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Abstract: In this paper, finite element simulation technique for estimating the Young’s modulus of single walled
carbon nanotubes is developed using modal analysis. At first, we derived a theoretical equation for natural
frequency of a cantilever beam. Then zigzag and armchair single walled carbon nanotubes were modeled like
a cantilever beam and used this equation to calculate Young’s modulus. To create the finite element models,
nodes were placed at the locations of carbon atoms and the bonds between them were treated as 3D beam
elements. The results showed that the effect of diameter on Young’s modulus of both zigzag and armchair is
evident, especially for small diameters. Also the values of Young’s modulus obtained by this method are in
good agreement with the findings of other researchers.
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INTRODUCTION (3, 3). They obtained Young’s modulus about 1.49 Tpa by

Carbon nanotubes (CNTs) are cylindrical [4].
nanostructures which can be used as reinforced particles Nowadays, finite element method (FEM) with
in nanocomposites due to their unique mechanical, continuum mechanical theory is widely used to study the
electrical and thermal properties. Estimating the elastic physical properties of CNTs. In this method, the CNT is
properties of single-wall carbon nanotube (SWCNT) and simulated like a space frame structure and then the elastic
multi-wall carbon nanotubes (MWCNT) is one of the properties of such structure can be obtained by
important works that has been done widely using continuum mechanic or FEM [5].
experimental, molecular dynamics and elastic continuum However, due to differences in methods and also
modeling methods. A range between 1.28Tpa to 3.6Tpa different characteristics of carbon nanotubes, the
for the value of Young’s modulus can be found in estimated Young's modulus of CNTs yields a range of
experimental results [1]. But this method is a complicated about 1.0 to 5.5 Tpa [6].
procedure or it is given highly scattered data [2]. In this paper, first a theoretical equation is  derived

Molecular dynamics (MD) method is based on the for natural frequency of a beam. Then, zigzag and armchair
force field and total potential energy related to the types of SWCNTs are modeled like a space frame
interatomic potentials for CNTs in a macroscopic sense structure in ANSYS  finite  element  modeling  software.
[1]. Jin et al. used MD and force-constant approach and By obtaining the first natural frequency and using the
reported the Young’s modulus of SWCNTs which was theoretical equation, Young’s modulus is calculated for
about 1.2 Tpa [3]. Also three numerical methods such as different diameter and type of SWCNTs. Our reviews
i.e., CPMD, DFT and MD were applied by Zang et al. to show that this method has not been used so far in
calculate  Young’s  modulus  of  SWCNT  with  chirality estimating Young's modulus of CNTs.

CPMD, 1.082 Tpa by MD and 2.12 Tpa by DFT method
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Fig. 1: The beam and the boundary conditions

Modal Analysis: Finding the natural frequencies and
vibration modes of a structure are two purpose of modal
analysis. In this work we will model SWCNTs like a beam
that is fully fixed at one end and is free at the other end.
The natural frequency of the beam with these boundary (7)
conditions can be calculated as follows [7]:

(4)

k and m are the equivalent stiffness and mass of the By using Eq. (7) and (8), the equivalent mass of theeq eq

beam respectively and must be determined. Therefore, we beam is determined by:
consider a beam with the length of L, Young's modulus of
E and the moment inertia of I which is loaded at its free
end (Figure 1). The maximum displacement (y ) of themax

beam can be obtained by this equation [8]:

m in Eq. (1) leads to this expression for natural frequency
(2) of the beam:

As a result, the equivalent stiffness of the beam is as
follows: (9)

Finite Element Modelling: In CNTs, carbon atoms are
(3) connected to each other by covalent forces and forming

The kinetic energy of the beam shown in Figure 1 is displacement of atoms under external force. Therefore, the
given by [7]: total deformation of the CNTs is the result of the

the work which was done by Li and Chou [9], an elastic
(4) beam element is used for the modeling of the bonds.

where m is the mass of the beam. Deflection bending capabilities. The properties of the beam are needbeam

relationship in different parts of the beam is obtained by in FEM and must be determined.
the following equation [8]: The total potential energy of the C–C bond can be

(U ), torsional (U ) and van der Waals (vdW) energies [9].
(5) But the vdW energy is ignorable in comparison with the

where y is denoted by Eq. (2). The first derivation ofmax

above equation can be written as follows:

(6)

By substituting Eq. (6) into Eq. (4), we have:

Also we have [7]:

(8)

where is the density of the beam. Substituting k andeq

eq

a hexagonal lattice. The bonds constrained the

interactions between the bonds. In this paper, similar to

This beam element has tension, compression, torsion and

calculated by the summation of stretching (U ), bendingr

other energies. These energies can be formulated as:
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Table 1: The properties of beam elements for CNT
L(nm) D(nm) A(nm ) I(nm ) I (nm ) E(Tpa) G(Tpa)2 4 4

xx

0.142 0.1466 0.01688 2.2673E-5 4.5346E-5 5.488 0.8711

(10)

where k , k and k are stretching, bending and torsionalr

stiffness, respectively. Also the symbols r, and
represent the bond length deviation, the bond angle Fig. 2: Carbon atoms with connecting circular beams
change and the torsion deviation of the bond,
respectively. By comparing these energy forms to the where f, I, , A and L are the natural frequency, the inertial
strain energy in structural mechanics, the following moment, the density, the cross section area and the length
relations can be obtained: of the CNT, respectively. For calculating A and I, the CNT

thickness t. In this case:
(11)

where E and G are elastic and shear modulus, respectively.
A is the cross section area of the beam element and L, I
and J are, length, moment of inertia and polar moment of (17)
inertia of the element, respectively. By simplification of
the above relations, the properties of the elastic beam In order to find the density of CNT, we assumed that
element are obtained by these equations: the mass is distributed uniformly in the beams element of

circular beams to neighbor atoms (Figure 2). The mass of
(12) carbon atom is 1.992×10 gram and beams have circular

(13)

(14)

where d is the diameter of the beam element. By Kg/m and 5500 Kg/m for density can be found in
substituting the values of k =6.52e-7 N/nm, k =8.76e-10 N references [11-13].r

nm/rad , k =2.78e-10 N nm/rad and L=0.142 nm [10] in By modeling of various SWCNTs and finding natural2 2

Eqs. (12)–(14), the properties of the beam element are frequency for the first mode shape and using Eq. (15),
calculated and presented in Table 1. Young’s modulus will be obtained.

In this paper CNTs modeled like a cantilever beam.
So, by using Eq. (9), the Young’s modulus can be RESULTS AND DISCUTION
obtained as follows:

to compute the Young's modulus of carbon nanotubes
(15) with various types and sizes. In addition, comparison of

is considered as a hollow tube with mean radius R and

A = 2 Rt (16)

the space-frame. Any carbon atom is connected by 3

23

section. By using Table 1 we have:

Some researchers used different values for density in
their works. For example the values of 2270 Kg/m , 23003

3 3

In this section, we will use the finite element results
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Table 2: The properties of cantilever beam
Young’s module E(Gpa) Density (Kg/m ) Cross section area A(m ) Inertia moment I(m ) Posson ratio3 2 4

206 7800 5E-5 1.042E-10 0.3

Table 3: The natural frequency (f) of the cantilever beam
L(m) D(m) L/D f (Hz)ANSYS f (Hz)Eq. (9) Error(%)
0.03 0.005 6 4588.1 4680.37 1.97
0.09 0.005 18 512.23 520.04 1.5
0.12 0.005 24 288.2 292.52 1.48
0.18 0.005 36 128.11 130.01 1.46
0.24 0.005 48 72.07 73.13 1.45
0.27 0.005 54 56.94 57.78 1.45
0.3 0.005 60 46.13 46.8 1.45
0.4 0.005 80 25.95 26.33 1.45

Table 4: The natural frequency and Young’s modulus of SWCNTs
CNT type Diameter (nm) L/D Natural frequency (GHz) Young’s modulus (Tpa)
Zigzag(8,0) 0.6263 48.1 0.2905 1.8756
Zigzag(14,0) 1.0960 54.67 0.1297 2.2649
Zigzag(22,0) 1.7224 63.74 0.0609 2.4073
Zigzag(26,0) 2.0355 68.83 0.0443 2.4401
Armchair(5,5) 0.6780 59.13 0.1818 2.0381
Armchair(8,8) 1.0848 55.36 01292 2.3035
Armchair(13,13) 1.7628 62.39 0.0624 2.4301
Armchair(15,15) 2.0340 68.80 0.0444 2.4487

these results to those found in the literature will be given. presented in Table 4. This table shows that by increasing
We also discuss the influence of tube size and type on the diameter, the first natural frequency decrease for all
the mechanical properties obtained. cases. Also in zigzag type, the values of natural frequency

First, for investigation the accuracy of Eq. (9), we are larger than those of armchair type. But, by increasing
compare results of FE model with this equation. To do the diameter these values were close to each other.
this, we model a cantilever beam to obtain the first natural The variation of Young’s modulus with diameter is
frequency by ANSYS software. The properties of this illustrated in Figure 4. It is found that Young’s modulus
beam are listed in Table 2. We use BEAM3 elements to increases with the increase of tube diameter. The results
model the beam in ANSYS software. The natural are compatible with some references [14, 15], but they are
frequencies for the different lengths of the beam are in contradiction with the findings of other researchers
presented in Table 3. The results are in good agreement [16, 17].
with each other, especially for the cases where L/D is Figure 4 shows that for a given tube diameter, the
larger than 48. In these cases error decreases to 1.45%. Young’s modulus for armchair CNT is slightly larger than

Zigzag and armchair with various radius and length that for zigzag CNT and by increasing the diameter, two
are modeled in ANSYS software. Eight different SWCNTs curves become close to each other. Chang and Gao
are chosen in the present study, including four zigzags reported Similar results even if the parameter of the tube
and four armchairs. We varied the diameter from almost length is different [18]. We also observed that the effect
0.6nm to 2nm for CNTs. Like the results before, when the of diameter on Young’s modulus of both zigzag and
ratio L/D is larger than 48, the Eq. (9) has a desired armchair is evident, especially for small diameters.
accuracy. Since the Eq. (15) is obtained from Eq. (9) and Therefore, we can say that Young’s modulus of SWNCTs
this equation (Eq. (15)) is used for calculation of Young’s is obviously influenced by relatively smaller diameters
modulus, the length of CNTs is selected so that the ratio while it is little affected by larger diameters. A reason for
L/D become greater than 48. The thickness of all this is perhaps related to the curvature of CNTs in the
nanotubes assumed to be 0.34 nm. For each diameter, the various diameters. In smaller diameters the curvature of
natural frequency of first mode is achieved by FEM. CNT is higher than that of larger diameters. Therefore,
For instance mode shapes of zigzag (22, 0) are depicted in distortion in C-C bonds in small diameters of CNT, effects
Figure 3. Using the first natural frequency and Eq. (15), on Young’s modulus. By increasing the diameter, the
the Young’s modulus is calculated. The results are effect of curvature decreases gradually.
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Table 5: Comparison between Young's modulus of SWCNTs was achieved in this paper and other references
Investigators Method E(Tpa)
Present work FEM & modal analysis 1.8-2.44
Lourie et al. [19] Experimental 2.8-3.5
Zang et.al. [4] CPMD, DFT and MD simulation 1.82-2.12
Gupta et al. [20] MM3 potential 2.4-3.9
Prabhu1 et al. [21] FEM and spring model of CNT 3.05

Fig. 3: Three mode shapes of zigzag (22,0) for L=20nm

Figure 4 demonstrated that the Young’s Modulus
have a range between 1.8Tpa to 2.44Tpa. The results are 1. Shokrieh, M.M. and R. Rafiee, 2010. A Review on
compared with the results of other researchers as shown Mechanical Properties of Isolated Carbon Nanotubes
in Table 5. The present values are close to the values as and Carbon Nanotube Reinforced Polymer.
estimated by the eminent investigators. Mechanics of Composite Materials, 46(2): 155-172.

Fig. 4: Variation of Elastic Modulus of SWCNTs versus
diameter

CONCLUSION

A finite element simulation technique for SWCNTs
has been developed by ANSYS software. By modeling
and obtaining the natural frequency of SWCNTs, we
calculated the Young’s modulus. Results showed that
increasing the diameter can lead to an increase in the
elastic constant. Also we found that Young’s modulus of
SWNCTs is obviously influenced by relatively smaller
diameters while it is little affected by larger diameters.
In addition, the Young’s modulus of zigzag and armchair
SWCNTs were close to each other for higher ratio L/D.
By this method we obtained the Young’s modulus
between 1.8Tpa to 2.44Tpa for two types of SWCNTs.
This method can also be easily extended to cases of
MWCNTs with higher number of layers.
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