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Abstract: The evaluation problem of  transient processes was considered from the viewpoint of their
exponential convergence, as a criterion of system stability. To evaluate the exponential convergence, Lyapunov
exponents are used. There was developed a number of procedures to evaluate the first Lyapunov exponent
based on time series, as the attractor exponential convergence criterion. Methods have the following names:
a logarithmic method, an interpolation method and a method of logarithm discrimination. The developed
methods were compared with the existing ones, such as the Wolf method, the Rosenstein method, the singular
value decomposition method and the least squares method. The analysis was carried out for different system
classes, including the ones with peculiar variation of the first exponent in time. There was also developed a
method of rapid evaluation of second Lyapunov exponent, which needs no minimization problem solving of
some functional. Method is illustrated for the oscillating system of the second order and for the damping mode
of Van-der-Pol system with untypical oscillation mode.
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INTRODUCTION In this case the most uncontrolled process in the

Often in real control systems for condition monitoring system starts in condition of some structural changes or
some state variables are selected, which takes some fixed external influences. From this moment the observable
values in the operating mode of the system. For instance, state variables  will  approach  from  the initial to some
to evaluate the operating performance of any motor in the fixed values and it will be difficult for the operator to
time domain, the angular speed of the shaft turn is evaluate the adequacy of this process (especially, if it
frequently used, but not the shaft angle itself (with regard takes a few milliseconds, as, for instance, motor
to any base value of the angle). Operability of this acceleration).
variable for monitoring is determined by the following The problem is especially complicated by the fact,
factors: that in the majority of modern control systems the state

In nominal  operating  mode  the value stays the take the values, required by the operator.
same; To evaluate the transient processes in the time
Any  change   of   value   of  angular  speed in domain, there are such indices. Among them are settling
steady-state mode means deterioration; time, rise time, overshoot [1]. However, these indices do
It is possible to evaluate the influence of shaft load not always provide the significant amount of information
on the rotation speed; for the adequate evaluation of system processes. If the
There is no  need  in  constant adjustment of the processes do not have the typical behavior, these indices
angle base value, from which the deflection would be are inadequate. For instance, when evaluating the variable
evaluated. of  shaft   taut   state  of  rolling mill  at  entering  the steel

system for the operator is the transient process, after the

variables, up to emergence of critical defects, will only



( )x F x=

,n nx R R n∈ −

0
nx R∈

[ ] [ ]0, 1alfa beta> ≥

0( ) at
sx t x e x−− ≤

0 0x < ∆

1
t

( ) lim ln| ( ) |u t u t−

→∞
=

World Appl. Sci. J., 26 (2): 157-164, 2013

158

sheet [2],  it  is  impossible  to evaluate the overshoot.
The overshoot is also meaningless when evaluating the
positioning error.

One of the good process characteristics, by which it
is possible to  evaluate  the  quality  of transient process
in the time domain, is the degree of exponential
convergence.

Exponential  Convergence:  Let’s consider the system
with motion equations, set by system of ODEs:

,

where -dimensional state vector.

The system stability is understood as its ability to
reset into the initial position of balance on completing of
the external impact affecting on this system. In this case
the stability is understood as the convergence of the
transient process to the steady-set value, operating point.

A definition of the exponential convergence can be
formulated in the following way:

The equilibrium point x  is called the exponentiallys

stable, if for any vector  of initial conditions  and

positive numbers , the following

condition is fulfilled:

The   formula   shows     that   for   exponentially
stable system  all  trajectories,  arising in certain
[DELTA] -surroundings, i.e.  damp0

exponentially, i.e. converge to the origin of coordinates,
staying in each time moment t within the limits of tapering
area:

||x(t) – x || < x (t) = e ,s m 0
at

where  [alfa]  is  the  most  important  criterion,
responsible for the convergence; it characterizes the
speed of convergence. It is also named as a convergence
degree. Exponential convergence does not have such a
rigorous definition as stability, but convergence essence
is very similar to stability [3].

In the classical control theory for a wide range of
systems, to evaluate the exponential convergence,
Lyapunov exponents are used. A notion of spectrum of
Lyapunov exponents is introduces in the following way
[4]:

Fig. 1: An algorithm of finding of the largest LE. Wolf
method.

where u(t) is the increment of small divergence of the
nearest state space trajectories in a tangent space in a
time t.

The Evaluation of the First Exponent: Among the whole
set of Lyapunov exponents the largest (the dominant, the
first, the major) is the most important [lambda]  [4, 5], as1

for almost all initial data U it will not have the zero
projection on the main direction in the basis in the tangent
space in point X.

As the considered engineering processes are
frequently  characterized  by the operation of equipment
in steady-state, then to solve the problems of diagnosis
of the possible emergence of failures, it is useful to have
the adequate evaluation of the first Lyapunov exponent
of the time series, generated by the system dynamics.

In 1985  Wolf  [6] described  an algorithm of finding
of the largest Lyapunov exponent based on the time
series of data for chaotic systems. The direct calculation
of the first Lyapunov exponent as per Wolf method is
based on the keeping the track of the exponentially
divergent adjoining trajectories. The degree of the
trajectory  divergence  is  evaluated at  regular  intervals.
A schematic illustration of the algorithm is given in Fig.1.

In the same 1985 year Eckmann and Ruelle [7] and
Sano and Savado apart from them [8], offered a method of
evaluation of variational equations, which can provide all
Lyapunov exponents of the attractor of chaotic systems.
They follow, at least, the n+1 point, based on which a
Jacobian matrix DF(x) is evaluated using the least-square
method. Lyapunov exponents can be obtained on
integrating the variational equations, using the Bennetin
algorithm [9]. As is shown in [8], the main disadvantage
of such approach is in  over sensitiveness of the results
to the embedding  dimension  of attractor. Besides, they
are  the  mathematically  cost methods, involving the
multi-sweep procedures for optimization problems.
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Table 1:
Models
-------------------------------------------------------------------------------------------------------------------------------------------------

Methods Linear, Steady Nonlinear, Steady Linear, Nonsteady Nonlinear, Nonsteady
Wolf 5-10% 6-12% 20-30% ----
Rosenstein 2-3% 2-3% 4-7% 3-10%
SSA[16] 1-3% 2-4% 3-5% 3-8%
LSM 0.5-1% --- 2-6% ---
Logarithmic 1-2% 1-2% 3-7% 2-7%
Interpolation 0.5-2% 0.5-2% 2-5% 2-8%
Logarithm discrimination 0.2-1% 0.2-1% 3-8% 3-10%

To solve these problems, Michael Rosenstein During several  years  the  authors of the article
presented his own algorithm in 1993 [10]. carried  out  the  investigation  of the existing methods

The first step of this approach is the reconstruction with  regard  to  the   real   engineering   systems  with
of the attractor dynamics in the time series using a method non-standard dynamics and also suggested their own
of delays (as it is very quickly on the computational side). methods to evaluate the first exponent:
Then the delay spacing is selected. When the delay
spacing is determined, the nearest neighbors for each A logarithmic method. The main idea of the method
point of the trajectory are found. The extra condition is consists in reduction of values of the reconstructed
that the timing difference between the neighbors shall be range to the logarithmic scale, the creation of noise-
more than one period. It allows to consider each pair of free map, providing  highly precise determination of
neighbors to be close initial conditions for different the derivative value, based on the averaging of which
trajectories. At this, the first Lyapunov exponent is throughout the whole range, the value of the first
evaluated as an average divergence rate of the nearest Lyapunov exponent is obtained.
trajectories. His approach is based on the work of Sato A interpolation method. The interpolation method
[11], where the main exponent is evaluated in the was created as a method, implementing the
following way: evaluation of the first exponent on the hypothesis

exponential. Based on this hypothesis for the general

where t is the discretization interval and d (i) is the Three modification of this method were created:j

distance between j- pair of the nearest neighbors after i differential, with delay and with oscillation
spacing, i.e. t. i seconds, M is the number of suppression.
reconstructed points. Rosenstein method includes the A method of logarithm discrimination. A method is
additional averaging, which is  a  key  moment in based on some  supported transformations of the
obtaining the accurate exponent in conditions of noisy time series for  further  more  precise finding of the
range. In equation for d (i) C  fulfills the normalizing first exponent. It also solves the problem of exclusionj j

function for the neighbors, however it is obvious from the of manual selection of some parameters, typical for
equation for the logarithm d (i) that this normalization is the previous two methods.j

optional. Non-use of this normalization provides a distinct
advantage in speed, as compared to the Sato method, but For the more detailed description of methods study
makes the method more sensitive to noise. the specified publications [12-15].

All considered methods were developed to evaluate The experiments to determine the exponent for its
Lyapunov exponents for the systems with chaotic different theoretical values were carried out for some test
dynamics. However, the authors of the article suggested systems of different properties. The results of these
to implement obtained results in more practical field and experiments are summarized in Table 1. The best results
to use these methods to evaluate the exponential for all methods in relation to the specific system class are
convergence in transient processes of real systems. highlighted in color.

that the process, at the average, is described by the

case, the expressions to evaluate the first exponent
were derived.  Then  these   expressions   were  used
in  the  averaging  for  the  time  series  in whole.
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The Evaluation of  the  Second  Exponent: The most In linear systems a typical case of displaying the
typical  approach  in  searching of the Lyapunov damping oscillation for  the third-order system is such
exponents  with  the  index  greater  than  unity  more root location, when two complex conjugate roots are
often includes  the  solution  of    minimization   problem located  closely  to  the  conjugate  axis and the real root
of  some  functional   using     a    least-square   method is slightly far from  the  conjugate axis, than the first two.
for    some   function   of the  known  structure  [7,  8]. If the real root is  closer  to  the  conjugate axis, there are
Even   when   considering   non-chaotic   processes and no oscillations in the process. They will rapidly die out
the  great  number   of    the   range   points  is not (as compared to ) together with the damped
required,  the  solution   of   similar   problems exponential . The following solution of differential
significantly slows down the process of the exponent equation corresponds to the specified root location in the
evaluation. linear system:

The authors developed a method, allowing evaluating
the values of the first two exponents in the time series
without the use  of  sequential minimum search methods.
It can be used for oscillatory systems, approximately An algorithm idea allows to expand the scope of
described by the following equation: application and to consider the functions, where the

(1) character, that is why sin function is replaced with some

where A, B, , , ;  > ;  < 0; f( t + ) obvious that the decaying character of the process itself1 2 1 2 2

periodic function; t– time. remains the same.

periodic  component  can  have the more complex

periodic function f( t + ) reducing to the form (1). It is

Let it exist the trajectory , describing the dynamics of some  system with  damping  oscillations. The trajectory
can approximate the equation (1):

(2)

where t  > 0  initial time value,  > 0  time interval, N  points of time series.0

Any standard  methods  to  evaluate the first exponent provide us with rapid evaluation of  using the1

approximation for the following trajectory:

Then, by two random points of the initial trajectory (2), corresponding to approximation, it is possible to evaluate
the coefficient A, solving the following system of equations

We have:

More frequently, to evaluate A it is possible to use extreme points of the given time series x  and x .0 N–1

During the next stage it is necessary to get rid of the dominant exponent in the initial trajectory. The values of the
trajectory  are divided by the values of function , for which A and [lambda]  were calculated.1
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(3)

However, it is also  necessary  to get rid of the periodic component. It is known that f(t) = f(t + T) where T– is the
oscillation period. It can be found by means of the rapid Fourier transformation of the trajectory (3). However, it is a  very
slow  procedure.  In  case of  simple  oscillations, it can be evaluated as per the trajectory (3) by means of the procedure,
given below.

If there is  a  periodic process, subtraction of trajectory (3) in relation to the shifted one, provides a periodic process
regarding to 0,

y (t ) = y  – y , (4)0 i i i+k

where k  is a shift range.
Let consider y  the sorted array. For extreme point from the end of the array y , crossing  0,  there  is a value (or0 0

direction) of the derivative. Then, moving backwards point by point of the array, there is a zero cross point, with the
value or direction of derivative, corresponding to y . The difference of the obtained time moments will provide an0

approximate value of the period T. It is also possible to find such several points, moving up to the beginning of  the  array
and  obtain a value of the period by averaging of the obtained values.

If  we know the value of  the period, let us subtract the same trajectory with shift from the trajectory (3):

(5)

where .
Unfortunately, there is always an error in empirical definition that’s why it is impossible to get rid of the oscillations

fully. Moreover, the multiplier  reduces the initial value of the exponential part in such a way, that it does
not show up against the background of oscillations, usually falling by two orders. In order to reduce the impact of the
periodic process, the procedure based on such hypothesis is used:

It is obvious that the initial damping process, determined by the value  is longer. Most part of the remained1

trajectory  is  just  a periodic function. The idea is that the trajectory can be separated into two equal parts and subtracted
from each other, matching the oscillation phases. Thus, the following formula is approximately implemented

where T – time of modeling. Thus, we  get the trajectory with the distinguished second exponential. However, further0

in practice, prior to calculating the first exponent, it is necessary to use the filtration procedure of runouts and time
limitation procedure of the value calculation, because the major part of the time series represents the meaningless
oscillations, containing no information about the second exponent.

After calculation of  – , the second exponent is found by its multiplying to the value of the first exponent.2 1

The whole procedure consists of the following stages:

Calculation of the first exponent,
Calculation of the coefficient A before the dominant exponent,
Calculation of the oscillation period,
Getting rid of the dominant exponent 
Subtraction procedure of the time-series, shifted for a period,
Division procedure of the time-series by two and subtraction of the parts from one another,
Procedure of runouts filtration,
Limitation  procedure   of   the   trajectory   length (not automatic), 
Calculation of the second exponent as per the trajectory.
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Fig. 2: a) Absolute values of elements of the processed trajectory on time. b) The process after subtraction of the shifted
trajectory.

Fig. 3: The trajectory before and after the procedure of division into two parts. a) Matched parts of the trajectory, z (t)1

the first half of the trajectory. z (t) The second half of the trajectory. b) The trajectory after subtraction. c) The2

trajectory with filtered runouts.

The procedure can  be  expanded to the calculations another.  In  Fig. 3.a  these  parts  are  shown  together.
of Lyapunov exponents  with the least values, however, The    Fig   3.b   shows     the     result     of   subtraction.
in practice the calculation of exponents less than the It is obvious, that the points from 50 to 400 do not
second by this method faces a number of difficulties, contain any useful information about the process,
which make this method not very optimal for the because the dominant function of oscillations remains
calculation of the exponents less than the second. there. We reject them. The second exponent is calculated

Example 1: It was considered the third-order system with not automated.
two complex conjugate roots and one real:  = –1

0.0879,  = – 0.524 and zero initial conditions. The initial The Obtained Values of the Exponents: 2

range was subtracted from itself and taken as per module,
to evaluate the first exponent (Fig. 2.a).  = – 0.0878,  = – 0.523

When obtaining the first exponent, let us calculate
the  coefficient  A  = 0.139 and  the  oscillation  period  of The example shows that the rejection of the major
T  = 47  points.   Then   we  divide  the  trajectory by part of points to evaluate the second exponent makes it

  and  subtract  from  the  result  the  same  trajectory, improbable to evaluate the exponent with lesser value, as
shifted  by T. The result is given in Fig. 2.b. The trajectory the exponent with the third exponent in typical cases will
is divided into  two  parts,  which are subtracted from one damp faster, then the exponent with the second one

based on the first 50 points. However, this procedure is

1 2
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Fig. 4: a) Absolute values of the elements of the proceeded trajectory on time. b) The process after subtraction of the
shifted trajectory.

Fig. 5: The trajectory before and after the procedure of division into two parts.  a)  Matched  parts  of  the trajectory
z (t)– the first half of the trajectory. z (t)– The second half of the trajectory. b) The trajectory after subtraction.1 2

c) The trajectory with filtered runouts.

Example 2: To illustrate the adequacy of the method in trajectory is divided into  two   parts,  which  are
conditions of oscillations with complex forms, the Van- subtracted from one another. In Fig. 5.a these parts are
der-Pol system was considered in self-oscillation mode shown together. The Fig. 5.b shows the result of
with the multiplier, emulating the damping. subtraction.

The obtained values of the exponents are the following:

Conventional Values of the Exponent Are the Following:
 = – 0.05,  = – 0.5. It is obvious that to evaluate the second exponent,1 2

When obtaining the first exponent, let us calculate there remain far less points and it is more likely that the
the coefficient A = 0.139 and the oscillation period of T = precision of evaluation will fall greatly. In this particular
47 points. Then we divide the trajectory by  and case, from initial 900 points for evaluation of the first
subtract from   the   result    the   same     trajectory, exponent, there remained only 50 to evaluate the second
shifted   by  T. The result is given in Fig. 4.a. The one.

The  trajectory  is  reduced  up  to  the 5-th second.

 = – 0.05,  = – 0.471 2

CONCLUSIONS
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