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Abstract: The improved (G′/G)-expansion method is employed to construct exact travelling wave of 
nonlinear evolution equations. In this paper, the researchers are striving to look for exact solutions of the 
generalized Zakharov (GZ) equation by improved (G′/G)-expansion method. 
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INTRODUCTION 

 
 It is well known that nonlinear complex physics phenomena be related to Nonlinear Partial Differential 
Equations (NLPDEs) involved in many fields from physics, biology, chemistry, to mechanics, etc. According to the 
mathematical models of the phenomena, the investigation of the exact solutions of NLPDEs will help us understand 
these phenomena much better. Likewise, many effective methods for obtaining the exact solutions of NLPDEs have 
been conducted, such as tanh-sech method [1-4], extended tanh method [5-8], hyperbolic function method [9], sine-
cosine method [10-12], Jacobi elliptic function expansion method [13], F-expansion method [14], and the 
transformed rational function method [15]. Very recently, Wang et al. [16] introduced a new method called the 
(G′/G)-expansion method to look for travelling wave solutions of nonlinear evolution equations. Accordingly, the 
(G′/G)-expansion method is based on the assumptions that travelling wave solutions may be expressed by a 
polynomial in (G′/G), and that G = G(ξ) satisfies a second order linear Ordinary Differential Equation (ODE). The 
degree of the polynomial may be determined by considering the homogeneous balance between the highest order 
derivative and nonlinear terms appearing in the given nonlinear evolution equations. Moreover, the coefficients of 
the polynomial is achieved by solving a set of algebraic equations resulted from the process of using the method. By 
using the (G′/G)-expansion method, Wang et al. successfully obtained more travelling wave solutions of four 
nonlinear evolution equations. Lately, this sort of work has been done on the extensions of the (G′/G)-expansion 
method. For example, in [17], the method was improved to deal with the mKdV equation with variable coefficients. 
Similarly, in [18], the method was improved to find more types of no travelling wave and coefficient function 
solutions. As a matter of recapitulation, it should be mentioned that the investigators of this paper attempt to find the 
exact solutions of the generalized Zakharov (GZ) equation [19]: 
 

 

 
 

 
by improved (G′/G)-expansion method, where u = u(x,t) and v = v(x,t) and a is a real constant. 
 

DESCRIPTION OF THE IMPROVED (G′ /G)-EXPANSION METHOD 
 
Suppose that a nonlinear equation, say in two independent variables x and t, is given by 
 
                                                                  (1) 
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where u = u(x,t) is an unknown function, P is a polynomial in u = u(x,t) and its various partial derivatives, in which 
the highest order derivatives and nonlinear terms are involved. the main steps of the (G′/G)-expansion method will 
be presented as follows: 
 
Step 1: Combining the independent variables x and t into one variable ξ = x-vt, it is supposed that 
 
                                                                     (2) 

 
the travelling wave variable (2) permits us to reduce Eq. (1) into an ODE for u = u(ξ) 
 
                                                                (3) 

 
Step 2: Suppose that the solution of ODE (3) can be expressed by a polynomial in (G′/G) as follows: 
 

                                                                  (4) 
 
where G = G(_) satisfies the second order LODE in the form 
 
                                                                              (5) 

 
 and µ are constants to be determined later, αm ≠ 0, or βm ≠ 0 the unwritten part in (4) is 

also a polynomial in (G′/G), but the degree of which is generally equal to or less than m-1, the positive integer m is 
determined by considering the homogeneous balance between the highest order derivatives and nonlinear terms 
appearing in ODE (3). 
 
Step 3: By substituting (4) for (3) and using second order LODE (5), collecting all terms with the same order of 
(G′/G) together, the left-hand side of Eq.(3) is converted into another polynomial in (G′/G). Therefore, equating 
each co-efficient of this polynomial to zero, yields a set of algebraic equations for  and µ. 

 
Step 4: Assuming that the constants  and µ are attained by solving the algebraic equations 

in Step 3. Since the general solutions of the second order LODE (5) have been well known for us, then substituting 
_0,  and the general solutions of Eq.(5) for (4), there will be more travelling wave 

solutions of the nonlinear evolution equation (2). 
 

GENERALIZED ZAKHAROV(GZ)EQUATION 
 
Now, let us consider the generalized Zakharov (GZ) equation [19]: 
 
                                                                    (6) 

 
                                                                           (7) 

 
Consequently, the following transformations are supposed to be introduced: 
 
                                             (8) 

 
where α and β are real constants. Hence, 
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                                                                       (9)  

 
                                                               (10)  

 
                                                                (11) 

 
 Substituting (8) for Eqs.(6)-(7), and using (9)-(11), there will be ordinary differential equations(ODEs) for U(ξ) 
and V(ξ) 
                                                     (12) 

 
                                                                        (13) 

By integrating (13), it will be found: 
 

 
where  is an integration constant. As it is aimed to find the special form of the exact solutions and, for simplicity 

purpose, it is of concern to take  and, integrating this formula once again, there exists: 

 

                                                                               (14) 

 
where C is an integration constant. Substituting the (14) for (12) yields: 
 
                                             (15) 

 
Suppose that the solution of ODE (15) is expressed by a polynomial in (G′/G) as follows: 
 

                                                                     (16) 
 
where G = G(_) satisfies the second order LODE in the form: 
 

                                                                            (17) 
 
 By balancing the term U00 with the term U3 in Eq.(15), it will be received that m + 2 = 3m then m = 1. As a 
result, it will be written as (16): 
 

                                                                   (18) 

for that reason 

                                      (19) 

                                      

 

                                 (20) 
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 By substituting (18)-(20) for ODE.(15) and collecting all terms with the same power of (G′/G) together, the left-
hand side of ODE.(15) is converted into another polynomial in (G′/G). 
 Equating each coefficient of this polynomial to zero, yields a set of simultaneous algebraic equations for 

 and λ follows: 

 

 

 

 

 

 

 

 

 
Having solved the algebraic equations above with the aid of Maple, there yields: 
 
Case A: 
                                                          (21) 

 
, 

 
α,β and α0 are arbitrary constants. By using (21), expression (18) is written as: 
 
                                                                       (22) 

 
 Eq.(22) is the formula of a solution of Eq.(15). Substituting the general solutions of Eq.(17) for (22) there will 
be three types of travelling wave solutions of the generalized Zakharov (GZ) equation as follows: 
When λ2-4µ>0, 
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C1 and C2 are arbitrary constants. What exists in (x,t)-variables is  that: 
 

 

 

 
 

 

 
 If C1 and C2 are taken as special values, the various known results in the literature will be rediscovered. For 
instance, if C1 ≠ 0 and C2 = 0, then u1,2(x,t) and v1,2(x,t) will be written as : 
 

, 

 

. 

 
When λ-4µ<0, 
 

, 

 

. 

 

 

 

C1 and C2 are arbitrary constants. 
When λ-4µ = 0 
 

, 
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C1 and C2 are arbitrary constants. 
 
Case B: 

 

 

                                    (23) 

 

 

 
α,β are arbitrary constants. By using (23), expression (18) can be written as 
 

                                     (24)  

 
 Eq.(24) is the formula of a solution of Eq.(15). Substituting the general solutions of Eq.(17) for (24), there will 
be three types of travelling wave solutions of the generalized Zakharov (GZ)equation as follows: 
When λ2-4µ>0, 
 

 

 

C1 and C2 are arbitrary constants. 
When λ2-4µ<0, 
 

 

 

 

C1 and C2 are arbitrary constants. 
When λ2-4µ = 0, 
 

 

 

 

 
C1 and C2 are arbitrary constants. 
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CONCLUSION 

 
 What is of concern in this work is that the improved (G′/G)-expansion method was applied successfully for 
solving Generalized Zakharov equation.Thus, it is claimed that the proposed method is extended to solve the 
problems of nonlinear partial differential equations which arising in the theory of Solitons and other areas. 
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