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Abstract: This article deals with the development and study of two-level evolutionary algorithm, as well as the
experimental studies of its performance when solving NP-complete optimization problems of different extremal
subsets comprehension in graphs. A new approach to the problem decision, based on a combined use of the
genetic search principles and evolutionary modeling, as well as heuristic search methods are presented. A
number of new modifications of knowledge-based genetic operators are developed. An original two-level search
strategy for quasioptimal decisions, based on the intrafamilial and interfamilial exchanges, is proposed. The time
complexity of the algorithm and the experimental results are presented. The most optimal algorithm parameters
and settings, allowing one to obtain the best result, are shown. Conducted computational experiment allows
us to refine the theoretical estimates of the proposed algorithm time complexity. The algorithm parameter points
and settings, allowing us to obtain the best results, are presented. The time complexity of the developed
algorithm is on average O(n ).2

Key words: Extremal subset  Evolution  Family Interfamilial exchange  Fuzzy graph  Knowledge-based
genetic operators.

INTRODUCTION shortest path (traveling salesman problem), selection of

When solving various practical problems of discrete vertex and edge covers and search for graph kernels.
optimization, as well as design and management, graph Using the fuzzy graphs as mathematical models
mathematical models are widely used for objects seems to be very interesting in the context of construction
optimization. Graph theory has become a powerful tool for and the practical utilization of these algorithms in
exploring and solving many problems, arising in the study intelligent systems. Graph G = (X, U) is called fuzzy if for
of large and complex systems. This is because the use of each vertex x  X set U is a fuzzy set. Set U is
graphs reduces the amount of computation compared with characterized by a membership function µ , taking values
conventional methods and allows one to build compact within the interval [0, 1]. Value µ(u) shows the
transformation and optimization algorithms, convenient membership degree of the edge u to the set U. Numerical
for implementation on a computer and providing visibility values of the membership function are defined depending
of describing objects (structures) [1-3]. on the probability of edge existence in the graph, or the

Currently graph theory continues progressing; new value of this dependence with respect to a specified
types of models, such as hypergraphs, fuzzy graphs, etc. criterion (objective function, OF). Fuzzy graphs and
are emerging. Graph invariants (the graph numbers) hypergraphs are used in the design and development of
occupy a special place in the theory of graphs; these are electronic computing equipment, as well as in various
special quantitative and qualitative performances of the areas of artificial intelligence (classification, decision
graph. These numbers are widely used when solving making and knowledge representation problems) [10, 11].
design and optimization problems. Typically, these are  With respect to fuzzy graphs the presence or absence of
complex combinatorial problems having no exact decision links between the graph vertices is rather arbitrary and
algorithms except of exhaustive search [4-9]. Such tasks depends on the numerical characteristics (probability or
include, for example, the problems of discrimination of utility) of the fuzzy graph edges. Thus, the aim of the
internally and externally stable subsets, search for the proposed algorithm is to construct a variety of extremal

complete subgraphs, graph coloring, construction of
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subsets in the graph and to select the best of them The algorithm includes new modifications of genetic
according to specified quality evaluating criteria. The operators of mutation, crossover, inversion, etc.
extremal subsets in the graph are referred to subsets The crossover operator (CO), based on logical
having   the   specified   properties  and,  at  the   same operations. New decisions derive from existing ones by
time,  critical  with  respect  to  the addition of vertices using logical operations AND, OR, NOR and others.
(e.g. independent or dominating subsets). In other words, Below is an example of CO implementation, when the
a subset can be considered extremal if it meets the operation AND is applied for inception of first descendant
specified criterion with respect to the other graph vertices and operation OR to incept a second descendant [15].
and adding any new vertex leads to a violation of this
criterion.

Decision Encoding Technique: When developing
bioinspired algorithms [1, 2, 4-9], the decision encoding
technique is one of the key points that determines the
efficiency of the search. Selection of an efficient decision
encoding technique allows one to accelerate the search
process [12, 13]. In our case, a chromosome means a
numerical sequence; each number of this sequence
represents a combination of graph vertex number and its
weight.  Chromosome  length  is determined by the
number of graph vertices. To determine the chromosome
length, one can use  formulas  for  calculation  of  the
lower and upper estimates of the corresponding invariants
that  makes  it  possible  to reduce redundancy of data
[14].

In other words, the number of bits N in the
chromosome H equals to the number of graph vertices, or
a certain number, obtained after applying the formulas for
estimating the parameter being investigated. Filled part of
chromosome l represents an extremal subset, l  [l , l ].min max

Since the actual number of elements of selected subset lH

is usually less than N, then the remainder of the
chromosome is filled with zeros.

Then, for example, a number of significant digits
and/or sum of vertices weights, included in the subset,
can be used as the criterion for assessing the quality of
the obtained decisions: 

F(H) = f(l ; w )  max (min),H i

Where
l  is a number of non-zero bits of the chromosome;H

w  is a sum of the vertices weights belonging to thei

subset.
The optimization type (searching for the maximum or

minimum of the objective function) depends on the type
of extremal subset, which is to be built. After decoding the
chromosome, we construct fuzzy subgraph by numbers of
involved vertices. Next we check the compliance with
specified extremality condition. 

Parent 1 0.3 0.7 0.2 0.4 0.6
Parent 2 0.8 0.5 0.9 0.3 0.2
Descendant 1 0.3 0.5 0.2 0.3 0.2
Descendant 2 0.8 0.7 0.9 0.4 0.6

The Mutation Operator (MO), Based on Logical
Inversion Operation. The chromosome (decision) is
randomly selected at some stage of the algorithm. Then
two points are randomly selected in this chromosome and
the logic inversion operation is applied to all the
chromosome bits, located between the selected points.

Parent 1 0.3 0.9 0.6 0.2 0.7
Descendant 1 0.3 0.1 0.4 0.8 0.7

The Mutation Operator (MO), Based On The Objective
Function: The chromosome and its bit are randomly
selected at some stage of the algorithm. Then the value of
the selected bit is changed according to the formula (1 -
P(H )). If at that the objective function of decision isi

improved, the changes are committed.
Before proceeding to the description of the

developed algorithm we introduce some concepts.
 "Family" is a population of chromosomes having its
"heads".

"Family heads" is a binary chromosome, which is a
mask for all other chromosomes within the family. The
mask construction principle is as follows. Those
chromosome bits, which correspond in mask to unit (1)
value, may change while performing genetic operators;
those bits, corresponding to zero (0) values do not
change in the search process. Gene, having a unit value,
is called fixed gene. Percentage of the fixed genes relative
to the heads length is called the degeneration coefficient.

Each family can have one heads. An important
performance of the heads is the percentage ratio between
the number of zeros and ones, called the "heads rigidity".

Family  is  the  population  of   chromosomes
(typically small). The chromosome with the best objective
function is called family head. Each family has its own
heads, rating and degeneration coefficient. Family is
formed from the founder chromosome, based on a family
formation   strategy.  Family   rating   is   a   number   that
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Fig. 1: Block diagram of the modified genetic algorithm. mutation operators (except of the mutation operator,

characterizes the family evolution dynamics. Rating is an always keeps a chromosome with the best value of
integer number initially equal to 0. Rating varies according objective function (family head).
to the following rules: Elite  operator  and  equiprobable selective clause

If the value of objective function of the family head probability of elite selection P  is set, whereas the
was improved at the certain iteration, the rating is probability  of  equiprobable  selection  is  calculated as
increased by 1; otherwise it is reduced by 1; P  = 1 - P . A random number p  [0, 1] is generated. If p
We set upper and lower limits of the rating values; if falls within the interval [0, P ], then the elite selection is
the rating increases to the upper limit, we set it to nil fulfilled, otherwise  the  equiprobable  selection is
and fix one bit in the family heads; if the rating comes realized. Such an approach in selection allows one to
down to the lower limit, we set it to nil and remove control  a  variety  of  genetic material and gives the
fixation from one of the bits in the family heads. results better  than  in  case  of  employing  any  single

kind of selection. New decisions are compared with the
Description Of The Algorithm Operation: To solve the parents and the family head at each step; the best
original problem we have developed a modified genetic decisions are stored and the population is reduced to a
algorithm (GA), which provides the search at two levels specified size.

(Fig.1) [13-15]. The algorithm uses two populations: a
population of families and a population of extremal
subsets (ES). All new extremal subsets (more properly,
their copies), obtained in a population of families, are sent
to ES population.

Level 1: At this level, a population of decisions is created,
which are then distributed to the families. At that, the size
of each family is limited and can be set by the user.

Family Generation Occurs As Follows:

Family heads is created by specifying a fixed or
unfixed positions in the chromosome (the number of
fixed positions in the heads is set by the user);
The chromosome that is the founder of the current
family is generated randomly;
Other chromosomes in the family are obtained either
by copying the first chromosome, or by applying
mutation operators to this chromosome.

The main purpose of families creation is search
process ordering. The decisions, obtained at random
generation of initial population, are usually scattered
across the entire decision space. When applying genetic
operators, the decisions vary randomly; at that, they may
get either better or worse with equal probability. The
population, formed on the nepotistic basis, provides more
opportunities for targeted decisions quality improvement
that enhances the evolution process directedness.

Process of generating new decisions takes place
within each individual family by mean of crossover and

based on the objective function). At that, the family

were used in the genetic algorithm [1, 2, 5, 13]. At that, the
E
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If the generation of new decisions for a given number Level 2: At this level we are working with a population of
of steps does not result in the improvement of the elite decisions, generated at the 1  level and selected from
objective function (OF), then one of the positions is various families. The number of chromosomes in the elite
randomly selected in the mask (family heads) and removed group is limited. When new decisions, corresponding to
from the fixed position, thus expanding the current search the elite level, appear at the 1  level, they are added to or
area. replace one of the elite population chromosomes, in case

Moreover,  if  in  the   course   of   the     algorithm, when the population limit is exhausted and there are no
the heads rigidity falls below a specified limit, the available spaces.
involved family is annihilated and a new family generates In the current elite population, crossover and
instead. mutation    operators    apply   to   existing      decisions.

This level also provides a mutual exchange of At this stage the mutation operator, based on the
information between different families, which is carried out objective function, is the main  operator,  which  allows
as follows: one to enhance quickly the existing decisions. New

decisions  with  better  performance  resplace  the
Based on a certain numerical scale, we select with a decisions  with the worst performance from the
given probability two families out of existing ones; population.
In each  family we randomly choose one The  main  purpose  of  the 2  level
chromosome; transformations  is  to  improve  already   existing
Selected chromosomes are exposed to crossover decisions and obtaining, ultimately, the family of best
operation without considering their family heads; extremal subsets according to the existing assessment
Descendants resulted from execution of the criterion.
crossover operator, are compared with the heads of
each family; at that, if the descendant’s objective Computational Experiment: The time complexity of the
function is better than the objective function of the developed algorithm is on average O(n ) (in some cases
family head, then there are three possible options: dependency diagram is linear, (Fig. 2a). In Figure

horizontal axis corresponds to the number of graph
A new family is created on the basis of a given vertices, while the vertical axis indicates the average
decision; this family replaces one of the currently running time of the algorithm). Heuristic algorithms, based
existing families; at that, the number of families is not on the ideas of depth-first method, usually have the same
changed; time complexity. However, in comparison with such
A new family is created on the basis of a given algorithms, the proposed method allows user to find the
decision; at that, the population of families is best quality decisions, as well as to select the decision
expanding without removing one of the existing from the resulting set.
families; Test  results  of  the  algorithm  are  presented in
The newly formed decision (descendant) becomes Fig.3  (b-f).  Here  the  vertical  axis corresponds to the
head of the family without changing the heads; at the value of the objective function and the horizontal axis
same time, all other family members are brought to represents   respectively   the   performance   probability
conformity with the new head of the family. of  the  crossover operator (Fig. 2b), mutation operator

In general, search and generation engines of new d) and the number of iterations (Fig. 2c). During the test,
decisions at the 1  level of the algorithm are aimed at the random graphs were generated on 50 vertices with ast

improving the average quality of decisions, as well as given value of the average local power equal to 3. As is
creating in every family at least one elite decision with the obvious from these graphs, the optimum results were
best objective function. The intrafamilial exchange obtained at crossover probability equal to 70%. Also, it
procedures allow one to improve the decisions existing in can be said that the algorithm has shown the best results
the given area of the decision space, whereas the for the family count not more than 10 members. Usually,
interfamilial exchange mechanisms allow access to new the algorithm finds the best decision within 35-50
areas of the search space. generations.

st

st
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2

(Fig. 2c) ,  selective  clause  (Fig.  2d),  family   size (Fig.2,
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(a): Time complexity of the algorithm.
(b): The effect of crossover operator on the objective function.
(c): The effect of mutation operator on the objective function.
(d): The effect of selective clause on the objective function.
(e): The effect of family count on the objective function
(f): The effect of number of generations on the objective function.

Fig. 2: The results of computational experiments

CONCLUSIONS parameters of the algorithm ??for current battery of tests:

Using families and heads allows one to split the population size at the second stage - 5; the probability of
decision space into multiple regions; the best decision executing the mutation operator based on the objective
(local optimum) may be found in each of the region. At function - 50%; the probability of executing the crossover
that, the boundaries of the regions can vary by setting operator - 70% and the number of algorithm iterations - 40.
and changing the heads. In turn, using interfamilial At that,  the  power  of the best extremal subsets found is
exchange mechanisms gives the opportunity to move to 13.
new areas of the decision space, thereby increasing the The simulation results allow one to identify the
efficiency of the search process. advantages of the proposed method and its benefits over

Developed modifications of genetic operators existing analogues. Programs that implement the proposed
contribute to the efficiency of new decisions generation algorithm were tested on personal computers such as IBM
process. Summarizing data, obtained in the course of the PC. Test results confirmed the preliminary theoretical
computational experiments, we can distinguish the optimal estimate of the algorithm efficiency.

family count - 5, the number of families - from 5 to 10;
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