  cart: M=0.5kg, m=0.25kg, L=0.3m,
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J = 0.03 2??? . The values M and m were selected to be 
comparable by size, which ensures active usage of the 
component H(t) in the equations of motion. The
numerical values of time are set in seconds and those of 
angles are set in radians. The publication [17] contains 
multiple control experiments with varying x1,0,0, 1,0,0x ,

*
1c , ∇t ,  yh,1,i ,  yh,2,i  and with account for the friction 

forces. The results of one of the experiments are
provided below.

Movement of the pendulum from the position
1,0,0 0x 3,14 ( (t ) 180),°= ϕ ≈ 1,0,0x 0= ; to the vertical

position  and  movement  of  the   cart   to   the  original 
position with nonlinear friction present x2,0,0 = 0;

2,0,0x 0;= *
1c 0,05= ; ∇t = 0,05; *

h,1,i 1y c= ; h,2,iy 0;=
*
p pf f 0,02;= = c 2T 2sign(x(t));=  *

c i,T 2sign(x )σ=  ; r = 4. 
Figure 2a shows the behavior of x1,j (Rnep = 15;
Tnep≈0,75?); Fig. 2b shows the control action Ui+1,σ

(N=50); Fig. 2c shows x1,i  scaled up (|z1,i |<≈0,075;
i>15); Fig. 2d shows the transitional and the steady-
state processes of the co-ordinate x2,i .

CONCLUSION

The starting points for addressing the problem in 
question adopted in Section 1 are performed in a wide 
range of variation of parameters used in the synthesis 
(within the allowable capacity of the methodology of 
optimized second-order delta transformations). During 
the experiments, the task was not to achieve the best 
individual or complex finite qualitative characteristics, 
in order to compare them with other methodologies for 
solving this problem, as this problem is independent 
and must be addressed in the uniform conditions of 
original statement of the synthesis problem.

To summarize the achieved results, we can outline 
the following general conclusions: For the pendulum, 
the guaranteed estimates of the duration of transitional 
processes and the errors of the steady-state processes at 
the linearly varying control actions yh,1,i  and absence of 
friction conformed to the guaranteed estimates (8), (9), 
which characterize optimizing for timing and accuracy. 
The charts of transitional processes for S(t)
approximately conform to the estimate (9) by duration. 
Varying the delta transformation algorithm parameters 
and the value of |yh,1,i  | allows to receive various 
characteristics of the cart by response rate, accuracy, 
deviation of the current path of motion from the set one. 
Introduction of friction forces within the accepted 
restrictions did not result in material worsening of
qualitative variables by response rate and accuracy, 
which  is  determined,  first  of  all,  by  the  roughness 
of   the   control   algorithms.  During  the  experiments,

introduction of additional discretization was normally 
limited by the value of the r≤4 parameter.

SUMMARY

The solution of the renowned complicated problem 
provided in this article shows that this considerably 
simplified methodology of synthesis of digital control 
algorithms using optimized second-order delta
transformations has good prospects for solution of
problems of controlling complex mobile nonlinear
objects (robotic manipulators, rockets, supersonic
aircrafts, a train of barges pushed by a tug, etc.), which 
have the barycenter different from the center of force.
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