
World Applied Sciences Journal 21 (Special Issue of Applied Math): 112-118, 2013 
ISSN 1818-4952;   
© IDOSI Publications, 2013 
DOI: 10.5829/idosi.wasj.2013.21.am.21132 
 

Corresponding Author: Nor Fadzillah Mohd Mokhtar, Department of Mathematics, Universiti Putra Malaysia, 43400 UPM 
Serdang, Selangor Darul Ehsan, Malaysia 

112 

Rayleigh-Benard Convection in Micropolar Fluid with Feedback Control Effect 
 

Izzati Khalidah Khalid, Nor Fadzillah Mohd Mokhtar and Norihan Md Arifin 
 

Department of Mathematics, Universiti Putra Malaysia, 43400 UPM Serdang, Selangor Darul Ehsan, Malaysia 
 

Abstract: The effect of feedback control on the criterion for the onset of Rayleigh-Benard convection in a 
horizontal micropolar fluid layer is studied theoretically. The bounding surfaces of the liquid are considered 
to either rigid on the upper and lower boundaries or upper boundary free and lower boundary rigid. A linear 
stability analysis is used and the Galerkin method is employed to find the critical stability parameters 
numerically. It is found that the onset of instability can be delayed through the use of feedback control. 
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INTRODUCTION 

 
 The micro fluids, a subclass of generalized fluids, 
are introduced and developed for the first time by 
Eringen [1]. These are the fluids which exhibit certain 
microscopic effects, arising from the local structure and 
micro motions of the fluid elements. These fluids can 
support stress moments and body moments and are 
influenced by the spin inertia. The stress tensor for such 
fluids is non-symmetric. Eringen’s theory has provided 
a good model to study a number of complicated fluids, 
including the flow of low concentration suspensions, 
liquid crystal, blood and turbulent shear flows. 
However, for real non-trivial flows, the theory must be 
formulated in terms of a system of 19 partial 
differential equations in 19 unknown [2]. This is very 
complicated to solve them mathematically, since it 
takes a lot of memory and time of execution on 
computer. However, in 1966, Eringen [3] introduced a 
subclass of micro-fluids named micropolar fluid, which 
exhibit micro -rotational inertia. This class of fluids 
possess a certain simplicity and elegance in their 
mathematical formulation and are more easily amenable 
to solution, which obviously is more attractive for 
applied mahematicians.  
 Walzer [4] analysed the problem of convective 
instability of a micropolar fluid layer confined between 
two rigid boundaries and pointed out that the analysis 
of the instability finds applications in the area of 
geophysics. One of the examples is understanding the 
phenomena of rising of volcanic liquid with bubbles 
and convective processes inside the earth’s mantel. The 
onset of convection for a heat conducting micropolar 
fluid layer between two rigid boundaries is 

iinvestigated by Rama Rao [5]. Sastry and Rao [6], Qin 
and Kaloni [7] studied the instability of a rotating 
micropolar fluid. The universal stability of magneto 
micropolar fluids was studied by Ahmadi and 
Shahinpoor [8]. Effect of through flow on Marangoni 
convection in micropolar fluid is investigated by Murty 
and Rao [9]. The magnetoconvection in micropolar 
fluid were studied by Siddheshwar and Pranesh [10]. 
As for the non-uniform basic temperature in a 
micropolar fluid, these researchers [11-15] have studied 
the individual effects.  
 The purpose of using the feedback control in one 
system is to delay the onset of convection while 
maintaining a state of no motion in the fluid layer. Tang 
and Bau [16, 17] and Howle [18] have shown that the 
critical Rayleigh number for the onset of Rayleigh-
Benard convection in fluid layer can be delayed. Or et 
al. [19] studied theoretically the use of feedback control 
strategies to stabilize the long wavelength instabilities 
in the Marangoni-Benard convection. Bau [20] has 
shown independently how such a feedback control can 
delay the onset of Marangoni-Benard convection on a 
linear basis with no-slip boundary conditions at the 
bottom. Arifin et al. [21] have studied the effect of 
feedback control on the onset of Marangoni-Benard 
convection with free-slip boundary conditions at the 
bottom. Kechil and Hashim [22, 23] have analyzed the 
effects of thermal feedback control of Marangoni 
instability in a layer of non-Newtonian, variable-
viscosity fluid. Mahmud et al. [24] studied the effects 
of control on the non-uniform Benard-Marangoni 
convection in a micropolar fluid. Recently, Bachok and 
Arifin [25] analyzed the effect of feedback control on 
the fluid layer with internal heat generation. 
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 The present study deals with the onset of Rayleigh-
Benard convection in a horizontal micropolar fluid with 
the effect of feedback control. The resulting eigenvalue 
problem is solved numerically using the Galerkin 
technique with two types of upper boundary conditions 
that are free and rigid while retaining the lower 
boundary to be rigid and thermally perfect conducting. 
 

MATHEMATICAL FORMULATION 
 
 Consider an infinite horizontal layer of quiescent 
micropolar fluid of depth d where the fluid between two 
horizontal plates is heated from below. The stability of 
a horizontal layer of quiescent micropolar fluid in the 
presence of thermal feedback control is examined. The 
no-spin boundary condition is assumed for micro 
rotation at the boundaries. Let ∆T be the temperature 
difference between the lower and upper surfaces with 
the lower boundary at a higher temperature than the 
upper boundary and these boundaries maintained at 
constant temperature.  
 The upper surface is assumed to be non-deformable 
and the governing equations for the Rayleigh-Benard 
situation in a Boussinesquian micropolar fluid are:  
Continuity equation:  
 

                                    q 0
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Conservation of linear momentum: 
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Conservation of angular momentum: 
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Conservation of energy: 
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Density equation of state: 
 
                        ( )0 a1 T T −α −  ρ = ρ  (5) 

 
where q

ur
 is the velocity, ω

ur
 is the micro rotation, p is 

the pressure, ρ0 is the density, α is the coefficient of the 
thermal expansion, T and Ta is the temperature at the 
upper and lower boundaries respectively, g is the 

acceleration due to gravity, 
^

k  is the unit of vector in 
the z-direction, ζ is the coupling viscosity coefficient 
for vortex viscosity, β is the micropolar heat conduction 
coefficient, Cv is the specific heat, λ and η  is the bulk 
and shear spin-viscosity coefficients and I is the 
moment of inertia. 
 The basic state of the fluid being quiescent is 
described by 
 

bq (0,0,0),
→

= b (0,0,0),
→

ω =  
                      bp p(z),= b (z),ρ = ρ bT T (z)=  (6) 

 
where the subscript b denotes the basic state. Let the 
basic state be disturbed by an infinitesimal thermal 
perturbation. We now have 
 
    b q ,q q ′+=  b ,′ω = ω + ω  bp p p ,′= +  bT T T′= +  (7) 

 
 The primes indicate that the quantities are 
infinitesimal perturbations and subscript b indicates 
basic state value. 
 Substituting 7 into 1-4 we get the linearised 
equations in the form: 
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 The perturbations 8-11 are non-dimensionalised 
using the following definitions: 
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 Substituting 12 into 9, 10 and 11 eliminating the 
pressure term by operating curl twice on the resulting 
equation of 9 operating curl on 10 and non-
dimensionalised we get 
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where the asterisks have been dropped for simplicity. 
Here, 
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 is the coupling parameter, 

( )3 2N
d

′η
=

η + ζ
 is the couple stress parameter, 
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The perturbation quantities in a normal mode form are: 
 

      ( ) [ ] x yW,T, W(z), (z),G(z) exp i(a x a y) Ω = Θ +   (16) 

 
where W(z), Q(z) and G(z) are amplitudes of the 
perturbations of vertical velocity, temperature and spin 

and 2 2
x ya a a= +  is the wave number of the 

disturbances at the liquid layer. Substituting 16 into 13-
15 we get 
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where 
d

D .
dz

=  

 Following the proportional feedback control in, the 
continuously distributed actuators and sensors are 
arranged in a way that for every sensor, there is an 
actuator positioned directly beneath it. The 
determination of a control; q(t), can be accomplished 
using the proportional-integral-differential (PID) 
controller of the form 
 

            [ ]q(t) r K e(t) ,= +  
^

e(t) m(t) m(t)= +  (20) 

 
where r is the calibration of the control, e(t) an error or 

deviation from the state measurement, 
^

m(t),  from some 
desired or reference value, m(t),  
 

t

p D l
0

K K K d dt K dt= + + ∫  

 
with Kp is the proportional gain, KD differential gain 
and Kl integral gain. Based on 20, for one sensor plane 
and proportional feedback control, the actuator 
modifies the heated surface temperature using a 
proportional relationship between the upper, z = 1 and 
the lower, z = 0 thermal boundaries for perturbation 
field, 
 
                      T(x,y,0,t) KT(x,y,1,t)′ ′= −  (21) 
 
where T′ denotes the deviation of the fluid’s 
temperature from its conductive state and K is the 
scalar controller gain in which it will be used to control 
our system. 
 Equations 13-15 are solved subject to appropriate 
boundary conditions that are: 
 
         ( ) ( )W DW G 0 K 1 0= = = Θ + Θ =  at z = 0 (22) 

 
For upper free boundary 
 
                2W D G D W 0= Θ = = =  at z = 1 (23) 
 
For upper rigid boundary  
 
                 W D G DW 0= Θ = = =  at z = 1 (24) 
 

METHOD OF SOLUTION 
 
 Equations 17-19 together with the boundary 
conditions and constitutes a Sturm-Liouville problem 
with the Rayleigh number as an eigenvalue while 
keeping other physical parameters fixed. The variables 
are written in a series of basis function as 
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where the trials functions Wi(z), Θi(z) and Γi(z) will be 
chosen in such a way that they satisfy the respective 
boundary conditions and AI, Ci and Di are constant. 
 Substitute 25 into 17-19 and multiply the resulting 
17  by  Wi(z),  18  by Θi(z), 19  by Γi(z) and performing 
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the integration by parts with respect to z between z = 0 
and 1. By using the boundary conditions, the expression 
for the Rayleigh number is given by 
 

                      
( )

( )
8 3 2 7 1

2
10 1 5 2 9

C C C C C
Ra

a C C C C C

 −  =
 − 

 (26) 

where 
2

1 1C N DW DG a WG = − +   

 

( ) ( )22 2
2 1 3 3C G 2N N a N DG= + +  

 

( ) ( ) ( )
2 22 2 4 2

3 1C 1 N D W 2a DW a W = − + + +  
 

 

( )2 2 2
4C D a= Θ + Θ  

 

5 5C N G= − Θ  

 
( )6C K 1= Θ  

 
2

7 1C N DG DW a GW = +   

 
8 4 6C C C= +  

 

9C W= Θ  

 

10C W= Θ  

 
where the angle bracket 〈…〉 denotes the integration by 
parts with respect to z from 0 to 1. The trial functions 
chosen are 2 2

iW z (1 z )= −  for upper free surface, 
2 2 2

iW z (1 z )= −  for upper rigid surface, iG z(1 z)= −  and 

i z(z 2)Θ = − . 

 
RESULTS AND DISCUSSIONS 

 
 The criterion for the onset of Rayleigh-Benard 
convection in micropolar fluid in the presence of 
feedback control is investigated theoretically. The 
sensitiveness of the critical Rayleigh number,  Rac to the 
changes in the micropolar fluid parameters; N1, N3 and 
N5 are also studied.  
 The stability analysis of the coupled Benard-
Marangoni convection in micropolar fluid with 
magnetic  field  effect has been studied by Siddheashwar 
& Pranesh [10]. To verify our numerical results, test 
computations have been performed for controller gain; 
K = 0 and we  found  that  the  results  carried  out from  

 
Table 1: Comparison of critical rayleigh number in micropolar fluid 

for N1 = 0.5, N3 = 2, N5 = 1 

 Rac ac 

Present study 2700.10 2.43 
Siddheshwar & Pranesh [10] 2701.91 2.43 

 
Table 2: Comparison of critical rayleigh number for different types 

of upper surface 

 Rac 
 --------------------------------------------------------- 
K Free surface Rigid surface 
0 2700 2863 
1 3254 3470 
3 4210 4524 
5 5075 5486 
7 5895 6400 
9 6685 7285 
12 7836 8577 

 

 
 
Fig. 1: Variation of Ra with a for upper free surface 
 

 
 
Fig. 2: Variation of Ra with a for upper rigid surface 
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Fig. 3: Variation of Rac with K for upper free and rigid 

surfaces 

 

 
 
Fig. 4: Variation of Rac with N1 for upper free surface 

 

 
 
Fig. 5: Variation of Rac with N1 for upper rigid surface 

 

 
 
Fig. 6: Variation of Rac with N3 for upper free surface 

 

 
 
Fig. 7: Variation of Rac with N3 for upper rigid surface 
 

 
 
Fig. 8: Variation of Rac with N5 for upper free surface 
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Fig. 9: Variation of Rac with N5 for upper rigid surface 
 
this analysis are in a good agreement with those values 
obtained in [10], in the absence of Marangoni and 
magnetic field effect. These validate our method and 
solutions at the same time.  
 Table 2 shows the comparison of critical Rayleigh 
number; Rac with controller; K for different types of 
upper surface. It can be clearly seen that the Rac values 
increases as the value of K increase for both cases 
considered. This shows that the controller can delay the 
onset of convection and thus stabilize the system. If we 
look the differences in Rac values for upper rigid 
surface and upper free surface, the Rac  values in upper 
rigid surface are higher that the upper free surface. It is 
interesting to take note that the upper rigid surface is  
more stable than the upper free surface in one system. 
 The variation of Ra with wave number; a, for upper 
free surface and upper rigid surface are illustrate in Fig. 
1 and 2 respectively. We choose N1 = 0.5, N3 = 2 and 
N5 = 1 for both cases  and we found that as the 
controller; K, increases, the marginal stability curves 
shift upwards and thus stabilize the no-motion state for 
all wave numbers. 
 Figure 3 shows the variation of Rac with K for 
upper free and rigid surfaces when N1 = 0.5, N3 = 2 and 
N5 = 1. From the graph it clearly shows that the 
increase in the K values, elevate the critical Rayleigh 
numbers in both cases studied. We also found that the 
onset of convection can be delayed with the use of 
upper rigid surface compared to upper free surface.  
 Figure 4 and 5 show the plot of Rac versus the 
coupling parameter; N1 respectively for various values 
of K when N3 = 2 and N5 = 1. In each of these plots, the 
critical number increases with increasing of N1 for all 
values of K considered. N1 indicates the concentration 
of microelements and increasing of N1 is to elevate the 
concentration microelements number.  

 
 The illustration of the couple stress parameter; N3, 
can be seen in Fig. 6 and 7 respectively when N1 = 0.1 
and N5 = 10. From these graphs, it can be clearly seen 
that in the presence of controller gain, an increased of 
N3 decrease the values of Rac for all K considered. 
These situations revealed that the system become more 
unstable much faster when the couple stress parameter 
increasing. 
 Figure 8 and 9 show the plot of Rac versus 
micropolar heat conduction parameter; N5, for upper 
free surface and upper rigid surface respectively, when 
N1 = 0.1 and N3 = 2. From these graphs, we found that 
an increasing in the micropolar heat conduction; N5, 
increased the critical Rayleigh number. The reason 
behind this is, when N5 increases, the heat induced into 
the fluid due to the microelements is also increased and 
thus reducing the heat transfer from the bottom to the 
top of the system. Thus, increasing N5 promotes 
stability in the micropolar system. As for the effect of 
controller K, an increased of K are still to stabilize the 
system. 
 

CONCLUSIONS 
 
 The effect of the feedback control on the onset of 
Rayleigh-Benard convection in micropolar fluid is 
investigated. The lower boundary is assumed to be rigid 
and two types of upper boundary that are rigid and free 
are considered in this study. The explicit analytical 
expressions for the Rayleigh number in the presence of 
the feedback control have been obtained. From the 
foregoing study, we found that the effect of increasing 
the feedback control in the micropolar fluid system is to 
elevate the critical Rayleigh number and thus promote 
stability in the Rayleigh-Benard convection in all cases 
considered. The critical values of the Rayleigh number 
in upper rigid surface are higher compare with the 
upper free surface. This shows that the use of rigid 
surface at the upper boundary can delay the onset of 
convection. The coupling parameter; N1, couple stress 
parameter; N3 and micropolar heat conduction 
parameter; N5, has a significant effect on the onset of 
Rayleigh-Benard convection.  
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