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Abstract: Cross-efficiency evaluation has been suggested as an alternative method of efficiency evaluation 
and ranking in Data Envelopment Analysis (DEA) based on peer evaluation logic. A factor that possibly 
reduces the usefulness of the cross-efficiency evaluation is that cross-efficiency scores may not be unique 
due to the presence of alternative optima. As a result, it is recommended that secondary goals should be 
introduced in cross-efficiency evaluation. This paper seeks to improve the secondary goal proposed by Wu 
et al. (2009) [Determination of cross efficiency under the principle of rank priority in cross evaluation, 
Expert Systems with Applications, 36, 4826-4829], by introducing a Mixed Integer Linear Problem (MILP) 
as secondary objective function. Numerical example is provided to illustrate the model. 
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INTRODUCTION 

 
 Since Charnes et al. (1978) [3] introduced DEA to measure relative production performance among a group of 
Decision Making Units (DMUs), it has become a very popular method of performance measure and has been widely 
accepted as a powerful performance assessment tool. Meanwhile, many studies have been published dealing with 
applying DEA in the world especially for ranking and selecting the best unit; see for example [7, 8, 12, 15]. Due to 
the self evaluation property of DEA models it allows each DMU to be evaluated with its most favorable weights. 
Then, for eliminating unrealistic weight schemes of classical DEA models and to provide further discrimination 
among efficient DMUs, cross-efficiency evaluation has been suggested as an alternative method of DEA models, by 
Sexton (1986) [14]. 
 The cross-efficiency evaluation requests each DMU not only to be self-evaluated but also to be peer-evaluated. 
In other words, a cross-efficiency matrix is constructed where each DMU evaluated by n efficiency ratios using 
weight sets obtained from evaluation of the other DMUs. The average of these ratios is called average cross-
efficiency ratio which can be used for performance ordering. 
 However, it is well known that the multiplier DEA models contain multiple optimal solutions. Hence, secondary 
objectives should be used to search for more meaningful and suitable weights among alternative optimal solutions. 
Doyle and Green (1994) [5] proposed to use aggressive and benevolent models as secondary objectives in cross 
evaluation. Liang et al. (2008a) [10] extended the cross efficiency model of Doyle and Green (1995) by introducing 
a number of alternative secondary goals for the cross efficiency evaluation. Bao et al. (2007) [2] offered an 
alternative interpretation to the cross-efficiency evaluation from the viewpoint of slack analysis in DEA. Zerafat 
Angiz et al. (2012) [22] used fuzzy theory to improve the cross efficiency evaluation. 
 Moreover, due to its power in discrimination among DMUs, the cross efficiency evaluation has found number 
of applications in DEA literature. For example Oral et al. (1991) [13] used the cross-efficiency evaluation for R&D 
project selection. Shang and Sueyoshi (1995) [16] utilized the cross-efficiency evaluation to select the most efficient 
flexible manufacturing systems. Green et al. (1996) [9] employed the cross-efficiency evaluation for preference 
voting and project ranking. Chen (2002) [4] used the cross-efficiency evaluation to identify the overall efficient and 
false standard efficient electricity distribution sector in Taiwan.  
 This paper is concerned with proposing a mixed integer linear problem as a secondary objective function to find 
the best ranking order of each DMU. The rest of this paper is organized as follows. Section 2 is devoted to 
description of the cross-efficiency concept in the DEA context. Section 3 is devoted to proposal of a new secondary 
goal in cross-efficiency evaluation, based on the optimization of the rank position of each DMU. In section 4 an 
illustrative example is presented while section 5 is devoted to concluding remarks.  



World Appl. Sci. J., 21 (Special Issue of Applied Math): 46-49, 2013 

47 

 
CROSS-EFFICIENCY EVALUATION 

 
 Suppose we have n DMUs each of which utilizes m inputs to produce s outputs. The inputs and outputs for all 
of the DMUs are assumed to be strictly positive when the relative efficiency of each DMUo is assessed by the 
following DEA model:  
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where yrj r = 1,…,s represent outputs and xrj i = 1,…,m represent inputs for each DMUj and DMUo identifies the 
DMU under evaluation. Efficiency score of DMUj using the weights produced by evaluation model of DMUo is 
defined as follows: 
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Then, cross-efficiency score for DMUj is defined as follows: 
 

                                                            
n

ojo 1
j

E
E j 1, ,n

n
== =∑ …  (3) 

 
 It is noticed that model (1) may have multiple optimal solutions. This non-uniqueness of input/output optimal 
weights would damage the use of cross-efficiency concept due to the ambiguity in using weights for execution of 
final results. To resolve this ambiguity, alternative secondary goals in cross-efficiency evaluation have been 
introduced.  
 Research about the idea of cross-efficiency evaluation has developed gradually in recent years. Some of the 
studies in this field are as follows: Oral et al. (1991) [13], Doyle and Green (1994) [5], Doyle and Green (1995) [6], 
Shang and Sueyoshi (1995) [16], Green et al. (1996) [9] anderson et al. (2002) [1], Chen (2002) [4], Sun and Lu 
(2005) [17], Bao et al. (2007) [2], Liang et al. (2008a. 2008b) [10,11], Wu et al. (2009a, 2009b, 2009c,2009d) 
[18,19,20,21] and Zerafat Angiz et al. (2012)[22].  
 

OPTIMIZATION OF THE RANK POSITION OF DMUS AS A NEW SECONDARY GOAL 
 
 As said before, we are confining our attention to the case that the best ranking order is pursued for each DMU. 
To describe our approach we proceed in the following two-steps manner for each DMUo. 
 
Step 1: We solve model (1) and determine the projection of DMUo on the efficient frontier as *

o o o o o( x , y ) ( x , y )= θ , 

where *
oθ  is the optimal objective value of model (1). 

 
Step 2: To select the best weights from alternative optimal weights of model (1), we can choose the weights via 
solution of the following MILP model to find the best ranking order of DMUo: 
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Table 1: The raw data set  

DMU Input1 Input2 Output1 Output2 

DMU1 1.5 0.2 1.4 0.35 
DMU2 4.0 0.7 1.4 2.10 
DMU3 3.2 1.2 4.2 1.05 
DMU4 5.2 2.0 2.8 4.20 
DMU5 3.5 1.2 1.9 2.50 
DMU6 3.2 0.7 1.4 1.50 

 
Table 2: CCR efficiency scores, cross efficiency scores and associated ranking (in parentheses)  

DMU CCR Cross-efficiency 

DMU1 1 (1) 0.9363 (6) 
DMU2 1 (1) 0.9493 (1) 
DMU3 1 (1) 0.9411 (5) 
DMU4 1 (1) 0.9447 (2) 
DMU5 0.9775 (5) 0.9439 (3) 
DMU6 0.8465 (6) 0.9425 (4) 

 
 Due to the second constraint of model (4) and based on the optimal weights produced by this model, DMUo 
obtains a same efficiency score Eoo as the efficiency score *

oθ  in model (1). However, in this model if so<s j then the 

distance of DMUo from the produced supporting hyper plane (a hyper plane with the formulation of  
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which contains CCR production possibility set in only one of the half spaces and pass among at least one of the 
points of it) is less than DMUk and therefore the efficiency score Eoo and ranking of DMUo is better than the 
efficiency  score  Eok and ranking of DMUk. Note that this case caused the zero value for variable Zk. Furthermore, 
Zk = 1 if and only if so>sk. In this case and during the evaluation of DMUo, we have Eok>Eoo and this is DMUk that 
has a better ranking than DMUo. 
 Moreover, the objective function of the proposed secondary goal is minimization of the sum of Zj values. 
Therefore, model (4) select one of the alternative optimal solutions of model (1) which produce the best efficiency 
score for DMUo with the best ranking priority for DMUo. 
 

NUMERICAL EXAMPLE 
 
 Sexton (1986) [15] considered a case of six nursing homes whose input/output data for a given year are reported 
in Table 1. Table 2 shows the results of CCR efficiency and proposed cross-efficiency, where ranking results are 
depicted in parentheses. Note that the results show the discrimination power of proposed cross-efficiency evaluation 
against standard CCR model.  
 

CONCLUSION 
 
 Because DEA weights are generally not unique, the related cross-efficiency may not be unique either. It is this 
non-uniqueness phenomenon that can undermine the usefulness of the cross-efficiency method. This paper seeks to 
improve the mixed integer nonlinear model of Wu et al. (2009d) [21] in which the ultimate cross-efficiency score of 
DMUs are achieved by introducing a secondary objective function as a mixed integer linear model to optimizing the 
rank priority of the DMU under evaluation.  
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