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Abstract: This article focuses on the estimation of population mean of a sensitive variable by using additive
scrambling technique. The proposed estimator requires two responses from each respondent. The proposed
estimator is relatively more efficient than the existing unbiased estimators utilizing the randomized or scrambled
data. From the privacy point of view comparative studies can be conducted which is a direction for further
research on randomized response models. 
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INTRODUCTION question to be insensitive) report their actual response on

Sensitive or incriminating information is often elicited forced RRT and its extensions to estimate the mean of a
in social surveys. Before collecting the valid data we need sensitive quantitative variable. While applying RRT,
to consider Social Desirability Bias, a bias introduced by respondents are asked to randomize or scramble their
the respondents' wish to be viewed positively by the response to a sensitive question. The responses of the
other   members  in   the   society   or   the   interviewer. respondents are based on the premise of chance.
To decrease this bias, in the literature, we have some Specifically, randomization/scrambling of the true
techniques like the Item Count Technique (Droitcour et al. response may be done through addition of actual
[1], Hussain et al. [2]), the Three card method (Droitcour, response to the scrambling variable. 
et al. [3], Droitcour et al. [4]), the Nominative technique The additive scrambling technique was proposed by
(Miller [5]), Randomized Response Technique (Warner Warner [11] and was further studied by Himmelfarb and
[6]) and many others. The method chosen for this study Edgell [12]. Additive scrambling is easier to handle and
is the Randomized Response Technique (RRT). more precise to estimate (see Gjestvang and Singh [13],

RRTs are important data obtaining tools in social and Gupta et al. [14], Huang [15, 16], etc). Thus our finally
behavioral sciences where  researchers  are  often  faced chosen technique is additive quantitative randomized
with sensitive questions. RRT has been used in many response technique. It has been established that
studies including Geurts [7], Larkins et al. [8], Liu & Chow scrambling the responses is associated with increased
[9], Reinmuth & Geurts [10], etc. These models allow variance. The more we scramble, the more is the additional
respondents to provide a scrambled response offering variance. This additional variance could not be reduced to
them complete privacy. The researcher is only able to zero in the presence of scrambling even by increasing the
unscramble the responses at aggregate level but not at sample size or number of responses per respondents and
individual level. These models have also been used in splitting  the  sample  into  two  or  more  subsamples.
many other fields like business, marketing, criminology, This article introduces an estimator with no additional
medicine and public health. Recent RRTs can be classified variance to sampling variance without compromising on
as qualitative and quantitative randomized response privacy or sampling cost. The idea is to undo the
techniques. The RRTs can also be categorized as optional scrambling of responses in such a way that the resulting
and forced RRTs or partial and full RRTs. In the full RRTs estimator has only the sampling variability. For this
every response is a randomized response whereas in purpose, we consider the additive scrambling model by
optional RRTs some of the respondents (who think the Warner [11]. 

the sensitive question. In this study, we have chosen a
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Before explaining the Warner [11] model, we state our collection of two responses from each respondent, we
problem more formally as: Let a population U = (u ,u ,...u )1 2 n

ofN individuals and a simple random sample S = (s ,s ,...s )1 2 n

of size n is drawn from U with replacement. Let
 is unknown set of values on the variable

of interest X having unknown mean E(X) = µ  andX

variance . The interest of study lies in the

estimation of µ . The uniformly minimum varianceX

unbiased estimator (UMVUE) based on true responses
obtained through direct questioning is defined as

with minimum variance

. Let Y be the scrambling variable with

known (or unknown) distribution , known
mean and known variance .

The quantitative additive version of Warner [6] RRM
is given by Warner [11]. All the respondents in a simple
random sample with replacement of size n are asked to
provide additive scrambled response depending upon the
outcome of the randomization device R capable of
producing  the  random values on scrambling variable.
The i  respondent is asked to generate a random value Yth

i

from the given distribution f(Y) and add it to his/her actual
response X . Let Z  be the reported response of the ii i

th

respondent then, mathematically, we have 

(1)

with , suggesting to define an unbiased
estimator of µ  as X

(2)

The variance of the estimator in (2) is given by

(3)

In the above equation the term,  represents the

penalty for scrambling of the responses. It is to be noted
that the randomized response model proposed so far
yields estimator which has the additional variance due to
scrambling.

Many studies are available on randomized response
models utilizing the two or more responses from each
respondent (see Christofides [17], Gupta and Shabbir [18],
Hussain et al. [19], Lee et al. [20], etc,). Motivated by the

propose a new estimator which, from efficiency point of
view, outclasses the existing estimators. We now discuss
the proposed estimator in the next section.

Proposed Estimation: The i  respondent is asked to drawth

two different random numbers Y  and Y  from f(Y) with1 2

mean µ  = 0 and report the two responses Z  and Z  as Y 1i 2i

(4)

The expected responses from the i  respondent mayth

be written as

(5)

From (5), using the method of moments, we can
construct the two unbiased moment estimators of µ  as X

(6)

and

(7)

Variances of the estimators defined in (6) and (7) are
given by (3). So, we can write that . Taking
the advantage of equal variances and utilizing the full
information we define a new estimator of µ  asX

(8)

Its variance is given by

 By simple calculus we get the optimum value of
. Hence the optimum estimator is given by

(9)

with optimum variance given by
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(10)

The covariance of  and  is calculated as 

(11)

since . Now, the covariance of Z  and1i

Z  is given by2i

(12)

Substituting (12) in (11), we get 

(13)

Now using (13) in (10), we get the variance of the
weighted estimator , given by

(14)

which the is the minimum variance that an unbiased
estimator can achieve. Such an estimator is actually
calculated from the true responses but we have designed
an estimator which uses scrambled response data and
offsets the effect of scrambling on aggregate level by
taking the two responses.

Efficiency Comparison: The relative efficiency of the
proposed estimator relative to Warner [11] estimator is
given by 

(15)

From  (15)  it  is  obvious  that  the proposed
estimator is relatively more efficient than Warner [11]
estimator.  Further,   it  has  no  scrambling  variance.

Thus, the proposed estimator is relatively more efficient
than all the unbiased estimators utilizing the scrambled
data

Using Gupta and Thornton [22] and Hussain and
Shabbir [23] randomized response models Hussain [24, 25]
proposed two unbiased estimators having minimum
variances equal to . Thus, the proposed estimator is

equally efficient as compared to Hussain [24, 25]
estimators but it is more protective and simpler, as shown
in the next section, than Hussain [24,25] estimators.

Privacy Protection: Following the measure proposed by
Zaizai et al. [21] the measure of the privacy protection
provided by a randomized response model is defined as
E(Z  - X )  where Z  and X  are the reported and actuali i i i

2

response of the i  respondent. The measure of privacyth

protection provided by Warner [11] model is given by

(16)

The measure of privacy protection provided by
proposed model is given by 

(17)

The measures of privacy protection provided by
Hussain [24, 25] models are given by 0 and

, respectively. It can be observed that

proposed model is more protective than the Hussain [24]
model. Since the measure of privacy provided by Hussain
[25] models depends upon the unknown mean and
variance of the sensitive variable, it is not directly
comparable to the measure of privacy provided by the
proposed model. Although the proposed estimator is
equally efficient compared to Hussain [24, 25] estimators
but it is more parsimonious and easier to implement in the
field surveys. 

From (16) and (17), it is observed that loss in privacy
for the proposed model compared to Warner [20] model is
given by . From (3) and (14), we can see that the gain

in efficiency is . Thus, the loss in

privacy  is more than the gain in precision .
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Actually, there is a trade-off between the efficiency and response of a particular respondent even the
privacy protection. By compromising on privacy interviewer is able to know the value of scrambling
(efficiency) we can build highly efficient (protective) variable for a particular respondent. But then, a
estimator. natural question arises that why not ask the

DISCUSSION AND CONCLUSION paper and drop it in a box? The answer to this

As far as the precision of the estimators is concerned that while direct questioning ( or asking to write true
the proposed estimator even with increased number value on a paper and drop it in a box) some or all
of randomization stages can be used to have the respondents may prefer not to disclose to the
UMVUE and there remains no need for searching interviewer the true answer to a particular question.
randomized response models other than additive They may report wrong answer or may refuse to
scrambling. From privacy point of view we have to respond. Thus, if the respondents are asked about
look into the matter and search for more protective their true value (even written on the paper and
model. dropped in a box) the danger of misreporting or
It is just possible that the actual values (Z  and Z ) refusal to respond is always there giving rise to1i 2i

on scrambling variable may be known to the evasive answer bias. With the use of additive (or
interviewer by any means, then the response of Z subtractive) scrambling it is anticipated that the
would disclose his/her value on the sensitive item. In respondents will be completely honest in their
this case there is no privacy protection provided to reporting and feeling more protective. That is why,
the respondents. Thus, the unrelated variables true value of X  is not asked to be written on the
should be chosen in such a way that the actual value paper.
of the unrelated variable be impossible to know by The acceptance of the unrelated variable Y by the
any means. If it is possible to exactly guess or know respondents is another key issue of concern. In some
about the unrelated variable for a given individual cases, it would be needed to explain the working of
then such variables must not be chosen for whole the technique to the respondents. But it
scrambling. In this way, respondents would feel more depends on the nature and composition of the
protected and be motivated to answer truthfully. It is population. In such cases survey must be conducted
an ethical responsibility of the interviewer to be under the supervision of a trained statistician. More
honest in the sense that he should ask about those specifically, if the study population is composed of
variables on which he/she does not have any illiterate individuals the technique must be explained
knowledge for a given respondent. The scrambled to them prior to actually conducting the survey. The
response models are used in surveys in the hope that explanation of the technique would possibly
the respondents will be motivated more to reveal decrease the suspicion among the respondents of
truthful answers rather than trapping them in being tricked. Further, the suspicion depends upon
mathematical tricks to trace their actual responses on the anonymity provided by the survey method. If the
the sensitive items. It will essentially be a direct respondents are explained about the working of the
questioning situation if surveyor is able to know the survey in such a way that their anonymity is assured
status of each respondent on unrelated variable. So, and they are giving meaningful answers in the sense
respondents must be assured that it is impossible to that only population mean of the study variable is
know the value of scrambling variable for any estimated and individual’s true values cannot be
individual and the interviewer only knows the mean. known through their reported response. With this
It is easy to understand now that knowing the explanation and provision of anonymity it is
population mean of a scrambling variable is not anticipated that any unrelated variable with known
detrimental but knowing the individuals’ values is. population mean may be fairly used.
Another characteristic of such indirect survey
methods is the anonymity. The identity of the Based on the above discussion it may be concluded
respondent is not required. The respondents may that the proposed methodology is based on the two
just write their answer on a sheet of paper and drop things, namely, anonymity and privacy. Anonymity is
them in a box making it impossible to know the provided   through    collecting    the   responses   in  two

respondent to write his/her true value on a piece of

question is simple. Warner (1965) have mentioned

i
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different boxes and privacy is provided through 9. Liu, P.T. and L.P. Chow, 1976. A new discrete
scrambled responses. Also the proposed model is more
parsimonious and provides minimum variance unbiased
estimator.

Different scrambling devices, for example, computer
program, cards with numbers, numbered balls in the box,
random number table, etc. A discussion is needed on the
selection of scrambling device itself. The answer to the
question 'Which one is the best scrambling device?'
perhaps depends upon the nature of the sensitive variable
and the study population. A separate empirical or
simulation study may be planned to know about the
psychological effects of a scrambling device.
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