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Abstract: One of the main challenges in Compressed Sensing (CS) is the sparse signal reconstruction from 
less number ofnon-adaptive linear measurements. The recovery process, based on l0 minimization, involves 
exhaustive search for non-zero entries in the estimated signal thus making it practically intractable. This 
workpresents a novel technique of recovering a K-sparse signal from compressive measurements using 
hybrid Differential Evolution (DE). In the proposed algorithm, the slow convergence of conventional DE is 
accelerated with the help of Separable Surrogate Functionals (SSF) algorithm. Thecombination of DE with 
SSF makes the l0 minimization faster and accurate. The effectiveness of the hybrid DEis substantiated by 
comparing its results with those of SSF and Parallel Coordinate Descent (PCD) algorithms. The
performance ofthe combined DE-SSF methodis further validatedby reconstructing a synthetic one-
dimensional sparse signalaccurately from only a small number of compressive measurements.
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INTRODUCTION

Unlike the conventionaldata acquisition approach, 
which utilizes the Nyquist sampling theorem, the theory 
of compressed sensing or sampling (CS) is based on the 
principle that a certain signals and images can be
exactly recovered from far fewer measurementsor
samples [1, 2]. CS challenges the inherent issue of
transform coding (JPEG-2000 etc.) where a large
number of measurements of a compressible signal are 
collected firstand then, after sparsifying it in a certain
basis, most of the small energy coefficients are thrown 
away to achieve the desired compression level.
Contrary to this, the wisdom of CS is based on the idea 
that compression can be done directly during the data 
acquisition step thus avoiding the unnecessary
information to be captured and processed [3, 4]. CS 
plays a vital role in applications like magnetic imaging 
resonance (MRI) where the data acquisition process is 
slow [5]. The encoder system in CS acquires m
compressive measurements by correlating the signal 
x∈Rn with test functions ϕi [5]:

Or in matrix form y = Φx (1)

where the transformation Φ: Rn→Rm is the sensing or 
measurement matrix with vectors  as 
rows and x∈Rm is the compressively sampled signal.

The underdetermined system described by (1),
cannot have a unique solution as it has more number of 
unknowns than equations. So given the measurement 
vector y and sensing matrix Φ, it is impossible to 
recover the original signal x as therectangular matrix Φ
has a null space [6]. However if vector x is K-sparse
(i.e. no more thanKnonzero coordinates),then the
measurement vector y is linear combination of at most 
K-columns of Φ effectively making it a K×n matrix [7]. 
For the sparse solution to be unique, the sensing matrix
Φ should preserve the Euclidean distance between two 
different K-sparse vectors after transformation i.e. 

This property, known as Restricted Isometry
Property (RIP), is satisfied by random Gaussian and 
Bernoulli matrices when K≈m/log (n/m) [8, 9].
Therefore, sparsity and random sensing strategy are the 
two basic principles at the CS encoder side [3].

For a given sensing matrix Φ and a measurement 
vector  y,   the   l0   minimization    problem    refers   to
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finding the K-sparse solu tion using the following
formulation:

(2)

where the l0 quasi-norm counts the number of nonzero 
componentsof a vector, i.e. .
Solving  the  formulation  given  in  (2) for sparse 
signal approximation is computationally hard, as it 
involvesan extensive search for finding the locations 
and values of all possible  nonzero entries in the 
estimated vector [7]. 

DE is a general-purpose stochastic optimization 
approach that has simple structure and uses mutation as 
a primary search mechanism [10]. DE is a preferred 
heuristic technique for solving NP-hard problems but it 
lacks the mechanism of constraint handling [11].

In  this  paper  we  propose  a  new  algorithm  to 
solve the problem defined in (2) for sparse signal
reconstructionusing the combination of DE along with 
SSF, an iterative thresholding algorithm.

SPARSE SIGNAL 
RECONSTRUCTION ALGORITHMS

One simple approach is to replace the l0 norm in 
(2) with l1 norm thus convertingit into a convex
optimization problem. For a positive parameter α, the 
Least Absolute Shrinkage and Selection Operator
(LASSO) [12] uses the convex relaxation to
reformulate the problem of (2) as:

(3)

Basis Pursuit (BP) recasts the sparse signal
estimation problem by the following program [13] 

(4)

The class of greedy methods uses different variants 
of greedy pursuit such as Orthogonal Matching Pursuit 
(OMP) [14], Regularized Orthogonal Matching Pursuit 
(ROMP) [15] and compressive sampling matching
pursuit (CoSaMP) [16] for sparse signal approximation. 
These techniques iteratively estimate an improved
version of the target signal using residual vectors and 
least square solutions [8].

Iterative shrinkage algorithms do not involve any 
matrix inversion but use matrix-vector multiplication 
during each iterationto update the solution [17]. Fast 
Iterative Shrinkage Thresholding (FISTA) [18], Parallel 
Coordinate   Descent   (PCD)   and  separable  surrogate

functionals (SSF) belong to the family of shrinkage
algorithms that find the signal estimationby using the 
following formulation [17]:

(5)

The value of regularization parameter γ≥0
determines the sparsity of the solution.

Other techniques related to the sparse signal
estimation includesmooth l0 norm [19] nonconvex
optimization [20] and Bayesian framework [21].

THE PROPOSED ALGORITHM

The proposed method uses the mutation and
crossover procedures of the conventional DE algorithm. 
SSF is used to modify the second best candidate
solution in the population when the fitness of the best 
chromosome remains the same during the specified 
number of iterations. This mechanism helps to
overcome   the  convergence  issue  associated  with
the NP hard problem of (2). The update equation of 
SSF is given by:

(6)

where the constant α is usuallycomputedthrough line 
search however in the proposed algorithm, it is replaced 
with a positive random number. Γγ is the shrinkage 
operator defined by 

(7)

The steps involved in the proposed hybrid
differential evolution algorithm are shown in Fig. 1
where  card  (z) is  used  to  represent  the  cardinality 
of the  vector  z  while  indx  denotes  a vector
containing the indices of the array when sorted in the 
descending order. The operator xK is used for hard 
thresholding that sets all except the K largest elements 
of vector x to zero. 

The program can be stopped either after a fixed 
number of iterations or after achieving the desired 
fitness value (i.e. ƒx1<threshold).

SIMULATION RESULTS AND DISCUSSIONS

In order for RIP to be satisfied, a random Gaussian 
matrix with m = 256 and n = 512 is used as the sensing 
matrix Φ. A test signal x0∈R512 is generated with 
sparsity  level  K  =  85  having   random   support  and
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Input: Measurementmatrix ∈Rm×n, undersampledvector y∈Rm, sparsity level K, scaling factor f, crossover constant 
r.Parameter γ (forSSF only).
Output: AK-sparse vector x∈Rn

1) Initialization of Population: Nnumber of random chromosomes

 and 

2) Mutation: Weighted differential of random vectors to generate new chromosomes

Y = mutation (X.ƒ) = 

where , are three distinct randomly selected vectors with

3) Crossover: Crossover of each vector with mutant vector to generate offsprings :

 = 

where jrand∈(1,n) is a random integer

4) Fitness Evaluation & Sorting:
a) Fitness of Parents: Evaluate the fitness of parents (X) and sort it in descending order.

With

b) Fitness of mutants (Y): Fitness & sorting of mutants (Y) (same as for parents)

5) Update Population: The population (X) is updated based on fitness values

6) SSFAlgorithm: If fitness value of does not change during the predefined consecutive iterations then execute:

Repeat (2)-(6) until the stopping criteria meet. 
7) Output: x = x1

Fig. 1: The proposed hybrid differential evolution algorithm
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Fig. 2: Improvement in convergence of DE using
proposed method

Fig. 3: Comparison (based on MSE) of proposed
hybrid DE with SSF & PCD

Fig. 4: Signal reconstruction through SSF

Fig. 5: Signal reconstruction through DE

Fig. 6: Signal reconstruction with the proposed
algorithm

magnitude. This signal is undersampled to get an
observationvector y = Φx0∈R256.

The simulationresults are produced for 500
iterations with a population that comprises of N=100 
individuals. PCD and SSF are initialized with the best 
solution found in the initial population and use γ = 
0.001 for soft thresholding. The Mean-Square-Error
(MSE) is computed at ith iteration as 

(8)

Figure 2 shows the convergence issueassociated
with the conventional DE. The SSFis not used in the 
initial 50 cyclesof the proposed algorithm so the
decrease in the value of the objective function follows 
the  same  pattern.  However,  after 50th iteration, SSF is
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Table 1: Parameters achieved by SSF, DE and proposed algorithm

Algorithm Used Correlation MSE Fitness

SSF 0.9378 0.1366 2.0508
DE 0.7285 0.4829 11.1497
Hybrid DE 1.0000 1.8469e-06 5.3916e-05

accessed by the DE randomly to update the second best 
chromosome when needed thus avoiding the problem of 
its slow convergence.

A comparison of the proposed hybrid DE, PCD and 
SSF in terms MSE computed through (8) is shown in 
Fig. 3, clearly demonstrating that the hybrid DE
algorithm is estimating the original sparse signal more 
precisely as compared to the other two algorithms.

Figure 4 depicts the signal reconstruction using 
SSF alone while Fig. 5 shows the signal approximation 
though conventional DE using the same number of
iterations and the same observation vector. The signal 
recovered  with  the  proposed  hybrid  DE,  shown  in 
Fig. 6 clearly shows that not only the indices of the 
nonzero entries of the original sparse signal are
obtained exactly but also its magnitude values are
recovered with an adequate accuracy.

The values of various parameters such as MSE, 
correlation and fitness values achieved through SSF, 
hybrid and conventional DE for the final reconstructed 
signal are given in Table 1.

CONCLUSION

Using the conventional DE to solve the sparse 
signal approximation problem through l0 minimization 
has the issue of slow convergence. Incorporating the 
Sparsity constraint in DE is also a challenging task. The 
proposed technique uses combination of SSF and DE 
with direct sparsity constraint handling to recover a 
compressively sampled signal. The simulation results 
demonstrate that the combined DE-SSF algorithm can 
reconstruct the original sparse signal accurately from 
less number of linear adaptive measurements. The
reconstruction accuracy of a signal recovered using the 
proposed hybrid algorithm is far better than the signal 
estimated through conventional DE, SSF and PCD. 
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