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Abstract: A numerical technique based on the Legendre Wavelets for finding optimal control of nonlinear 
systems with quadratic performance index is presented. An operational matrix of integration and product 
matrix are introduced and are used to reduce the nonlinear differential equations to the solution of nonlinear 
algebraic equations. The optimal solutions of two classes of first and second order nonlinear systems are 
considered. In the case of second-order nonlinear systems a new approach is introduced to find the optimal 
solution. In both cases numerical examples are given to confirm the results.
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INTRODUCTION

Most of systems have nonlinear dynamics. So, 
study of these nonlinear systems is very important. 
Hence many researches and designers have showed an 
active interest in the development and applications of 
nonlinear systems [1-3].

Orthogonal functions and polynomial series have 
received considerable attention in dealing with various 
problems of dynamical systems. Examples are the use 
of the Walsh functions [4], the block-pulse functions [5, 
6], the Chebyshev polynomials [7], the Taylor series [8-
10], the Fourier series [11-15].

Wavelet theory [16] has been applied in a wide 
range of engineering science; particularly, wavelets are 
successfully used in signal analysis for waveform
representation and segmentations, identification,
optimal control and many other applications. Wavelets 
permit the accurate representation of a variety of
functions and operators. The examples are the use of 
the Legendre wavelets [17-20], the Sine-cosine
wavelets [21-23] and the Chebyshev wavelets [24]. The 
main characteristic of the technique is that it reduces 
these problems to those of solving a system of algebraic 
equations thus greatly simplifying the problem.

In this paper the Legendre Wavelets are used to 
find the optimal control of nonlinear systems. For the 
first time in this paper, the optimal control of a
particular class of second-order nonlinear systems using 
a new approach has been proposed. By this numerical 
technique a difficult problem is reduced to the
straightforward nonlinear algebraic equations which

can be solved using a digital computer. Numerical
examples are given to show the accuracy of the
technique.

PROPERTIES OF LEGENDRE WAVELETS

The legendre wavelets: Wavelets have been successful 
in approximating the solution of different types of
systems. They constitute a family of functions
constructed from dilation and translation of a single 
function called the mother wavelet ψ (x). 
Legendre wavelets 

are defined as follows[17]: 

m = 0, 1, 2, …M-1,n = 1, 2, …, 2k-1, k = 0,1, 2,…,
n̂ 2n 1= −
where

Function approximation: A function ƒ(t)∈L2[0,1] can 
be approximated as:
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(1)
where

in which <.,. > denotes the inner product as:

(2)

Equation (1) can be written in a matrix form as:

(3)
Or

(4)

where  C  and ψ(t) are 2k-1M×1 matrices which are 
given by:

(5)

(6)

The Operational Matrix of Integration
Integration of the vector ψ(t) defined in Eq. (6) can 

be written as:

(7)

Using Eqs.(3,4,7) we have :

(8)

(9)

Where the matrix P is obtained as follows [17]:

Where

and

The Product Operational Matrix
The product operational matrix C  can be defined 

as follows[17]:

(10)

for i = 1,2,..., 2k-1. In fact

(11)
Where

and C is a (2k-1M)×(2k-1M) product operational matrix.
To illustrate the calculation procedures, we choose M = 
3 and k = 2. Thus, we have

C=

ψ(t) = (12)
Where

(13)
And

(14)

Using equation (12), we get:

(15)

In equation (15), we have:

Also using equations (13) and (14), we get:
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If we retain only the elements of equation (12), then we have:

In fact

 = 

THE OPTIMAL CONTROL PROBLEM

The aim of this section is to explain the Legendre 
Wavelets for the following nonlinear optimal control 
examples.

The first-order systems
Example 1: Consider the optimal control problem of 
the fist-order nonlinear system:

(16)

With respect to a quadratic performance index:

(17)

Integrating Eq. (16) from zero to t and using Eqs. 
(3), (4), (7), (8), (9) and (11) we have:

Finally

(18)

Eliminating ψ(t) in equation (18) gives:

(19)

Where T
0Y  and 2 T

0(Y )  are 1×2k-1M matrices given by:

For the performance index we have:

(20)

                 J= (21)
Where

(22)

We  now  minimize  equation (21) subject to
equation  (19),  using  the  Lagrange multiplier
technique we get:

(23)

Where λ is a 1×2k-1M matrix as follows:

The necessary conditions for the minimum are:
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Table 1: The approximated values of J and y(0) using the Legendre 
wavelets for K=2, M= 2 and, K=3, M=3 and K=4, M=4 for 
example 1

Legendre The approximated
wavelets y (0) values of J

K=2, M=2 0.19898 0.036015
K=3, M=3 0.20126 0.034989

K=4, M=4 0.20098 0.034456

Table 2: The approximated values of J and y(0), using the Legendre 
wavelets for K=2, M= 2 and K=3, M=3 and K=4, M=4 for 
example 2

Legendre The approximated
wavelets y (0) values of J

K=2, M=2 9.98745 4.51376
K=3, M=3 10.0456 4.50298
K=4, M=4 10.0197 4.50139

(24)
And

(25)

y this technique Eq. (23) turns into a set of
nonlinear algebraic equations which can be solved
using Newton’s iterative method to obtain J. The
approximated values of J and y(0) are given in Table 1.

Example 2: Consider the optimal control problem of 
the another fist-order nonlinear system[25]:

(26)

With respect to a quadratic performance index:

(27)

Integrating Eq. (26) from zero to t and using Eqs. (3), 
(4), (7), (8), (9) and (11) and eliminating ψ(t) we have:

(28)

sing the Newton’s iterative method explained in 
example 1, the approximated values of J and y(0) are 
given in Table 2.

The second order systems
Example 3: Consider the optimal control problem of 
the second-order nonlinear system [12]:

(29)

using the same performance index as example 1. Let us 
use the following assumption:

(30)

Integrating Eq. (30) from zero to t:

(31)

Integrating Eq. (31) from zero to t:

(32)

Expanding y(0) using the Legendre Wavelets:

(33)

where ƒT is a 1×2k-1 M matrix given by:

Substituting Eq. (33) into Eq. (32) gives

(34)

Expanding u(t) using the Legendre Wavelets:

(35)

Substituting Eqs. (30), (34),(35) into Eq. (29) gives:

(36)

Let us define:

(37)

Substituting Eq. (37) and Eq. (11) into Eq. (36) and 
eliminating ψ(t) gives:

(38)

herefore Eq. (38) turns into a set of nonlinear
algebraic   equations.   Using   the   Newton’s   iterative
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Table 3: The approximated values of J and y(0), using the Legendre 
wavelets for K=2, M= 2 and K=2, M=3 and K=2, M=4 for 
example 3

Legendre The approximated
wavelets y (0) values of J

K=2, M=2 0.29004 0.387564

K=2, M=3 0.30211 0.380019
K=2, M=4 0.30089 0.371453

method explained in example 1, we get YT, ? ? , UT. In 
this case YT is the coefficients of y(t) . In order to find 
the coefficients of y(t), we should solve Eq. (30) then 
we get the following equation:

    coefficients of y(t) = YTP2+ƒT (39)

Now this gives us the minimum J. The
approximated values of J and y(0) are given in Table 3.

CONCLUSION

In the proposed method, by using the Legendre 
Wavelets, the nonlinear differential equations are
reduced into a set of nonlinear algebraic equations 
which can be solved using a digital computer. Since the 
operational matrix of integration and the product matrix 
contain many zero entries, it gives computational
advantages when compared with the other possible
approximations. Numerical examples are given to show 
the accuracy and applicability of the technique. Finally 
the method can be extended for optimal control of
nonlinear time varying systems.
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