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Abstract: A basic scheduling  problem  of a full-time workforce to meet the fluctuating daily staffing
requirements subjected to two consecutive days off and different daily wage rates is formulated as an integer
linear   programming   problem  and  illustrated  by a numerical example. The objective is the  minimization  of
the total weekly staffing costs. Results obtained indicate the possibility of multiple optimal schedules.
Sensitivity of the solution to changes in the objective coefficients and the right-hand side values of the
constraints are also conducted.
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INTRODUCTION the minimum workforce size of the (5, 7) problem, in which

It is common nowadays to encounter facilities or consecutive pairs of  off  days are allowed, in terms of
public   services   operating   seven  days  per   week. daily labour demand. Ernst et al. [6] present an overview
Some examples are the nursing care in hospitals, and the importance of the work schedule by using
restaurants and fast food outlets, petrol stations, heuristic.
supermarkets  and hypermarkets,  transportation  firms This paper presents  a  basic formulation of an
and manufacturing factories. Since these  services are optimal weekly scheduling of a full-time workforce which
provided by people,  the  problem of constructing daily specifies the working and recreation days for employees.
and weekly work schedules of allocating manpower to The final staff schedule produces a pattern of days on
meet the fluctuating daily staffing requirements is one of and off that the employees shall follow during the week.
the many components of management strategies geared
toward providing efficient and satisfactory services. Model Formulation: The basic information required are a
However, more often than not, these services are set of daily staffing requirements and the daily staffing
subjected to scarce financial resources. Thus the work costs. Let the day  of  the  week be denoted by the index
schedule formulated and adopted must be tailored to i = 1, 2, …, 7 and
minimize the total staffing costs needed to provide the
necessary level of service [1], while at the same time must b =  the minimum number of employees required on day
also include  assignment of days off to full-time i,
employees [2]. c = the average unit cost per employee (or wage rate)

Thompson [3] introduces two integer programming for day i,
models to describe shift scheduling viz a minimum x = the number of employees beginning their work
acceptable service levels per period and a constraint on schedule on day i,
the average service level over the planning horizon.
Atlason et al. [4] adjust Thompson’s model for cases in Further, assume that the schedule allocates two
which the service level is only obtainable by simulation. consecutive days off to each employee. To aid the
This allows for the calculation of the service level in a formulation  we  construct a general scheduling table as
transient setting. Vohra [5]  develops an expression for in Table 1. An employee  belonging   to   group  x   works

each worker must work five days per week but only
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Table 1: A general daily staff scheduling pattern

Day Wage rate Number of employees at work Requirement

1 c1 x1 … … x4 x5 x6 x7 b1

2 c2 x1 x2 … … x5 x6 x7 b2

3 c3 x1 x2 x3 …. … x6 x7 b3

4 c4 x1 x2 x3 x4 … … x7 b4

5 c5 x1 x2 x3 x4 x5 … … b5

6 c6 … x2 x3 x4 x5 x6 … b6

7 c7 …. … x3 x4 x5 x6 x7 b7

five consecutive days from day i to day i + 4  and is given
days off on day i + 5 and i + 6. (Note that i = 8, 9, 10, 11,
12 13  correspond to i = 1, 2, 3,  4,  5, 6,  7 respectively).
For example, an employee beginning his weekly shift on
day 1 of the week will continue until day 5 and be given
days off on day 6 and day 7, an employee beginning his
shift on day 2 of the week will continue until day 6 and be (5)
given days off on day 7 and day 1 and so forth.

The Integer Linear Programming Problem: The integer Each  expression  represents  the  weekly  wage
linear programming problem associated with minimizing earned    by      respective      group      of    employees.
the total weekly staffing costs subject to the minimum The  coefficients  of  x   can  thus  be  defined  as the
daily requirements can thus be stated as weekly wage rate of the group. For a numerical

minimize than (1).
(1)

subject to depicted in  Table  2.  Denoting i  = 1 for  Sunday, … and
(2) i = 7 for Saturday, we can compute the weekly wage rates

 , (3)

 , (4)

x  0 and integer, i = 1, 2, …, 7. day 2 (Monday) : x  + x  + x  + x  + x > 10i

Inequality (2) denotes a set of system constraints day 4 (Wednesday) : x  + x  + x  + x  + x > 6
reflecting the daily requirements for the first five days of day 5 (Thursday) : x  + x  + x  + x  + x > 8
the week, while (3) and (4) ensure that requirements for day 6 (Friday) : x  + x  + x  + x  + x > 10
day 6 and day 7 are satisfied respectively. The objective day 7 (Saturday) : x  + x  + x  + x  + x > 20
function of total weekly staffing costs can also be written
in an alternative form x > 0 and integer i = 1, 2, …, 7.

i

application,  this  alternative  form  is   much  preferred

An Illustrative Example: Consider a large hypermarket
operating seven days a week. The daily wage rates and
the minimum number of staff required for each day are

for each group of employees as in Table 3.
The complete integer  linear programming problem

can thus be written as

minimize

subject to (minimum daily requirements)

day 1 (Sunday) : x  + x  + x  + x  + x > 251 4 5 6 7

1 2 5 6 7

day 3 (Tuesday) : x  + x  + x  + x  + x > 81 2 3 6 7

1 2 3 4 7

1 2 3 4 5

2 3 4 5 6

3 4 5 6 7
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Table 2: Daily wage rates and minimum staff requirements.

Day ofthe week Wage rate(USD) No. of staffRequired

1. Sunday 200.00 25

2. Monday 100.00 10

3. Tuesday 100.00 8

4. Wednesday 100.00 6

5. Thursday 100.00 8

6. Friday 100.00 10

7. Saturday 150.00 20

Table 3: Weekly wage rates by groups

Group : Days off Weekly wage rate (USD)

1 : Friday & Saturday 200 + 4(100) = 600

2 : Saturday & Sunday 5(100) = 500

3 : Sunday & Monday 4(100) + 150 = 550

4 : Monday & Tuesday 3(100) + 150 + 200 = 650

5 : Tuesday & Wed 3(100) + 150 + 200 = 650

6 : Wed. & Thursday 3(100) + 150 + 200 = 650

7 : Thursday & Friday 3(100) + 150 + 200 = 650

The problem involves seven decision variables and
seven constraints and is generally classified as a small
size problem which can be easily solved.

RESULTS AND DISCUSSIONS

As   with   most   workforce  scheduling  problems,
the optimal solution generated is not unique. Using
LINDO and TORA we identified at least four sets of
optimal solution giving the same minimum total weekly
staffing costs of USD16000.00. These four are

implying   a   total   employment   of  25  employees.
By referring to each solution set as solution 1, 2, 3 and 4
respectively we can construct a table summarizing the
results in terms of the daily work schedules (giving the
number of employees working each day of the week) for
the  four  alternative  optimal  solutions   as  in  Table  4.
All twenty-five  full-time  employees work on Sundays
and twenty of them  also  work  on  Saturdays as well.
None  of  them  begins  work  on Mondays or Tuesdays
( x  = 0, x  = 0 for all solutions), thereby implying it is not2 3

optimal to give employee days off on both Saturday and
Sunday. To accommodate for  the relatively heavy
demand on weekends, solution 1 suggests engaging extra
staff on Friday (x  = 16) despite the low demand for the6

day (b  = 10). The next three alternatives, however,6

suggest  employing  extra  staff  as  early as Wednesday
(x  = 15) despite a much lower demand for the day (b  = 6).4 4

Whichever strategy is adopted the minimum total weekly
staffing costs remains at USD16000.00.

To understand the solution better, we can
decompose, say solution 1 as in Table 5. No employee
begins his work schedule on Monday, Tuesday or
Wednesday.  However,  the  number of employees
working on Monday and Tuesday are high (25 and 22
respectively) despite the low daily demand of 10 and 8
respectively. This is mainly due to the engagement of
extra staff as early as Friday in order to cater for the heavy
demand on weekend, thereby spilling it over to Monday
and Tuesday (because of the five consecutive-working-
day constraint). The last column gives the total daily
wages paid. Half of the minimum total weekly wages of
USD16000 are allocated for the weekend (Saturday and
Sunday).

Sensitivity Analysis: Next we look at  the  sensitivity of
the solution  to  changes  in  the objective coefficients
(that    is    the    weekly    earning    of   each   group)  and

Table 4: Summary of four optimal schedules

Solution 1 Solution 2 Solution 3 Solution 4

------------------------------- ----------------------------- ------------------------------- ------------------------------ Minimum numberof

Day of the week  xi No. of workers  xi No. of workers  xi No. of workers  xi No. of workers staffrequired

1. Sun 5 25 5 25 5 25 5 25 25

2. Mon 0 25 0 10 0 10 0 10 10

3. Tue 0 22 0 8 0 8 0 10 8

4. Wed 0 6 15 20 15 23 15 20 6

5. Thu 3 8 2 22 2 22 0 20 8

6. Fri 16 19 3 20 0 17 5 20 10

7. Sat 1 20 0 20 3 20 0 20 20
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Table 5: Optimal solution 1

Day of the week xi No. of workers Minimum number of staff required Total daily wages paid

1. Sunday 5 25 25 USD 5000.00

2. Monday 0 25 10 USD 2500.00

3. Tuesday 0 22 8 USD 2200.00

4. Wednesday 0 6 6 USD 600.00

5. Thursday 3 8 8 USD 800.00

6. Friday 16 19 10 USD 1900.00

7. Saturday 1 20 20 USD 3000.00

Table 6: Single changes in objective coefficients

Variable Value Current Coefficient Minimum Coefficient Maximum Coefficient

x1 5.00 600.00 100.00 650.00

x2 0.00 500.00 0.00 infinity

x3 0.00 550.00 50.00 infinity

x4 15.00 650.00 150.00 650.00

x5 2.00 650.00 650.00 650.00

x6 0.00 650.00 650.00 infinity

x7 3.00 650.00 650.00 650.00

Table 7: Single changes in the right-hand side

Current Minimum Maximum Dual Price 

25.00 20.00 28.00 600.00
10.00 8.00 25.00 0.00
8.00 5.00 10.00 0.00
6.00 - infinity 23.00 0.00
8.00 - infinity 22.00 0.00
10.00 - infinity 17.00 0.00
20.00 17.00 25.00 50.00

the right-hand side values of the constraints (normally
known as the resource values). Without loss of
generality, we will consider the optimal solution given by

 with Z* = USD16000.00.

The   corresponding   sensitivity   tables   generated
by software package TORA are given in Tables 6 and 7.

The  minimum  coefficient   and  the  maximum
coefficient  columns  define  the  range  within   which  the
values of the objective coefficients can change without
changing the current optimal values of the variables
except the value of the objective function. For example,
suppose the weekly wage earnings of an employee in
group x  changes from USD650.00 to USD450 (a reduction4

of USD200). The current optimal solution or schedule
remains   optimal   but   with   a   new   objective   value  of

Z* = USD16000.00 – USD (200)(15) = USD13000.00.

However,  a  decrease  or  increase  in  the weekly
wage rate of either group x  or x  will result in a new5 7

optimal   solution   since   no   range   is   specified  for
these two groups. Increasing weekly wage rate for group
x  will not change the optimal solution, but decreasing it6

from its current value of USD650 will result in the
computation of a new optimal solution. The sensitivity
summarized in Table 6 is limited to single changes only.
Simultaneous changes in more that one objective
coefficient requires a different approach and will not be
addressed here.

Changes in the right-hand side of the constraints
affect the values of the current solution and the value of
the objective function and hence the feasibility of the
solution. A unit change in b  and b  within the specified1 7

allowable range will change the objective function by
USD600.00  and  USD50   respectively.   These  are  the
dual prices depicted in Table 7. Observe that any change
in b , (i  1, 7) within the allowable range might alter thei

values of the optimal solution (while remaining feasible)
but not the value of the objective function (since their
dual prices are all zeros). As with Table 6, the sensitivity
in Table 7 is also restricted to single changes only.
Analysis  of  simultaneous changes in more than one
right-hand side values involves more complex
computation and will not be pursued here.
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It was mentioned earlier that when there is no or unskilled [7]. No differentiation between workforce is
discrimination in the wage rate, the problem reduces to adopted in our formulation. Addition of these decision
minimizing  the  total  number  of  workforce  subject  to variables will no doubt increase the size of the problem
the same system constraints, that is but is still within the manageable range. Nonetheless we

minimize sufficient to stimulate interest in readers and researchers

subject to constraints (2), (3) and (4). workforce or staff scheduling problems.
For the example presented here, we found that the

problem also yields a minimum total number of twenty-five REFERENCES
workforce with multiple possible optimal schedules.

A look at Table 4 revels that in three of the seven 1. Miller, H.E., 1976. Personnel scheduling in public
days, the number of employees exceeds the minimum systems:  a    survey.    Socio-Econ.    Plan.   Sci.,
number required for the day. This is attributable to the 10(6): 241-249.
constraints adopted for the problem. All the constraints 2. Baker,  K.,  1974.  Scheduling a  full-time  workforce
are of the type greater than or equal to. This also to meet cyclic staffing requirements. Management
contributes to the existence of non-unique optimal Science, 20(10): 1501-1568.
solution. We restate and solve the problem with all the 3. Thompson, G.M., 1997. Labor staffing and
inequalities replaced by equalities. The result is the scheduling models for controlling service levels.
problem has no feasible solution. Naval Research Logistics, 44(8): 719-740.

CONCLUSION Call center staffing  with  simulation and cutting

In this paper we presented a simplified basic 127(1-4): 333-358.
formulation of weekly scheduling of full-time workforce 5. Vohra, R.V., 1987. The cost of consecutivity in the
with two  consecutive  days off for organizations (5,7) cyclic  staffing  problem.  IIE  Transactions,
operating seven days a week. The formulation however is 19(3): 13-18.
not without  shortcomings. Most of these services 6. Ernst,  A.T.,   H.  Jiang,   M.   Krishnamoorthy   and
operate long hours and it is thus more appropriate to D.  Sier,   2004.    Staff   scheduling   and   rostering: A
divide the daily shift into multiple shifts, for example day, review of applications, method and models. European
evening and night shifts. Part-timers can be employed and Journal   of    Operational   Research, 153(1): 3-27.
overtime  facilities  can  be included and offered to the 7. Warner, D.M. and J. Prawda, 1972. A mathematical
full-timers. Workers are not  homogenous and are programming model for scheduling nursing personnel
normally categorized as, for example skilled, semi-skilled in  a  hospital.  Management  Science, 19(4): 411- 422.

believe and hope the simple problem presented here is

to embark and investigate the beauty and power of
operations research in  handling a more complex

4. Atlason, J., M.A. Epelman and S.G. Henderson, 2004.

plane methods. Annals of Operations Research,


