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Abstract: In this paper, initiation and propagation of hydraulic fracturing has been studied using laboratory
and numerical methods and obtained results have been compared with analytical methods. In the laboratory
tests, rock cores excavated from the boreholes of Bakhtiari Dam site have been used. The laboratory tests were
performed under triaxial pressure conditions to simulate the real conditions. Also the laboratory tests were used
for determination of the fracture mechanics parameters as input parameters for hydraulic fracture simulation
calculations. Scattered data obtained from laboratory tests shows that heterogeneity of the specimens greatly
affects the initiation and propagation of the fractures. In this study, we have used the finite element method
to simulate the process of hydraulic fracturing, calculating the effective parameters in fracture analysis and
studying the fracture characteristics under different circumstances. Stress intensity factor is one of the most
important parameters of the fracture mechanics, which has been extracted to investigate the manner in which
cracks initiate and propagate. Based on Linear Elastic Fracture Mechanics, if stress intensity factor is equal to
fracture toughness, the crack will propagate. Numerical results were comparison with the experimental results
that these results have good relation. The stress distribution has been compared with the theoretical solution
in the vicinity of the crack.

Key words: Hydraulic fracture  Crack initiation  Crack propagation  Finite element method  Stress
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INTRODUCTION Breakdown pressure depends on mechanical

Hydraulic fracturing is the process of hydraulic Understanding hydraulic fracture mechanisms and,
loading that created by fluid injection into an isolated then, finding ways to predict the geometry of the
section of a borehole, which causes the rock to fail. hydraulically induced fracture and the initiation pressure

The direction of fracture propagation is perpendicular are important both for stress measurements and for
to the direction of principle minimum compressive stress. improving well production. Different theories for hydraulic
Propagation of a crack in engineering materials including fracturing were proposed and the oldest one and the most
rocks can cause failure.  Hydraulic fracturing has been frequently used is the elastic model that was proposed by
widely used to determine in-situ stresses in rock masses Hubbert and Willis [3].
and stimulate reservoir for enhance the flow of fluids from Haimson and Fairhurst invoked the theory of
oil, gas and geothermal reservoirs [1]. poroelasticity to incorporate the effect of the injection

The maximum observed pressure during the test fluid permeation on the stress distribution around the
normally  is  defined  as  the  breakdown  pressure  (PC). borehole in the elastic model [4].
In general, hydraulic fracture consists of three phases: Abou-Sayed et al.  introduced a fracture mechanics
fracture initiation, fracture propagation, flow of fluid approach to the hydraulic fracturing criterion. The fracture
through a ductile crack and seepage of the fluid into the mechanics approach based on Linear Elastic Fracture
adjacent media [2]. Mechanics (LEFM) assumptions [5].

characteristics of the rock and in-situ stresses. 



World Appl. Sci. J., 22 (5): 637-646, 2013

638

LEFM is the basic theory of fracture, which Hydraulic Fracture Test: Actual simulation of the
introduced by Griffith (1921) and completed by Irwing hydraulic fracturing in laboratory is difficult, expensive
(1957). Linear Elastic Fracture Mechanics assumes that and time consuming. Therefore, laboratory tests are
the material is isotropic and linear elastic. Isotropic and mostly performed to obtain specific or characteristic data
linear elastic mean that the material properties are about propagation and geometry of the hydraulic
independent of direction and these materials have only fracturing .
two independent elastic constants which are elastic In laboratory tests, it is an important issue to find the
modulus (E) and Poisson’s ratio ( ). representative rock specimen. Therefore, the main

In  LEFM  assumption,  the  stress  field  near  the criterion during sampling is similarity of performance of
crack tip is calculated by considering the theory of the specimen to the underground reservoir rocks. 
elasticity and this assumption is valid only when the On the other hand, the specimen should be large
inelastic  deformation  is  smaller  than the size of the enough to allow a sustainable fracture to form during the
crack. practice of the test. In order to make the test conditions

Fracture mechanics theory considers a pressurized similar to the reality, the test must be conducted under
hole in an infinite space and the existence of only two triaxial   stress   conditions   with   high    temperature
symmetric radial cracks. Fracture mechanics investigate (close to reservoir temperature) [11].
the process of growing cracks in a piece under the
specified stress field [6-7]. Core Material: The Bakhtyari dam site is situated within

A major achievement in the theoretical foundation of the Sarvak rock formation which consists of partly heavily
LEFM was the introduction of the stress intensity factor, fractured fine-grained dark limestone with calcite-filled
K, as a parameter that defines the magnitude of the local joints. Hydraulic fracturing test were conducted on cores
stresses around the crack tip and it can be related to the with the diameter of 30 cm and the height of 60 mm which
energy release rate. This factor depends on loading, crack has a 3 mm-axial hole for injecting the fluid. A few
size, crack shape and geometric boundaries . preliminary laboratory tests yield a rock density of 2.65

Predicting the direction and propagation rate, g/cm3, ultrasonic velocities of 5.2 (P) and 2.9 (S) km/s,
determining the precise pressure need to create Poisson's  ratio 0.25  ±  0.01, Young's Modulus 40 ± 14 /
appropriately the propagation cracks in the well wall and 62 ± 32 GPa  and a hydraulic tensile strength of 27 MPa. 
other important and effective parameters on hydraulic Photographs of the B7 and B8 specimens are shown
fracturing shows, is importance of calculating the factor in Figure 3.1.
of stress intensity of the rocks around the well [8].

Based the fracture mechanics theory, Rummel and Technique   of    the     Hydraulic     Fracturing    Test:
Winter (1983) suggest that hydraulic fracturing will occur The  hydraulic   fracture   tests   were   conducted on
when the mode I (opening) stress intensity factor K  at the mini-cores of 30 mm diameter and approximately 60 mmI

tip of the crack reaches a critical value fracture toughness length, containing  a  3   mm   diameter   axial   injection
(K ). Based on performed studies in the fracture hole. The samples were triaxially loaded with a constantIC

mechanics field, fracture toughness is one of the most confining  pressure p   (2  to  17 MPa) and a constant
important  parameter   in   rock  fracture  investigation. axial stress  about 10 per cent higher than the value of
This parameter illustrates the rock material resistance to p .
crack growth [9]. A rubber sleeve prevented the penetration of the

There are three common methods of determining the confining pressure fluid (hydraulic oil) into the sample.
factor of stress intensity: 1.Analytic Methods, 2. The axial hole was pressurized with a constant injection
Numerical Methods, 3. Experimental Methods. For rate of 1 ml/s until a hydraulic fracture was induced at the
complex geometrical and loading conditions, the finite breakdown pressure p . The injection fluid had a viscosity
element method is a reliable and proper method to of 25.10
estimate the main parameters of the failure. pressure, injection fluid pressure were recorded by the

Amongst numerous available approaches to digital data acquisition system. 
determine the mode I and mode II of stress intensity The peak value of the injection pressure (p )
factor, the method of J Integral has a high precision. corresponds to the breakdown pressure (p ) when the
ABAQUS is one of the analytic software’s of mechanics fracture is induced and dynamically propagates through
that uses this method and has been implemented in this the sample. At this moment the values p ,  and p
study [10]. equilibrate due to hydraulic short circuit.
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Fig. 1: B7 and B8 cores 

Fig. 2: Rock samples after performing the Hydraulic
fracturing test

Figure 2 shows the rock samples after the test and
developing the fracture. As can be seen, the direction of
crack propagation that appears in the samples
perpendicular to the confining pressure and parallel with
the axial stress. 

Table 1: Laboratory data from Hydraulic Fracturing
Samples n. p  (MPa) p  (MPa) (MPa)c m 1

B1-1 19.5 4.9 7.6
B2-1 27.2 9.6 12.8
B3-1 39.2 14.8 19.2
B4-1 19 2.4 7.3
B5-1 24.2 6.5 9.3
B6-1 34.7 11.3 16.9
B7-1 47.3 17.1 20.3
B8-1 25.3 1.2 4.2
B9-1 48.6 7.7 11.9
B10-1 27.4 10.9 12.8
B12-1 17.1 7.4 9.3
B13A-1 29.6 14.5 16.2
B13B-1 37.7 8.2 12.2
B14A-1 62.5 13.2 16.7
B14B-1 9.2 5.3 6
B15-1 46.8 16.7 20.3
B16-1 49.5 12.6 17.6
B17-1 27.6 8.6 11.5
B18-1 37.7 12 16.8
B1 30 2.3 7.7

Fig. 3: Time-Pressure Diagram of Hydraulic Fracturing Tes

Experimental Results: The maximum exerted pressure of
Pi, corresponds to the breakdown pressure (P ), when theC

cracking starts and sustainably propagation throughout
the sample. At the moment of fracturing, because of low
hydraulic flow, Pi, Pm and 1 reach an equity. Figure 3
shows a diagram of Time-Pressure recorded during the
test of the sample B1-1.

The test data are listed in Table 1. As can be seen the
test outcomes are scattered which can implicate the
sample heterogeneity, such as weak planes small
porosities and flaws. 

As can be seen, heterogeneity has deeply affected the
crack initiation and propagation. It is observed that during
the test samples with heterogeneity, weak planes, filled
with Calcite, have a low initiation pressure and deviate
towards these heterogeneities. 

The resulting pc-values are plotted in Figure 4 versus
the confining pressure (pm). This plot yields the hydraulic
tensile strength pco for pm = 0 and the hydraulic fracture
coefficient k = dpc / dpm according to the equation [12]:
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Fig. 4: Scatteredness of breakdown Pressure, Pc, versus
Confining Pressure, Pm 

Fig. 5: Variation of breakdown pressure (P ) with axialC

stress ( ).1

Fig. 6: Breakdown pressure versus the ratio of axial axial stress on breakdown pressure is more than that of
stress to confining pressure. confining pressure. 

The plot suggests a mean hydraulic tensile strength stress to confining stress is between 1 to 2. 
of the rock of pco = (19.3 ± 5.1) MPa and a fracture
coefficient of k = 1.53 ± 0.47. The scatter is rather Numerical Analysis of Hydraulic Fracturing: Numerical
significant due to the presence of weakness planes. simulations of circular holes under internal hydraulic

This plot shows that as the confining pressure pressure are carried out to investigate the hydraulic
increases,  the  fracture  initiation  pressure  also fracture initiation, propagation and breakdown behavior
increases. in the intact rocks [13].

Fig. 7: Ratio of breakdown pressure versus the ratio of
axial stress to confining pressure. 

Fig. 8: J-integral contour path surrounding a crack-tip J is
derived from the expression below: 

Figure 5 shows the variation of breakdown pressure
versus the axial stress of 1. As can be seen, relation of

Figure 6 shows the variation of breakdown pressure

figure shows that fracture occurs when the ratio of axial
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To assess fracture mechanics parameters and fracture
properties  in  different  conditions,  Finite Element
Method (FEM) is proper tool. Thus in this study we used
of FEM and ABAQUS software program for determine the
fracture mechanic parameters in the hydraulic fracture
process.

For stress intensity factor computations, J-integral
method is used by ABAQUS program. J-integral is
defined as a path-independent line integral that measures
the strength of the singularities for stresses and strains (a)
near a crack tip (Figure. 8).  J-integral is termed as J and it
was introduced by Rice [14].

(2)

Where, w, strain energy density,  is the contour path, n
the normal on the path and q is the virtual crack extension
direction.

The J-integral is usually used in rate-independent
quasi-static fracture analysis to characterize the energy
release associated with crack growth. It can be related to
the stress intensity factor if the material response is linear.
This related for homogeneous, isotropic materials as
follows:

(3)

Where  for plane st1ress and  for plane

strain, axisymmetry and three dimensions [15].
Numerous models have been offered to study

Hydraulic Fracturing which have differences in their
assumptions such as, defining the geometry of the
fracture, constitutive models of rocks and fluids and fluid
flow. Fracture propagation criteria are described using the
conventional approach of Energy Release Rate form
Fracture Mechanics Theory. 

Modeling of the Fracture as a discontinuity because
of singularity of strain filed in edges - has always been
considered as a challenge in numerical methods.
Furthermore, when an internal force like fluid flow creates
this fracture it becomes more complicated to model the
problem. Behavior of the medium near the fracture,
specially, its tip, is strongly affected by presence of the
crack.

(b)

Fig. 9: 3D (a) and 2D (b) Models of cores

(a)

(b)

Fig. 10:  3D  (a)  and  2D  (b)  finite element mesh pattern

In modeling process, hydraulic pressure is
considered as a uniform load on the injection hole shell
and crack. In this paper, we have tried to investigate the
parameters of the fracture mechanics, stress intensity
factor  (k)  and  Rice's  released elastic energy (J-Integral),
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under plane strain conditions, during the test. In this
study, a cylindrical rock core with the diameter of 30 mm,
central injection hole diameter of 3 mm and in 3D analysis
height of the sample has been assumed to be 60 mm for
modeling (Fig. 9.a). A cross section of the same core has
been used for 2D analysis (Fig. 9.b). 

Modeling process has been performed in ABAQUS
using 8 and 20 node Quadratic elements in 2D and 3D
analysis (Fig. 10). the mesh was refined around crack tip, Fig. 11: Variation of stress intensity factor of mode 1 and
so that the smallest element size found in the crack tip mode II (K , KII) versus crack length (a). 
elements was approximately 0.25 mm.

A linear elastic finite element analysis is performed
under a 3D stress condition using 1/vr stress field
singularity. To obtain a 1/vr singularity term of the crack
tip stress field, the elements around the crack tip are
focused on the crack tip and the mid side nodes are
moved to a quarter point of each element side [16].

In the performed analysis, ratio of cracklength, a, to
the sample radius (r)  varies  in  the  following  manner:
a/r= 0.13, 0.26, 0.40, 0.53, 0.66, 0.8.  As mentioned,
hydraulic pressure is considered as a uniform load on the
wall of the borehole and crack. The hydraulic pressure Fig. 12: Variation of stress intensity factor (KI) for
increases at a constant rate. different confining pressures (Pm)

2D analysis has been conducted on a section
perpendicular to the hole axis and assumption of plane
strain   conditions.   In   these   problems,  J-Integral,
Stress intensity factor (K , K ), propagation direction andI II

T- stress can be calculated. 

Results of Numerical Simulation: Despite complex
loading conditions and various loads in hydraulic
fracturing, stress intensity field in the vicinity of crack
tips, created from any source of loading, can be
formulated using the principle of superimposition of Fig. 13: J-Integral versus Crack length. 
stress intensity factors. Figure 11 shows the stress
intensity factor of Modes I and II of fracture versus of In addition, due to negative values of K , the cracks
crack length. tend to close in presence of confining pressure rises. 

This indicates that stress intensity factor increases Results of numerical analysis show that applying
by increase of crack length. Stress intensity factor of confining pressure has no effects on mode II of fracture
mode II abstained from numerical analysis are zero or very toughness. Therefore, value of K , which is an indicator
close to zero whih suggests that fracturing in the of planar sliding of fracture faces, is not affected by
hydraulic fracture process is of type I, i.e., opening mode. confining  pressure.  It  can  be explained that if we

Figure 12 shows the variation of stress intensity assume the confining pressure as a hydrostatic pressure
factor versus confining pressure. From this figure, we find due to geometrical symmetry of the sample, it neutralizes
that as confining pressure increases, breakdown pressure its owns  effect  and therefore it will only have an effect
increases and value of K  decreases. This result has a on K .I

good conformance with the results from the experimental J-integral other is parameter that can be utilized for
tests since in the section of experimental it was observed crack propagation. Figure 13 shows J-Integral versus
that with an increase in confining pressure, the crack length. Values of J-Integral in this figure correspond
breakdown pressure increased. to breakdown pressure in each crack length. 
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Fig. 14: J-Integral variations versus different confining If T > 0, the crack tip will continue to undergo
pressures. opening  forces and will continue to veer away from the x-

Fig. 15: Variations of T-Stress versus crack length 

As can be seen, crack length increasing, lead to Equations: In this section we have used fracture
increasing J-Integral. This could be attributed to the mechanics solution that Rummel and Winter extracted to
concept that with a growth in crack length, component of calculate the Stress Intensity Factors and Critical
released elastic energy in J-Integral ascends. This figure Hydraulic Pressure. In this approach, the peak pressure of
shown, at first stage, J-integral variation rate has a Pc, recorded in pressure-time diagram is expressed as
descending trend and after reaching a minimum value, the follows [20]: 
trend changes the course and adopts an ascending
approach.

The reason for this phenomenon could be explained
as in the first stages, the released energy is consumed to
propagate and develop the cracks and to overcome the
surface crack energy. 

Minimum value of J-integral in this figure shows that
the crack has reached its final propagation phase and after
it because of the increasing fluid injection, the crack does
not propagation and causes an increase in elastic strain
energy in the rock that makes the potential energy grow
up.

Figure 14 shows the variation of J-Integral for
different  confining  pressures   in   2-and-3D   analysis.
As  this  figure  shows  value  of   J-Integral  increases
with  a growth  in  confining   pressure,   in  both
analysis.

T-Stress has an important function in cracked
engineering materials and also in the set of the typical
parts which are used in fracture toughness tests. By
determining the T-Stress, we achieve the capability to
predict the direction of crack propagation. 

In case like presence of an inner crack which has a
parallel track with loading direction, or when fracture
process zone (zone of mini-fracture functioning or FPZ)
around crack tip are small, T-Stress term can be effective
on the strength of the cracked piece [17-18].

axis. If T < 0, the crack opening forces tend to decrease,
such that the only way for the crack to continue to
propagate is for it to remain on the x-axis. Magnitude of
the deviation and its variation rate directly  depends on
T-Stress. A similar phenomenon has been observed
before in some studies but no reason was offered [19]. 

T-stress parameter is independent form (r) which
depends on loading mode and geometry of the cracked
sample. Figure 15 shows the variation of T-stress versus
crack length. According to this figure, variation of T-
stress, contrary to KI, has a steady and ascending
approach.

Evaluation of Numerical Results Using Analytical

(4)

In which, Sh and SH are minimum and maximum in-
situ pressures, respectively [SH=Sh=Pm, in this study]. 

Pc is the Critical Hydraulic Pressure and f, g and h,
are dimensionless functions of Stress Intensity Factors
that are calculated from normalized crack length of a/r, r
being diameter of the borehole and a crack length.

(5)

(6)
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(7)

(8)

In the process of hydraulic fracturing test which is
performed in the laboratory, in addition to the confining
pressure, the injected fluid pressure is applied on
borehole wall and fracture plane. Despite such a complex
stress conditions, stress intensity factor around the crack
tip can be easily formulated using the superimposition
principle of stress intensity factors, as in shown figure 16.

(9)

In the above equation, KI specifies the stress
intensity factor for mode I. P is the applied pressure on
borehole wall and Pa which is expressed by Pa= P(x,0)
determines the pressure distribution in fracture direction
from x=(R,-R) to x=(R+a, R-a) [21].

These   results   are  in   complete   agreement  with
Pc= kPm + Pc0, the conventional hydraulic fracture
relations which are used for flawless rocks. For the case
with assumed conditions, the following results were
obtained.

Figure 17 shows variation of the fracture toughness
parameter versus crack length and confining pressure.
These results show that with increasing confining
pressure, fracture toughness increased. This result has a
good conformance with the results from the numerical
analysis since in the section of numerical analysis it was
observed that with an increase in confining pressure, the
stress intensity factor of mode I (K ), decreased.I

Furthermore, the results are in accordance with other
researchers' results.

Winter, in 1983, used an experimental method and
showed that with mounting confining pressure, fracture
toughness of K , increased. Ic

The tests performed by Barker on Roher Sandstone
using three flexural test shows that rise in confining
pressure, leads to rise in fracture toughness,. Thallalck
and et al in 1993 approved the linear increase of K  withIC

rising confining pressure for laboratory tests of Hydraulic
Fracturing Test, [22]. 

Figure 18 shows the variation of critical pressure of
crack propagation according to crack length growth in
different  confining  pressures  and  fracture  toughness.
As can be seen, with crack length increasing, critical crack
propagation pressure decreases. 

Fig. 16: Departing applied pressures for convenience in
calculation of stress intensity factors 

Fig. 17: Variations of fracture toughness versus crack
length

Fig. 18: Critical pressure of fracture propagation
according to crack length 

In addition, with increasing of fracture toughness and
confining pressure, the pressure needed for crack
propagation increases. On the other hand, from the figure
above we could conclude that when fracture length
reaches a critical value (ac) propagation pressure
increases. From the diagram, this critical limit could be
estimated as 1/3 of dimension of the sample or its
diameter.

CONCLUSION

Test results show that breakdown pressure is related
to the ratio of confining pressure and axial stress and
as this ratio increases, breakdownpressure goes up
in accordance. 
In laboratory tests, because of small size sample
dimension, initiation and propagation of fracture
mainly is affected by sample boundaries, size of
injected axial borehole and fracture toughness of
rock. When the hydraulic fracture length reaches
approximately  1/3  of sample dimension, here sample
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diameter, boundary conditions causes the crack 6. Barsoum, R.S., 1976. “On the use of isoparametric
propagation to grow faster towards the boundary
and unsustainable fracture to appear. 
From the diagrams obtained from laboratory tests, we
can estimate the fracture initiation pressure of the
original rock. However, re-opening pressure (Pr) and
fracture propagation cannot be attained from these
diagrams, which is because of the reason that after
the fracture appears in the sample, injection pressure
and confining pressure, which is created by oil
pressure, affect each other. Therefore, as it was
shown in pressure-time diagrams re-opening pressure
has been recorded with a higher value than
breakdown pressure. 
One of the most important results that were obtained
from numerical analysis in laboratory and field, was
that critical fracture length (ac) is 1/3 of sample
dimension. Which means that the breakdown
pressure obtained from numerical analysis is for a
fracture with 1/3 length of the sample radius. This
complies with the laboratory test results from
Shlyapobersky's works. 
In general, the obtained results show that value of
stress intensity factor KI and T-stress could have
considerable very through the direction of crack
front. Magnitude of these variations also depends on
relative length of the crack. 
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