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Abstract: The analysis of numerical solution of uniform suction / injection effect on flow and heat transfer due
to a stretching cylinder is investigated for Newtonian and micropolar fluids. The partial differential equations
are converted in to ordinary differential equations by using similarity transformations. The resulting equations
are solved by using successive over relaxation method (SOR) and Simpson's (1/3) rule. The results have been
obtained for various values of the parameters involved in the equations of motion, namely Reynolds number
R, suction / injection parameter and Prandtl number Pr, to study their effect on velocity and temperature fields
as well as on the Nusselt number and the skin friction coefficient. The results are given both in tabular and
graphical forms. The comparison of both results for Newtonian and micropolar fluids is presented.
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INTRODUCTION similarity solutions with reverse flow. Fang and Zhang [3]

In this paper, the numerical solutions are analyzed to obtained closed form exact solution for the problem.
observe the effect of uniform suction/blowing with heat Wang [4] obtained an exact similarity solution of three
transfer due to a stretching cylinder for both Newtonian dimensional fluid motions due to a stretching flat surface.
and Micropolar fluids. The  suction  and  injection Sajid and Hayat [5] applied homotopy analysis method for
process has important applications in engineering such as MHD viscous flow due to a shrinking sheet. Kamal and
thermal oil recovery, radial diffuser and in thrust bearing Sifat [6] investigated the stretching of a surface in a
designing. In chemical processes, the reactants are rotating Micropolar fluid while Shafique and Rashid [7]
removed through suction application. The injection obtained numerical solution of three dimensional
process is applied to add the reactants, prevent corrosion, micropolar flows due to a stretching flat surface.
reduce the drag and cool the surface. The study of fluid In the  present  work,  we  analyzed  the  work of
flow is also important in extrusion process. Ishak et al. [1] for rang 0.1 R 20 and obtained numerical

Ishak et al. [1] studied the uniform suction / blowing results of  both  Newtonian  and  Micropolar  fluid  flow
effects on fluid flow and heat transfer due to a stretching by using SOR methods. The Keller Box method is more
cylinder. He has solved this problem by using Keller Box complicated   than   our  simplest  numerical  scheme.
method for the range 0.5 R 10. Wang [2] studied the Also, the previous method is not efficient because it
stagnation flow towards a shrinking sheet. He considered works for smaller range of R than that of our numerical
the two dimensional and axisymmetric studies  of  this techniques. Our numerical  scheme  is  more  stable  for
problem. His results represent a rare class of exact the  extended range  of   R   than  that  of  previous  work.

considered MHD flow over a shrinking sheet and
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The results have been computed for  several  values of
the parameters namely, R the Reynolds number, Pr the
Prandtl numbers and  the suction/ injection parameter.
The accuracy of the results is checked very carefully by
performing calculations on  three  different  grid  sizes.
The comparison of both results for Newtonian and
Micropolar fluids are in good agreements.

Mathematical Analysis: A stretching tube of radius a in
the axial direction, lying in a fluid at rest causes the fluid
flow. The axis of tube is taken in the z-direction and r-axis
is measured in the radial direction.  is the

velocity field and the  velocity  components  u,w  are
given  in   r,z   directions   respectively.  The  surface  of
the  tube  is  at  constant temperature T  and T  denotesw

the  temperature    of    ambient   fluid  where  T   >  T .w

The body force, the body couples  and  the  viscous
dissipation  are  neglected. The velocity and microrotation
vectors may be taken in the form  and

.
The equations of motions for both Newtonian and

Micropolar fluids and energy equation are solved by
using above assumptions and subject to the following
boundary conditions:

(1)

where u  = –ca , w  = 2cz with c is a positive constant ofw w

dimension [1/Time] and is a constant and it corresponds
to mass injection for  < 0 and mass suction for  > 0.

The similarity transformations are used to obtain the
ordinary differential equations from the governing
equations of both Newtonian and Micropolar fluids.

(2)

where  is dimensionless variable. The prime

denotes the differentiation with respect to .
The set of ordinary differential equations for

Newtonian fluids become:

(3)

(4)

where ,  and  are Reynolds number,

Prandtl number and the coefficient of kinematics viscosity
respectively.

The boundary conditions for Newtonian fluids by
using (1) and (2) become:

(5)

The set of ordinary differential equations for
Micropolar fluids becomes 

(6)

(7)

(8)

where ,  and  are Reynolds

number, Prandtl number and the coefficient of kinematics
viscosity respectively. All C , C  and C  are dimensionless1 2 3

constants.
In view of (1) and (2), the boundary conditions for

Micropolar fluids are:

(9)

The pressure  can be found for both fluids as:

(10)

The continuity equation is satisfied for both fluids
and it is interesting to note that the equations (6) to (8) of
Micropolar fluids reduce to the equation (3) and (4)for
Newtonian fluids by vanishing micro rotation (or spin).

Finite Difference Equations: In order to solve the
equations (3, 4, 6-8) numerically, we put

f' = P. (11)

The equations (3) and (4) for Newtonian fluids
become:

P' + P'' = R(P  – fP'), (12)2
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'' + (1 + Rpr f) ' = 0, (13)

The boundary conditions (5) become:

the equations (11) for the calculation of f with the
(14) condition:

Also, the equations (6) to (8) for Micropolar fluids f =         when  = 1.
become:

P'' + P' – C (L + L') = R(P  – fP'), (15) the SOR method, the optimum value of the relaxation1
2

4(2L' + L'') – C (P' – 2L) = C ( fL + 2(fL' – PL)),(16)2 3
1

'' + (1 + Rpr f) ' = 0, (17)

The boundary conditions (9) are:

(18)

For numerical purpose, the first order ordinary
differential equation (11) and the finite difference
equations of (12, 13, 15-17) for both Newtonian and
Micropolar fluids by using central difference
approximations at a typical point  =  at each interiorn

grid point of the interval [0, ) the first order ordinary
differential equation is integrated by the Simpson’s (1/3)
rule, with the formula given in Milne, whereas the set of
finite difference equations are solved by using SOR
iterative procedure, subject to the appropriate boundary
conditions.

Computational Procedure: We now solve numerically the
first order ordinary differential equation (11) and the
system of finite difference equations of (12, 13, 15-17) for
both Newtonian and Micropolar fluids at each  interior
grid point of the interval [0, â) where â is sufficiently large.
The equation (11) is integrated by the Simpson’s (1/3)
rule, whereas the system of finite difference equations is
solved by using SOR iterative procedure subject to the
appropriate conditions.

The order of the sequence of iterations is as follows:

The equations (12, 13, 15-17) are solved to calculate
the values of P and  subject to the boundary
conditions:

The computed solutions of P are then employed into

In order to accelerate the speed of convergence of

parameter  is estimated by the formulaopt

 where the range of  is 1<  <2opt opt

and  denotes the spectral radius of the associated
Jacobi iteration matrix.
The above procedure is repeated until convergence
is obtained according to the criterion |U  – U |<10n+1 n 6

where n denotes the number of iterations and U
stands for each of the functional value.

For higher order accuracy, the above steps 1 to 4 are
repeated for step sizes  and .

RESULTS AND DISCUSSION

The effects of the flow parameters namely R,  and Pr
have been examined for the similarity profile, velocity and
temperature profiles for both Newtonian and Micropolar
fluids. The results have been presented in tabular as well
graphical forms for several values of these parameters.
The material constants C ,C  and C  for Micropolar fluids1 2 3

have been chosen arbitrarily. If the above constants are
zero, the Micropolar fluids flow becomes Newtonian fluids
flow. The three different cases for the values of the
constants have been considered for the micropolar fluids
flow during the computational work. The Micropolar
fluids flow resembles with Newtonian fluids flow as in
case C =0.02, C =0.15 and C =0.25. The results of1 2 3

Newtonian fluids due to fast miro rotation of the
molecules because of large values of material constants.
It is worth mentioning that accuracy of the results has
been checked by computing the results on three different
grid sizes for both fluids.

The comparison of Micropolar fluids results with the
results for Newtonian fluids and previously published
results  is  given in the Table 1 to Table 3 for f''(1), f( ) and
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Table 1: The comparison of Micropolar fluids and Newtonian fluids for f'(1)
Micropolar fluids Newtonian fluids
-------------------------------------------------------------------------------------- --------------------------------------------------

R I II III Present Ishak et al.
0.0 0.1 -0.5443344 -0.4959164 -0.4974709 ---- ----

2.0 -1.5997895 -1.5959939 -1.5958842 -1.595297 -1.5941
5.0 -2.419663 -2.410713 -2.410623 -2.410499 -2.4175
10.0 -3.343893 -3.318196 -3.318130 -3.318044 -3.3445
20.0 -4.645396 -4.582964 -4.583002 ---- ----

-0.5 0.1 -0.7039795 -0.4726658 -0.4748879 ---- ----
2.0 -1.1857996 -1.1847553 -1.1846361 -1.184350 -1.1810
5.0 -1.4831551 -1.4854964 -1.4854201 -1.485243 -1.4811
10.0 -1.6790875 -1.6823539 -1.6823014 -1.682201 -1.6776
20.0 -1.8207320 -1.8244752 -1.8244847 ---- ----

0.5 0.1 -0.5624542 -0.5193005 -0.5212460 ---- ----
2.0 -2.147914 -2.142297 -2.142278 -2.141963 -2.1468
5.0 -3.928305 -3.882791 -3.882786 -3.882652 -3.9308
10.0 -6.592847 -6.435619 -6.435676 -6.435548 -6.6222
20.0 -11.649300 -11.090161 -11.090691 ---- ----

Table 2: The comparison of Micropolar fluids and Newtonian fluids for f( )
Micropolar fluids Newtonian fluids
---------------------------------------------------------------------------------- --------------------------------------------------

R I II III Present Ishak et al.
0.0 0.1 5.03047 5.08722 5.17849 ---- ----

2.0 1.13568 1.07165 1.07255 1.105823 1.0983
5.0 0.59715 0.59275 0.59249 0.592566 0.5933
10.0 0.38662 0.38595 0.38579 0.385362 0.3857
20.0 0.25704 0.25719 0.25707 ---- ----

-0.5 0.1 3.47312 4.77174 4.86822 ---- ----
2.0 1.03743 0.96814 0.97131 1.053649 1.0277
5.0 0.52012 0.49748 0.49782 0.508461 0.5027
10.0 0.30123 0.29274 0.29222 0.293924 0.2999
20.0 0.16847 0.16869 0.16890 ---- ----

0.5 0.1 5.35898 5.40657 5.49090 ---- ----
2.0 1.27285 1.24559 1.24662 1.252686 1.2524
5.0 0.83030 0.82920 0.82931 0.828878 0.8291
10.0 0.67528 0.67568 0.67568 0.675645 0.6757
20.0 0.59200 0.59241 0.59241 ---- ----

Table 3: The comparison of Micropolar fluids and Newtonian fluids for – '(1)
Micropolar fluids Newtonian fluids
----------------------------------------------------------------------------------- --------------------------------------------------

Pr I II III Present Ishak et al
0 0.1 1.035165 1.070427 1.058554 1.050543 ----

0.7 1.696729 1.713347 1.713609 1.702547 1.5683
2.0 3.028202 3.026080 3.027701 3.026962 3.0360
7.0 6.155849 6.156290 6.155157 6.155753 6.1592
15.0 9.258533 9.258176 9.257985 9.258509 ----

-0.5 0.1 0.925755 0.917530 0.942230 0.873923 ----
0.7 0.427651 0.423049 0.436163 0.406289 0.2573
2.0 0.067350 0.066924 0.067877 0.067486 0.0600
7.0 0.000070 0.000071 0.000143 0.000476 0.0000
15.0 0.000047 0.000047 0.000000 0.000000 ----

0.5 0.1 1.544690 1.569890 1.557302 1.546597 ----
0.7 4.276252 4.299116 4.282403 4.276681 4.1961
2.0 11.01250 11.01169 11.01224 11.012555 11.1517
7.0 33.66551 35.07629 35.07643 35.076481 36.6120
15.0 70.20512 70.20503 70.20512 70.205160 ----
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Fig. 1: (Newtonian) The similarity profile f( ) for =-0.5 Fig. 4: (Micropolar) The similarity profile f( ) for =0.5, R
and R=0.1, 2, 5, 10 and 20 from top to bottom. =0.1, 2, 5, 10 and 20 from top to bottom.

Fig. 2: (Micropolar) The similarity profile f( ) for  =-0.5 form of velocity and temperature distributions. Figure 1 to
and R=0.1, 2, 5, 10 and 20 from top to bottom. Figure 4 demonstrate f( ) for  = –0.5, 0.5 both Newtonian

Fig. 3: (Newtonian) The similarity profile f( ) for =0.5 for both Newtonian and Micropolar fluids. Also, the
and R=0.1, 2, 5, 10 and 20 from top to bottom. Figure  13  and  Figure   14   demonstrate   the  temperature

– '(1) respectively. The results  are  in  good  agreement.
It can be noticed from Table 1 that all the values of f''(1)
are negative. It means that a dragging force on the fluid is
exerted by the stretching tube. It can also be noted that
absolute values of the skin friction coefficient f''(1) are
larger for positive  that stands for suction than negative

that stands for injection. The asymptotic value f( )
decreases with increasing the values of R for every choice
of  as indicated in Table 2. The Table 3 shows that the
heat transfer rate increases with increasing the values of

. The Prandtl number Pr has no effect on the velocity
components f and f'.

Graphically the results have been reported for a
representative set of all the parameters of interest in the

and Micropolar fluids respectively for various values of
R. Figure 5 to Figure 8 show f'( ) for  = –0.5, 0.5 both
Newtonian and Micropolar fluids respectively for different
values of R. It is noted that f( ) decreases for increasing
values of R irrespective of  is positive, negative or zero
as shown in Figure 1 to Figure 4. The velocity gradient
also increases for increasing values of R as can be seen in
Figure 5 to Figure 8. The velocity gradient at the surface
increases for increasing values of  and it implies that the
wall shear stress also increases. It is worth mentioning
that the velocity field is not affected by Prandtle number
Pr.

Figure 9 to Figure 12 demonstrate the temperature
distributions for Pr = 7 (such as air) and Pr = 7 (such as
water) for a fixed  value  of R  and different  values  of
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Fig. 5: (Newtonian) The velocity profile f( ) for =-0.5 Fig. 8: (Micropolar) The velocity profile f'( ) for =0.5, R
and R=0.1, 2, 5 and 20 from top to bottom. =0.1, 2, 5 and 20 from top to bottom.

Fig. 6: (Micropolar) The velocity profile f'( ) for =-0.5, R Fig. 9: (Newtonian) Temperature profile ( ) for R=10,
=0.1, 2, 5 and 20 from top to bottom Pr=7 (water) and = -0.5, 0, 0.5 from top to bottom.

Fig. 7: (Newtonian) The velocity profile f'( ) for =0.5 and Fig. 10:(Micropolar) Temperature profile ( ) for Pr=7
R=0.1, 2, 5 and 20 from top to bottom. (water), R =10, = -0.5, 0, 0.5 from top to bottom.
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Fig. 11:(Newtonian) Temperature profile ( ) for R=10, Fig. 14:(Micropolar) Temperature profile ( ) for Pr=7, =
Pr=0.7 (air) and = -0.5, 0, 0.5 from top to bottom -0.5 and R = 1, 6, 12 from bottom.

Fig. 12:(Micropolar) Temperature profile ( ) for Pr=0.7
(air), R =10, = -0.5, 0, 0.5 from top to bottom.

Fig. 13:(Newtonian) Temperature profile ( ) for = -0.5,
Pr=7 and R=1, 6, 12 from bottom to top.

distributions for  (such as water) for a fixed value of
and different values of R for both Newtonian and
Micropolar fluids. It is found that è decreases for
increasing values of . Also, è decreases for increasing
the distance from the surface and then becomes zero at
some larger distance from the surface. For increasing
values of , the thermal boundary layer thickness
decreases for some fixed value of . The behavior of
temperature profiles for injection is different from that of
suction. It is noted that – '(1) decreases to zero for larger
values of Pr in case of injection. It means that there is no
heat transfer at the surface. Thus the wall shear stress and
heat transfer rate at the surface can be reduced by
injection.
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