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Abstract: Road vertical alignment consists of straight segments connected by vertical curves. The main 
objective of the vertical curves is to provide a smooth transition between successive grades. The minimum 
length of the vertical curve is usually calculated to provide the drivers, at any point on the road, with a 
sufficient stopping sight distance. The minimum curve length is usually calculated assuming that the grade 
over the braking section is equal to zero. In this study an accurate approach was developed to calculate the 
minimum length of crest vertical curve taking into consideration the grade effect. Firstly, a group of basic 
equations was introduced to describe the different components of the vertical curve, the available sight 
distance and required sight distance. Then, a computational investigation was carried out to determine the 
critical scenarios that affect the determination of the vertical curve length. These scenarios are determined 
based on vehicle position, object position and start point of the braking process. Then, for each scenario, a 
new set of equations were developed to calculate the available and required sight distances taking into 
consideration the grade effect along the curve. Based on these equations, software was written using Matlab 
to compute the exact values of curve length, vehicle position, available sight distance and the required sight 
distance for several combinations of grades and vehicle’s speeds. Finally, the results were validated 
through a comparison with data obtained from previous study.
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INTRODUCTION

Design of road vertical alignment involves the
selection of the final road design levels to satisfy the 
predefined design criteria. Road vertical alignment
consists of straight sections connected by vertical
curves. The main objective of the vertical curves is to 
provide a smooth transition between successive grades. 
The design criteria of the vertical alignment control the 
selection of the maximum and minimum grades for
straight sections and the minimum rate of curvature for 
vertical curves. The design value of the minimum grade 
is controlled by the drainage requirements, while the 
design value of the maximum grade is determined to 
satisfy the operational performance requirements of the
design vehicle(s). Finally, the minimum rate of vertical 
curvature is calculated to provide the drivers, at any 
point on the road, with a sufficient sight distance that 
allows, at least, stopping the vehicle. This distance is 
referred to as "stopping sight distance". 

The stopping sight distance can be divided into two 
main parts. The first part is the distance traveled during 
the driver perception-reaction time. This distance is a 
function of the initial vehicle speed and the perception-
reaction time. The second part is the braking distance, 

which is a function of the initial and final vehicle speed, 
deceleration rate and the road grade. The vertical curves 
are usually designed as a parabola. The design guides 
provides a set of equations to calculate the minimum 
length of the vertical curve required to satisfy a specific 
sight distance. Among the equations available in the 
design guide there are two equations to design the crest 
vertical curves. These equations are function of the 
algebraic difference of grades, height of object, height 
of driver's eye and required sight distance. One of these 
equations is used when the length of the curve is less 
than the required sight distance, while the second 
equation is used when the length of the vertical curve 
exceeds the required sight distance. 

Hassan [1] mentioned that the design practice
recommended by the design guides of the American 
Association of State Highway and Transportation
officials (AASHTO) [2] and the Transportation
Association of Canada (TAC) [3] ignore the effect of 
grades in the determination of curve length. Several 
research efforts have been carried out to take the grade 
effect on the sight distance into consideration during the 
calculation of the vertical curve length. Taignidis [4] 
proposed a methodology that can estimate the available 
sight distance along a crest vertical curve. Taignidis and 
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Fig. 1: A Typical crest vertical curve

Kanellaidis [5] developed a set of equations to calculate 
the required sight distance on crest vertical curves
taking into consideration the grade effect along the 
braking section. Hassan [1] proposed an iterative design 
procedure to design the vertical curves by establishing 
the profiles of available and required sight distance. 

The main objective of this  study is to develop an 
accurate approach that can be used to design the crest 
vertical curves while taking into consideration the grade 
effect. To achieve this objective, a set of mathematical 
formulas was developed. This paper was divided into 
five main parts. The first part introduces the basic
mathematical equations that describe the geometry of 
the vertical curve and the different components of the 
available and required sight distances. The second part 
presents a preliminary computational investigation that 
was carried out to study the effect of the vehicle
position and the length of the vertical curves on the 
available and required sight distance. The third part 
deals with developing a set of mathematical formulas to 
calculate the minimum length of the crest vertical
curves taking into consideration the effect of the grade 
over the braking section. The fourth part is used to 
verify the developed formulas. Finally, the fifth part 
includes the summary and conclusions.

Vertical curve basic equations: In this section, the 
basic equations of the vertical curves will be illustrated. 
These equations include:

• An equation for describing the relationship
between the horizontal and vertical distances for 
any point on the crest vertical curve.

• An equation for providing the slope at a specific 
location on the vertical curve.

• Equations for determining the location of the
tangency point between the line of sight and the 
vertical curve.

• Equations for calculating the object locations.
• Equations for calculating the stopping sight

distance.

Figure 1 shows the geometry of a typical crest 
vertical curve. The relationship between the horizontal 
distance (Xt) and vertical distance (Yt) of a specific 
point on the crest vertical curve can be described by 
Equation (1) while the slope (S) at a specific point on 
the curve can be calculated using Equation (2).

(1)

where
Xt: Horizontal distance from the start of the curve to the 
point (t).
Yt: Vertical distance from the start of the curve to the 
point (t).
k: Rate of curvature, k = L/(g1-g2)
L: Curve length.
g1 and g2: Grade percentages of the first and second 
tangent respectively. 

(2)

where, S: Slope at a specific point (t) on the curve.
In the design process, the length of the vertical 

curve is calculated to satisfy the required sight distance. 
The minimum length of the vertical curve is obtained 
when the line of sight becomes tangent to the vertical 
curve. The position of the sight tangency point depends 
on the vehicle position, the rate of curvature of the 
vertical curve and the height of driver's eye. Two 
different cases for the vehicle position can occur. In the 
first case “A” the vehicle is located on the first tangent 
as shown in Fig. (2A). On the other hand, in the second 
case “B” the vehicle is located on the curve as shown in 
Fig. (2B). Based on the Equations (1) and (2), the
mathematical relationships between the vehicle
position, the position of tangency point, the rate of 
curvature  of  the  vertical  curve  and  the  height of 
driver's eye were derived. The final forms of these
mathematical relationships are illustrated by Equations 
(3-A) and (3-B) for Case A and Case B, respectively.
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Fig. (2A): The vehicle is on the first grade (Case A)

Fig. (2B): The vehicle is on the curve (Case B)

(3A)

(3B)
where
Xe: Horizontal distance from the start of the curve to 
the vehicle position.
h1: Height of driver's eye.

On the other hand, the object position depends on 
the position of the sight tangency point, the vertical 
curve rate of curvature and the object height.
Theoretically, two cases for the object position can 
occur. In the first case “A” the object is located on the 
curve and in the second case “B” the object is located 
on the second tangent. Figure (3A) and (3B) show the 
object location for Case A and Case B respectively. The 
object location can be calculated using Equations (4-A)
and (4-B) for Case A and Case B, respectively.

(4A)

(4B)

where
Dt: Horizontal distance from the tangency point to the 
end of the curve 
Xo: Horizontal distance from the end of the curve to the 
object position.
h2: Object height.

Stopping distance can be divided into perception-
reaction distance (R) and braking distance (B). The
perception-reaction  distance  is  a  function  of the 
design  speed  and  the  perception-reaction time and 
can be calculated using Equation (5). On the other 
hand,  the  braking  distance  is  a  function  of  initial 
and final vehicle speed, vehicle deceleration rate and 
road  longitudinal  slopes. Three different conditions 
can   occur.  The  first  condition  “I”  occurs  when
part of the braking distance takes place on the first 
tangent. This part of the braking distance can be
calculated using Equation (6-A). The second condition 
“II” occurs when part of the braking distance takes 
place  on  the  curve. The  braking  distance  for 
condition “II” can be calculated using Equation (6-B).
The third condition “III” occurs when part of the
braking  distance  takes  place  on  the  second tangent. 
This part of the braking distance can be calculated 
using Equation (6-C).

                         R = 0.278Vt (5)

where
R: Perception-reaction distance (m).
V: Initial vehicle speed (km/hr).
t: Perception-reaction time (sec).

(6A)
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Fig. (3A): The object is on the curve (Case A)

Fig. (3B): The object is on the second tangent (Case B)

where
B1: Braking distance occurred on the first tangent (m).
V1: Initial vehicle speed (km/hr).
V2: Final vehicle speed on the first tangent (km/hr).
a: Vehicle deceleration rate (m/sec2).

(6B)

where
Bc: Braking distance occurred on the curve (m).
V1: Initial vehicle speed (km/hr).
V2: Final vehicle speed (km/hr).
S1: Curve slope at the start point of braking process.
S2: Curve slope at the end point of braking process.

(6C)

where
B2: Braking  distance  occurred  on   the   second
tangent (m).
V2: Vehicle speed at the end point of the curve (km/hr).

As mentioned before, the crest vertical curve is 
usually designed to satis fy the stopping sight distance. 
The minimum length of the curve is obtained when the 
sight line becomes tangent to the curve. To calculate the 
minimum required length of the vertical curve, the
critical position of the vehicle should be determined 
firstly and then the stopping sight distance is calculated 
based  on  the initial vehicle position. Finally, the length

Table 1: Input parameters used in the computational investigation
Minimum Maximum

Parameter value value Interval

V: Speed (km/hr) 40.0 130 10.0
g1%: First Grade (%) -6.0 +6 0.5
g2%: Second Grade (%) -6.0 +6 0.5
h1: Height of driver's eye (m) 1.08
h2: Object height (m) 0.6
Deceleration rate (m/sec2) 3.4
Perception-reaction time (sec) 2.5

of the vertical curve can be calculated based on the 
initial vehicle position, tangency position, object
position and calculated stopping sight distance. Several 
combinations of the cases mentioned above (initial
vehicle position, object position and vehicle braking 
distance) can occur. The following section deals with a 
computational investigation to determine the different 
scenarios that should be considered during the design 
process.

Computational investigation: In this part, a
computational investigation was carried out to study the 
relationship between the available sight distance,
required sight distance, curve length, object position 
and initial vehicle position taking into consideration the 
effect of the grade over the braking segment. The main 
objective  of  this   investigation   is   to   determine  the
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different  scenarios  that  should  be  considered during 
the design stage. The input parameters used in this 
investigation are illustrated in Table 1. 

The procedure followed in this investigation can be 
summarized as follows:

• The length of the vertical curve is assumed to be 
0.6V which is the minimum length that can be used 
according to the AASHTO [2] design guide.

• Various positions of tangency point with interval of 
10 cm are used to calculate the available and
required sight distances using the basic equations 
mentioned previously. 

• If the required sight distance is less than the
available sight distance for all positions of
tangency  point,  then  the  minimum  value  of 
curve length is obtained. Otherwise, the curve
length  is  increased  gradually  by  an  interval  of 
50m  until  the  required  sight  distance  becomes 
less  than  the  available  sight  distance  for  all 
vehicle positions to get the initial upper bound of 
the curve length.

• The initial upper bound obtained in the previous
step is decreased by an interval of 25 m (one-half
of the interval used in the previous step) and then 
the available and required sight distances are
calculated again to determine the lower bound of 
the curve length. This process is repeated until the 
curve length is obtained to the nearest 1mm.

The previous procedure was used for the
parameters mentioned in Table 1. The output results of 
this investigation were compared with the results
obtained by Hassan [1] and the differences between the 
two results are illustrated in Table 2. As shown in this 
table, the differences in the curve length are less than 
three meters which can refer to interval and tolerance 
values associated with iterative methods. It should be 
mentioned that the interval and tolerance values were 
selected to be 5m and +1m, respectively [1]. On the 
other hand, in this investigation, the interval of
tangency  position  was  10  cm. By analyzing the 
output  results  of  this  investigation,  the  following 
notes can be concluded:

Table 2: Validation of the computational investigation results
V (km/hr)
--------------------------------------------------------------------------------------------------------------------------------------------------

g1 (%) g2 (%) 40 50 60 70 80 90 100 110 120 130
A = 2%
-4 -6 0.00 0.00 0.00 0.00 0.00 0.00 0.91 0.73 0.49 0.01
-2 -4 0.00 0.00 0.00 0.00 0.00 0.00 1.01 0.31 0.93 0.65
0 -2 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.44 0.46 0.89
2 0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.55 0.58 0.37
4 2 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.95 0.68 0.32
6 4 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.90 0.03 0.32
A = 4%
-2 -6 0.00 0.00 0.00 0.61 0.89 0.37 0.59 0.84 0.53 0.82
0 -4 0.00 0.00 0.00 0.62 0.29 0.08 0.94 0.99 1.04 0.67
2 -2 0.00 0.00 0.00 0.72 0.49 0.72 1.11 0.52 1.07 0.70
4 0 0.00 0.00 0.00 1.00 0.67 1.04 0.76 0.42 1.02 0.80
6 2 0.00 0.00 0.00 0.00 0.02 0.29 0.39 0.42 0.88 0.35
A = 6%
0 -6 0.00 0.00 0.67 0.52 0.26 0.06 0.39 0.25 1.31 0.73
2 -4 0.00 0.00 0.34 0.58 0.49 0.62 0.91 1.00 1.05 1.01
4 -2 0.00 0.00 0.37 0.44 0.71 0.99 0.67 0.78 1.11 1.06
6 0 0.00 0.00 0.86 0.48 0.33 0.85 0.64 0.16 0.53 0.69
A = 8%
2 -6 0.00 0.50 0.31 1.03 1.01 0.75 1.18 0.69 1.07 0.64
4 -4 0.00 0.33 0.40 0.77 0.66 1.15 0.88 0.96 1.06 1.33
6 -2 0.00 0.75 0.59 0.91 0.62 0.32 0.21 1.05 1.14 0.41
A = 10%
4 -6 0.15 0.28 0.65 0.54 0.86 0.43 1.01 0.09 0.83 0.64
6 -4 0.59 0.18 0.24 0.96 0.82 0.70 0.84 0.96 0.08 0.75
A = 12%
6 -6 0.16 2.78 -0.02 0.04 0.52 1.12 0.76 0.51 0.61 1.56
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Fig. 4: Critical case for scenario 1

Fig. 5: Critical case for scenario 2

Fig. 6: Critical case for scenario 3

• In the critical cases, the object is always located on 
the second tangent.

• In the critical cases, the initial position of the
vehicle can be on the first tangent or on the curve.

• In the critical cases, the braking process can start 
either on the first tangent or on the curve.

Based on these results, the following three
scenarios may occur: 

Scenario 1: This scenario occurs when all perception-
reaction time is consumed on the first tangent, Fig. 4.

Scenario 2: This scenario occurs when a part of
perception-reaction time is consumed on the first
tangent and the remaining part is consumed on the 
curve (Fig. 5).

Scenario 3: This scenario occurs when all perception-
reaction time is consumed on the curve (Fig. 6).

In the following section, the mathematical
equations  to  calculate  the  curve length for each 
scenario were presented. It should be indicated that the 
minimum curve length proposed by AASHTO [2]
which is 0.6V is considered in all these scenarios.

New design equations for crest vertical curves: As 
mentioned above, there are only three different
scenarios may occur depends on the initial position of 
the vehicle and the location at which the vehicle starts 
the braking process. For all these scenarios, the
available sight distance (SDa) can be determined as a 
function of L and Xe using Equation (4-B) in addition 
to Equation (3-A) or Equation (3-B). On the other hand, 
the required stopping distance (SDr) can be determined 
as a function of L and Xe using Equations (6-A), (6-B)
and (6-C). Then, the difference (DF) between the
available and required sight distance can also be
determined as a function of L and Xe. At the critical 
vehicle  position,  the  minimum  length  of  the vertical
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curve should satisfies the two conditions formulated by 
Equations (7-A) and (7-B).

                         DF = SDa – SDr = 0 (7A)

 = 0 (7B)

By applying this concept on the three scenarios 
mentioned above, the following Equations could be 
developed:

• Equations (8-A), (8-B), (8-C) and (8-D) (for the 
first scenario).

• Equations (9-A), (9-B), (9-C) and (9-D) (for the 
second scenario).

• Equations (10-A), (10-B), (10-C) and (10-D) (for 
the third scenario).

(8A)

(8B)

where

(8C)

(8D)

(9A)

(9B)

where

(9C)

(9D)

where

(10A)

(10B)

where

(10C)

(10D)

Proposed design approach: The new mathematical
approach can be summarized through the following 
steps:

• Assume that the critical vehicle position occurs in 
scenario 1.

• Check the minimum curve length to find Xec. If 
Xec=R, then the optimum curve length equals Lmin
otherwise, go to the next step.

• Solve the two equations (8-C) and (8-D) to find Xec
and Lc. If Xec = R, then the optimum curve length 
equals Lc otherwise, go to the next step. 

• Assume that the critical vehicle position occurs in 
scenario 2.

• Check the minimum curve length to find Xec. If 
Xec<R, then the optimum curve length equals Lmin
otherwise, go to the next step.

• Solve the two equations (9-C) and (9-D) to find Xec
and Lc.. If Xec < R, then the optimum curve length 
equals Lc otherwise, go to the next step.

• The critical vehicle position occurs in scenario 3, 
therefore solve the two equations (10-C) and (10-
D) to find Xec and  Lc. Then the optimum curve 
length equals Lc.

It should be mentioned that Newton's method [6], 
which solves two nonlinear equations in two variables, 
can be used to find the critical curve length Lc and 
critical   vehicle   position   Xec.   In   this   method,   the
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Table 3: Proposed approach validation
V (km/hr)
--------------------------------------------------------------------------------------------------------------------------------------------------

g1 (%) g2 (%) 40 50 60 70 80 90 100 110 120 130

A = 2%
-4 -6 0.00 0.00 0.00 0.00 0.00 0.00 0.91 0.73 0.49 0.01
-2 -4 0.00 0.00 0.00 0.00 0.00 0.00 1.01 0.31 0.93 0.65
0 -2 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.44 0.46 0.89
2 0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.55 0.58 0.29
4 2 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.94 0.66 0.32
6 4 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.90 0.03 0.32
A = 4%
-2 -6 0.00 0.00 0.00 0.61 0.89 0.37 0.59 0.83 0.53 0.82
0 -4 0.00 0.00 0.00 0.62 0.29 0.07 0.94 0.98 1.03 0.66
2 -2 0.00 0.00 0.00 0.70 0.48 0.72 1.11 0.52 1.07 0.70
4 0 0.00 0.00 0.00 1.00 0.67 1.04 0.76 0.42 1.02 0.79
6 2 0.00 0.00 0.00 0.00 0.01 0.29 0.38 0.41 0.88 0.34
A = 6%
0 -6 0.00 0.00 0.67 0.52 0.26 0.06 0.38 0.25 1.30 0.73
2 -4 0.00 0.00 0.34 0.58 0.49 0.61 0.91 0.97 1.04 0.99
4 -2 0.00 0.00 0.36 0.43 0.71 0.99 0.66 0.78 1.10 1.05
6 0 0.00 0.00 0.86 0.48 0.33 0.85 0.64 0.13 0.52 0.69
A = 8%
2 -6 0.00 0.50 0.31 1.03 1.01 0.74 1.17 0.67 1.07 0.64
4 -4 0.00 0.33 0.39 0.77 0.65 1.15 0.87 0.96 1.05 1.33
6 -2 0.00 0.74 0.59 0.91 0.61 0.32 0.21 1.04 1.14 0.40
A = 10%
4 -6 0.15 0.27 0.64 0.53 0.76 0.43 0.96 0.09 0.83 0.55
6 -4 0.58 0.18 0.24 0.96 0.81 0.69 0.84 0.95 0.07 0.66
A = 12%
6 -6 0.15 2.73 -0.03 0.04 0.51 1.12 0.76 0.50 0.60 1.45

initial  solution  should  be  chosen  carefully  to 
converge to the exact solution. The following initial 
solutions can be used:

Scenario 1: L0=2V and Xe0= 2Xe1; where 

Scenario 2: L0= V and Xe0= R/2

Scenario 3: L0= 2V and Xe0= 0.5Xe3; where 

On the other hand, Newton's Raphson method [6], 
which solves one nonlinear equation in one variable, 
can be used to find the critical vehicle position Xec at 
the minimum curve length in scenarios 1 or 2. The
following initial solutions can be used:

Scenario 1: Xe0= 2Xe1min; where 

Scenario 2: Xe0= R/2

Proposed approach validation: The new approach
developed in this study was verified using the data 
included in a previous research work carried out by 
Hassan [1]. A Matlab program was written to
implement the proposed approach for the same sets of 
variables (g1, g2 and V) used by Hassan [1]. The results 
of the new approach were compared with the results 
obtained by Hassan [1] and the differences between the 
two results are illustrated in Table 3. As shown in this 
table, the difference in the curve length is about 3
meters which can refer to the interval value used by 
Hassan [1] which is 5m. Moreover, the results obtained 
from   the new  approach  were  compared  with  those
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obtained from the computational investigation. The
maximum difference obtained from this comparison
was 10 cm, which is the interval value used in the
computational investigation. This result affirms that the 
proposed approach leads to the exact solution.

SUMMARY AND CONCLUSIONS

Vertical curves are designed to provide a smooth 
transition between successive grades. The minimum
length of the vertical curve is usually calculated to 
provide the drivers, at any point on the road, with a 
sufficient  stopping  sight  distance. The minimum
curve length is usually calculated assuming that the 
grade  over  the  braking  section  is  equal  to  zero. In 
this study, four main tasks were carried out to develop a 
new  approach  to  calculate  the  minimum length of 
crest  vertical  curve  taking  into  consideration the 
grade  effect.  This  can  help  road  designers  to obtain 
an   accurate  value  for  the  curve  length.  In  the  first 
task,  a  computational  investigation  was  carried  out 
to determine the critical scenarios that can affect the 
determination of the vertical curve length. These
scenarios are defined based on the vehicle position, 
object  position  and  start  point of the braking process. 
In the second task, for each scenario, a new set of 
equations  were  developed  to  calculate the available 
and required sight distances taking into consideration 
the  grade  effect  along  the  curve.  In the  third task 
and  based  on  the  equations  developed  in the 
previous task, a new approach for determining the
length of the crest vertical curve was descried. Finally, 
in the last task software was written, based on the 
equations developed in this study, using Matlab to 
compute the exact values of curve length, vehicle
position,  available  sight  distance  and  the required 
sight  distance  along  the  expected  ranges  for  grades 
in addition to vehicle's speeds. The software output 
results  were  validated  through  a  comparison  with 
data obtained from previous study. It should be
mentioned  that  the  following  remarks  can  be 
concluded from this study:

• In the critical cases the object is always located on 
the second tangent; the initial position of the
vehicle can be on the first tangent or on the curve; 
and the braking process can start either on the first 
tangent or on the curve.

• Three different scenarios can affect the length of 
the crest vertical curve. Scenario 1 occurs when all 
perception-reaction time is consumed on the first 
tangent. Scenario 2 occurs when a part of
perception-reaction time is consumed on the first 
tangent and the remaining part is consumed on the 
curve. Scenario 3 occurs when all perception-
reaction time is consumed on the curve. The
critical scenario that affects the design process is 
determined based on the initial grade, final grade, 
vehicle speed.
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