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Abstract: The present article contains a brief description of several methods for solving non-linear tasks used
when calculating the strength, stability and oscillation of construction structures. The investigated structures
are: beams, thin-wall reinforced shells, including shells with fractures in the middle of the surface. Calculations
are carried out with consideration of physical and geometrical non-linearity using the variational Ritz’s method.
As the Ritz’s method has certain drawbacks, the gradient method is proposed to make up for them. Calculation
is presented for reinforced-concrete beams in the non-linear elastic variant with the use of diagram according
to the Euro standard. The non-linear theory for structures calculations was developed as a purely theoretical
science and it only obtained practical relevance when large-powered computers became available. Complexity
of initial equations often prevents from achieving analytical solutions in the closed species, not even for the
simplest tasks; therefore, obtaining usable results is closely related to the use of numerical methods; one of
them is the method of finite elements (FEM). Non-linear tasks are also related to calculations of seismic
influences, when, in order to decrease the buildings’ oscillations amplitude, non-linear elastic links are installed.
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INTRODUCTION Thin-wall shell-form structures are widely used in

The necessity to solve non-linear tasks for
construction purposes arose early in the XX century,
when construction engineers needed to learn how to
obtain more detailed data on the behavior of structures
under loads up to their collapse. In the latter case, the
displacements can be so large that the so-called
geometrical non-linearity appears; it is manifested as a
non-linear dependency between deformations and
displacements  [1].  Geometrical  non-linearity is
especially manifested  during  investigations  of  stability
of thin-wall shell-form structures [2]. In overload
conditions,  the  linear dependency between the stress
and deformations is disrupted, which causes physical
non-linearity [3]. In construction objects there is also the
structural non-linearity, when the calculated scheme
changes under loads.

shipbuilding,  aircraft  and  spacecraft  industry,
machinery manufacturing and construction. In order to
achieve better stiffness, they  are  reinforced  with
stiffener ribs and they can also have technological
indents. When investigating the stability of shells with
stiffener ribs, it is necessary to consider geometrical and
physical non-linearity and transverse displacement [4-5].

MATERIALS AND METHODS

In the  present   article,   the   variational Ritz’s
method is used, with subsequent solving of non-linear
algebraic  equations by iterations along the
corresponding  algorithms  and  FEM   [6-8].  In both
cases,  the   solution   requires   specialized   software
(part of it is registered trademark) and the computer
system MatLAB.
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The Main Part: The composite function of the full energy
of deformation of a shell with stiffener ribs under a
transverse mechanical load q(x, y), with consideration of
various properties of the material, will take the form of a
double integral on the area occupied by the shell, from the
product of deformations, forces and moments.

Composite function of the  full  energy of
deformation is a highly complex dependency and it
includes unknown functions of displacement U = U(x, y);
V = V(x, y); W = W(x, y) and angles of turning of the
normal line [Psi]  = [Psi] (x, y); [Psi]  = [Psi] (x, y).x x y y

Calculation of shell-form structures in accordance with
this model requires developing the algorithms based on
numerical methods [9-10]. This article presents several Fig. 1: “P- W” graphs for shallow shell
algorithms for calculating the strength and stability of
reinforced shells [11]. Deflexion in the dimensionless form and a

We will examine the thin-wall shells with
reinforcement on the concave side in the form of crossing
ribs system; the ribs are directed along the coordinate
lines.

The Algorithm Based on the Ritz’s Method and Iteration
Processes: For calculating the stressed-deformed state of
the shell, a variational task is solved in order to estimate
the minimum of the composite function of the full energy
of deformation. In order to do that, the Ritz’s method is
applied to the composite function and unknown functions
are represented in the form of a linear combination of
unknown numerical parameters U(I), V(I), W(I), PS(I),
PN(I) and known approximation functions.

The Ritz’s system is a system of non-linear algebraic
equations; it is formed by differentiating the composite
function for each unknown numerical parameter.

The system of non-linear equations can be briefly
represented in the following form:

F (X) – cp. q = –F (X) + (X) (1)L N

where F (X) considers the geometrical non-linearity; (X)N

considers the physical non-linearity or creep strain of
material; X = (U(I), V(I), W(I), PS(I), PN(I)) .T

In order to solve a non-linear system (1), the iteration
method is used.

As an example of the examined algorithm, let us
estimate the stability of a reinforced flat shell with the
following parameters

dimensionless load will have the form

Shells can be reinforced with 18 or 36 stiffener ribs with
the height 3h and width 2h.

Fig. 1 shows the diagrams “load - deflexion ” in
the center of the shell (curve with index 1, curve with
index 2 is the deflexion (0.25; 0.25)). Curves number 1
correspond to a shell without stiffener ribs, curves
number 2 correspond to a shell reinforced with 18 stiffener
ribs, curves number 3 correspond to a shell reinforced
with  36  stiffener ribs. Calculations are carried out under
N = 9.

As  Fig. 1  shows,  this  method  only  allows
solving  the  first  of  the  possible  critical  loads;
however,  this  method  is   also   suitable  for solving
non-linear-elastic tasks (physical, non-linear) and tasks of
the creep strain.

Thin-wall shells can lose stability in  several  forms.
In order to investigate local and general forms of stability
loss, it is necessary to be able to examine the behavior of
the structure in the trans-critical area as well. It is possible
with the algorithm based on the method of solution
continuation by the parameter or with the gradient method
[11].

The Algorithm Based on the Method of Solution
Continuation by the Parameter: In accordance with this
algorithm, the Ritz’s method is also applied to the
composite function of the full energy of deformation.
After it is applied, a system of non-linear algebraic
equations is created; it can be solved with the method of
solution continuation by the parameter.

This method reduces the solution of the system of
non-linear equations to sequential solving of linear
equations with the coefficients varying from one stage to
another.
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Fig. 2: Graph “load P - deflection W” in the center and Unlike the traditional algorithm based on the Ritz’s
quarter part of the shell method, the algorithm based on the L-BFGS method,

After the Ritz’s method has been applied to the times faster, as it has fewer calculations to do.
composite function of the full energy of deformation, we We represent the unknown functions in the form of
obtain a system of non-linear algebraic equations, which, NURBS surfaces.
after we apply the method of solution continuation by  the By substituting the offered approximation of
parameter, can be represented in the following form: unknown functions into the composite function of the full

on the required numerical parameters and, in order to find
(2) its minimum, we use the L-BFGS method.

where [delta]P  is set and [delta]X  is calculated from the approximations are found by formulas; for example, fori i

equation. After that, we calculate W(x, y):

The  matrix   of   the  equations  system  (2) is
Jacobi’s  matrix.  In  order  that  this  system  (2) be where G is the reverse Hessian.
soluble, the determinant of this matrix must not be equal Let us examine the stability of panels of steel conical
to zero. shells that are pivotally-immovably fixed along the

As the critical point is approached and in order to contour and are under the influence of an evenly
circumnavigate that point, it is necessary to change the distributed transverse load.
parameter of solution continuation. We examine the variant of the panel of the conical

Let us examine a rectangular flat shell under an shell with the thickness h = 0.01 m, with the following
evenly distributed transverse load with the parameters parameters: a  = 1500 m; a = 1510 m; [theta] = 0.0035 rad;
a = b = 10.8 m, R = R = 40.5 m, h = 0.09 m. the angle of the panel’s turning y  = 3.14 rad.1 2

Fig. 2 shows the dependency of deflexions in the Fig. 3 shows the diagrams “load q - deflexion W”.
center (curve 1) and in the quarter of the shell (curve 2) Therefore, we can find not only the critical load, but
from the load. also the trans-critical behavior of the shell.

Curves in Fig. 2 show that there is the first upper For the elastic state of FEM, we will show an example
critical load under P = 0.82 MPa, the lower critical load of calculation of a corrugated shell from flat plates
under P = 0.75 MPa and the second upper critical load eccentrically reinforced in two directions with stiffener
under P = 0.89 MPa. Under these loads, the shell “snaps”, ribs [13]. The middle plate of the shell has fractures in two
i.e. it transits to a new balanced state. directions   at    the    joints   of   the   plates   that  provide

The Algorithm   Based   on   the    Gradient  Method:
This algorithm means that approximation of unknown
functions is  carried   out    in    a    certain    way,   through
unknown  numerical  parameters and known
approximating functions, with its subsequent substitution
into the composite function of the full energy of
deformation.

Let us  approximate   unknown  functions  U(x,  y),
V(x,  y),   W(x,    y),    [Psi] (x,   y),   [Psi] (x,   y) byx y

NURBS-surfaces.
Among the algorithms using the information about

the gradient, the most widely used are quasi-Newton
algorithms. One of the most popular is the so-called
BFGS-algorithm [12].

which has the same accuracy, can solve tasks by several

energy of deformation, we obtain the function depending

The initial approximation is set to zero, the following

1

1
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Fig. 3: Graph “load q - deflection W” for conic shell same angle of fracture [theta] = 0.06065 rad and

Fig. 4: Polyhedral shell theoretical deflexions: the upper line for the stiff base and

Fig. 5: Deflections of the shell can only be solved by iteration methods.

significant stiffness of the structure (Fig. 4). also shock-absorbing properties of structures can depend
Calculation of the corrugated shell, like the one shown on displacements. The weight of structures stays
in Fig. 4 with the use of the available computer systems practically the same during oscillations. Dependencies
is quite difficult, whereas calculation by FEM on the between these values can be represented in the analytical,
MatLAB system, with the use of stiffness matrices for graphical or table form. In any case, the equation for mass
particular box-type elements, is no more complex than movements for the time t will take the following form [15]:
calculating a regular framework by the displacement
method.

Surface fractures in FEM are calculated discreetly,
through the matrix of coordinates’ transformation. Below For validation, the numerical solutions were
is an example of displacement functions for a rectangular compared with the analytical solution with the use of
element of a flat shell: Fourier’s transformation [16].

A square-shaped shell is examined, with the side
a = 6 m and thickness h = 0.005 m; the shell consists
of 36 ribbed plates sized 0.5 × 2 m. Along the axis y
there are 3 plates 2.0 m long each and along the axis x
there are 12 plates 0.5 m long each. Along its contour,
the shell is pivotally-movably fixed. Along the axis x
there are 11 fractures of the middle surface with the

j

along the axis y there are 2 fractures with the angle
[theta] = 0.24391 rad. The material of the structurej

is reinforced concrete with E = 2.5 × 10 MPa and [mu]4

= 0.167. The structure is under an evenly distributed load;
considering the own weight of the structure, the total load
is q = 4.3 · 10 MPa.3

If the method of Bubnov-Galerkin is applied to the
equations in the mixed form, we obtain W = 2.14 × 10max

3

m; [sigma] = -3.224 MPa. For FEM calculations, wemax

obtain W = 2.72 × 10 m; [sigma] = -3.22 MPa in themax max
3

center of the shell. In Fig. 5, the dashed line indicated

the lower line - with consideration of flexibility of pillars.
The results of the experiment (solid line) conform to the
theory. The article [14] presents a method to calculate the
frequency of free oscillations of such structures.

When solving non-linear tasks, the elements of
the stiffness matrix K(Z) depend not only on stiffness
parameters of the structure, but also on its
stressed-deformed state expressed through nodal
displacements Z . It is for this reason that the equationi

As dynamic tasks are solved, not only stiffness, but
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1.11632 1.36439 0.86825

10 1.36439 1.98456 1.36439 .
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Fig. 6: Average weight displacements Let us do the dynamic calculation in the program

Fig. 7: Stress in the compressive zone of the concrete

Table 1:
No [omega] , s T , c [beta] , sj j j

1 1

1 67.67 0.093 1.723
2 268.78 0.023 6.844
3 570.68 0.011 14.532

The article [17] describes the procedure for solving
these equations. It is relatively simple, with the variables
changing constantly, as, for example, in the case of
non-linear elastic systems. With a small increment of time
and weak non-linearity, it will be enough to use time
iterations only. However, in other cases, the process can
be complicated.

Let us examine the pivotally fixed reinforced-concrete
beam with the following initial data: l = 3.72 m; b = 0.25 m;
h = 0.5 m; E = 3.3 × 10 kN/m ; E = 2 × 10 kN/m ; A =b s s

7 2 8 2

1.963 × 10 m ; a = 0.03 m. Let us calculate it for explosive3 2

influence by the stage III. F(t) = p(1 –t/ ) [theta] = 0.45 c.
The distributed mass is substituted by three concentrated
masses T = T = T = 5.58 t and the distributed1 2 3

pressure - by concentrated forces p = 77.74 kN applied to
the beam in the area of the masses. Let us do the
calculation for the stage III. We find the height of the
compressed zone of concrete x = 0.1439 m and the given
stiffness (EI) = 54 041 kN·m . The flexibility matrix,gs

2

frequencies and periods of own oscillations, as well as
shock-absorbing coefficients are presented in the table.
The diagram “[sigma] - [epsilon]” is taken from the Euro
standard.

itself, using MatLAB symbols. The results of the
calculation are presented in Fig. 6-7. Non-linear
displacements are indicated by a dashed line.

Diagrams of stress in a stretched reinforcement grid
have the same form as for concrete.

Such tasks were solved in the article [18] using the
variational method.

Task for dynamics are made more complicated if a
diagram of an ideally-elastic-plastic material is used, when
stiffness changes in steps because the diagram has three
sections (elastic as the load is being applied; plastic and
elastic as the load is being released) [19].

CONCLUSIONS

The article demonstrates that the stressed-deformed
state of random structures can be examined using both
the FEM and computer systems like MatLAB and Maple
(in the linear and non-linear representation). The same
computer systems can also be used for solving non-linear
tasks for dynamics.

Calculation of non-linear factors makes it possible to
fully examine the strength and stability of construction
structures. The main difficulty is in solving non-linear
systems of equations. These solutions can be obtained
with the help of numerical methods: FEM, Ritz’s method,
method of iteration, method of solution continuation by
the parameter, gradient method.
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