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Abstract: In this paper, we deal with hypothesis testing for unknown parameters. A new method is 
proposed based on a combination of the computational approach test and maximum likelihood estimation 
(CAT-MLE), introduced by [7]. The CAT-MLE does not require any knowledge of the sampling 
distribution. It depends heavily on numerical computational and Monte-Carlo simulation study. To 
illustrate the methodology, we show that the CAT-MLE can be better than the two accepted tests, modified 
Cox method and generalized p-value method, with Monte Carlo simulations to test the mean in the log-
normal distribution. We also apply our method to a set of real data. 
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INTRODUCTION 

 
 The methods of the computational tools have been 
nowadys applied in the statis tical inference, particular 
in the hypothesis test for the  unknown population 
parameters. The main barrier of the hypothesis test  has 
always been on the distribution of the employed test 
statistics. Recently there has been efforts with 
satisfactory consequences to bypass this barrier. The 
idea is quite simple: use many simulated values for the 
test statistics or the parameter estimation of the 
unknown parameter, and then specify the test critical 
values. This method is now known as: computational 
approach test (CAT). CAT is nicely outlined and 
employed by [7], where the maximum likelihood 
estimation (MLE) are used for the statistical inference 
on the unknown parameters (CAT-MLE). We will 
concentrate on testing hypotheses on the mean of the 
log- normal distribution, since for this class we can 
effectively make comparisons between practical 
computational procedures developed in testing 
hypothesis. More precisely we examine the power of 
the test for the mean of the log-normal distribution for 
modified Cox method, generalized p-value method and 
CAT-MLE. We observe that the power of the test for 
CAT-MLE  is uniformly small.   
 This article is organized as follows. We provide the 
general computational framework to handle a scalar 
valued   parameter   based   on  the  MLE  in next 
Section. In Section 3 we apply the CAT-MLE for 
hypothesis testing for log-normal mean. Further, we 
illustrate our approach using a real example. Also the 
power/size of our method is compared with the existing 

methods. In Section 4, some concluding remarks are 
provided to close the paper. 
 

The CAT-MLE 
 
 Let X1,X2,…,Xn is a random sample from density 
ƒ(x, θ), θ∈Θ. We present the CAT-MLE for two cases-
when there is no nuisance parameter and when there is 
(are) nuisance parameter(s). 
 
Case 1: Assume θ is scaler valued and there is no 
nuisance parameter. The CAT-MLE procedure for 
testing H0: θ=θ0 vs. A 0H : ( <θ θ  or θ>θ0 or θ≠θ0) at a 

desired level α, is given through the following steps: 
 

Step 1: Derive MLEθ̂  using the observed sample 

x1,…,xn, the MLE of θ. 
 
Step 2: (i) Assume that H0 is true, i.e., set H0: θ=θ0 
Generate artificial sample X1,X2,…,Xn i.i.d. from 
density ƒ(x, θ) a large number of times (say, M times). 
For each of the replication calculate the MLE of θ 
(pretending that θ were unknown) and denote them 

01 02 0M
ˆ ˆ ˆ, ,...,θ θ θ . Let 0(1) 0(2) 0(M)

ˆ ˆ ˆ...θ ≤ θ ≤ ≤ θ  be the ordered 

values of 0l
ˆ ,θ  1≤ l≤M. 

 
Step 3: (i) For testing H0: θ=θ0 against HA: θ<θ0 (if 
such an alternative is meaningful) at level α, define 

L 0( M )
ˆ ˆ= .αθ θ  Reject H0 if .ˆ<ˆ

LMLE θθ  Alternatively, 

calculate the p-value as: 
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(ii) For  testing  H0: θ=θ0  against  HA: θ>θ0  at  level 

α, define U 0((1 )M)
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(iii) For testing H0: θ=θ0 against HA: θ≠θ0 define the 

cut-off  points  as  L 0(( /2)M)
ˆ ˆ= αθ θ   and U 0((1 /2)M)

ˆ ˆ= .− αθ θ  

 
 Reject   H0  if  .ˆ<ˆ<ˆ

UMLEL θθθ  Alternatively,  the 

p-value is computed as: 1 2p=2min(p,p ) , where  

 

Mp MLEl /)ˆ<s'ˆofnumber(= (1)(1)
)0(1 θθ  

Mp MLEl /)ˆ>s'ˆofnumber(= (1)(1)
)0(2 θθ  

 
Case 2: Nuisance parameter is present. Assume that 

(1) (2)= , ) ,θ θ θ ∈Θ(  where θ(2) if available, is the nuisance 
parameter and θ(1) is the parameter of interest. The 
methodology of the CAT based on MLE to test 

(1) (1)
0 0H : =θ θ  vs. (1) (1)

A 0H : ( <θ θ  or (1) (1)
0>θ θ  or 

(1) (1)
0 ),θ ≠ θ  at a desired level α, is given through the 

following steps: 
 
Step 1: Derive )ˆ,ˆ(=ˆ (2)(1)

MLEMLEMLE θθθ  using the observed 

sample x1,…,xn the MLE of θ. 
 
Step 2:  
(i) Assume that H0 is true, i.e., set (1) (1)

0 0H : = .θ θ  Then 

find the MLE of θ(2) from the data again. Call this 
as the `restricted MLE of θ(2)' under H0 denoted by 

(2)ˆ
RMLEθ . 

(ii) Generate artificial sample 1 2 nX,X, . . . ,X  i.i.d. from 

density )(2)(1)
0

ˆ,,( RMLExf θθ  a large number of times 

(say, M times). For each of these replicated 
samples, recalculated the MLE of (1) (2)= , )θ θ θ(  
(pretending that θ were unknown). Retain only the 
component that is relevant for θ(1). Let these 
recalculated MLE values of θ(1) be (1) (1) (1)

01 02 0M
ˆ ˆ ˆ, ,...,θ θ θ . 

(iii) Let (1) (1) (1)
0(1) 0(2) 0(M)

ˆ ˆ ˆ...θ ≤ θ ≤ ≤ θ  be the ordered values of 

(1)
0l

ˆ ,θ  1≤l≤M. 

 
Step 3 
(i) For testing (1) (1)

0 0H : =θ θ  against (1) (1)
A 0H : <θ θ  (if 

such an alternative is meaningful) at level α, define 
(1) (1)
L 0( M)

ˆ ˆ= .αθ θ  Reject H0 if .ˆ<ˆ
LMLE θθ   Alternatively, 

calculate the p-value as: 
 

.
)ˆ<

1=/)ˆ<s'ˆofnumber(=
)0(

ˆ(1=
)0(

MLEl

M

l
MLEl I

M
Mp

θ
θθ

θ
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(ii) To test (1) (1)

0 0H : =θ θ  against (1) (1)
A 0H : >θ θ  at 

significant level α, define (1) (1)
U 0((1 )M)

ˆ ˆ= .− αθ θ  Null 

hypothesis is rejected if .ˆ>ˆ
UMLE θθ  Alternatively, 

calculate the p-value as follows:  
 

.
)ˆ>

1=/)ˆ>s'ˆofnumber(=
)0(

ˆ(1=
)0(

MLEl

M

l
MLEl I

M
Mp
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(iii) To test (1) (1)

0 0H : =θ θ  against (1) (1)
A 0H :θ ≠ θ  define 

the cut-off points as (1) (1)
L 0(( /2)M)

ˆ ˆ= αθ θ  and 
(1) (1)
U 0((1 /2)M)

ˆ ˆ= .− αθ θ  Reject H0 if .ˆ<ˆ<ˆ
UMLEL θθθ  

Alternatively, the p-value is computed as follows: 

1 2p=2min(p,p ) , where  

 

Mp MLEl /)ˆ<s'ˆofnumber(= (1)(1)
)0(1 θθ  

Mp MLEl /)ˆ>s'ˆofnumber(= (1)(1)
)0(2 θθ . 

 
 

METHODS FOR TESTING MEAN 
IN LOG-NORMAL MODEL 

 
 Let X denote the random variable that follows a 
log-normal distribution with probability density 
function  
 

2
X 2

1 1
f (x)= exp( (lnx ) )

2x 2

−
− µ

σσ π
 

 

 The mean of X is 21
exp( )

2
µ + σ  and the variance of 

X is 2 2exp(2 )(exp( ) 1)µ + σ σ − . We  let  Y  denote the 
log-transformed, normally distributed variable Y = ln 
(X), that  has  mean  value  E(Y) = µ and variance 
Var(Y) = σ2. 
 Assume that Xi, i = l,…,n is a independent random 
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sample from log-normal population, i.e. Xi~log-normal  
 
(µ,σ2), where µ and σ2 are unknown. Based on the 
above independent samples, our interested test is  
 

0 0 A 0H : M = M vs. H : M (<or>)M≠  
 

where 21
M=exp( )

2
µ + σ . Note that the above test is 

equivalent to the following test: 
 
      (1) (1) (1) (1)

0 0 A 0H : = vs. H : (<or>)∗ ∗η η η ≠ η  (3.1) 
 

where (1) 21
= ,

2
η µ + σ  (1)

0 0=ln(M )η . Now, set 

i iY = ln(X ) , i = 1,…,n. Then Yi~N (µ,σ2). Let η(1) be a 

parameter  of  interest  and  let  the  nuisance parameter 
η2 = σ2. 
 Several methods for testing expression (3.1) have 
been proposed over the past decades. The methods 
include a naive method based on transformation; a 
method proposed by Cox; a modified version of the 
Cox method [10]; a method motivated by large-sample 
theory and a method based on generalized p-v alue [6]. 
According to simulation   results   the   modified  Cox 
and generalized p-value are better than other methods. 
Therefore, we consider these two methods and compare 
them with our proposed CAT-MLE. 
 In the following sub-section, we briefly, explain 
these methods. 
 
Modified cox method: Denote the sample mean and 
sample variance of Y with Y  and 2

uS , respectively, 

where  
 

n n
2 2

i u i
i = 1 i = 1

1 1
Y = Y S = (Y Y )

n n 1
−

−∑ ∑  

 

 An estimation for η(1) is (1) 2
u

1
= Y S

2
η +(  and an 

estimation for the variance of (1)η
(

 is given by  

 
(1) 2 4

u uˆVar( ) = S / n S /2(n 1)η + −(  

 
 Cox has suggested that a test statistic for 
hypothesis test (3.1) can be derive as  
 

2 4
(1) (1)

0

S S
Z = ( )/

n 2(n 1)
η − η +

−
(  

 
 The modified Cox method uses the t-student 

distribution  with  n-1  degree  of  freedom  (instead  of  
 
standard normal distribution applied in the Cox 
method), i. e, we reject 0H∗  if / 2 , n 1Z > tα − , where / 2 , n 1tα −  

is the upper α/2-level cut-off point tn-1-distribution. 
 
Generalized p-value: Generalized p-value can be used 
for inference about parameters when there is nuisance 
parameter. [6] suggested the following procedure for 
computing a generalized p-value for the log-normal 
mean;  For   a  given  data   set  x1,…,xn  set  y i = ln(xi), 
i = 1,…,n  and  calculate  y   and  2

us  from the data. For 

j = 1 to m,  
 
1) generate Z~N(0,1) and 2 2

(n 1)U .−~ X  Set 
 

2 2
j u uT = y n 1s Z / U n (n 1)s /2U− − + −  

 

2) let Ij = 1 if (1)
j 0T > ,η  otherwise Ij = 0. Set 

m

m j
j=1

1p = I ,
m∑  then m m2min{p ,1 p }−  is a Monte Carlo 

estimate of the generalized p-value for testing 
(3.1). 

 
The CAT-MLE for mean: The following stages give 
testing of log-normal mean based on CAT-MLE. 
 
Stage 1: Get the MLEs of the parameters as 

(1) 2
b= Y S / 2η +% , (2) 2

b= Sη% , where  

 
n n

2 2
i b i

i=1 i=1

1Y = Y / n , S = (Y Y)
n

−∑ ∑  

 
Stage 2: (i) Assume that 0H∗  is true, i.e., (1) (1)

0= .η η  

Then (1) (2) (2)
i 0

1
Y N( , )

2
η − η η~ , where η(2) is unknown. 

The MLEs of the parameter η(2) = σ2 which are called 
the `restricted MLE' is  
 

n
(2) (1) 2
RML i 0

i=1

1
= 2 2 1 (y )

n
η − + + − η∑%  

 
(ii) Generate artificial sample Y1,…,Yn i.i.d. from 

(1) (2) (2)
0 RML RML

1
N( , )

2
η − η η% %  a large number of times (say, 

M times). For each of these replicated samp les, 
recalculated the MLE of η(1). Let these recalculated 
MLE values of η(1) be  
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(1) 2 (1) (1) (1)
0l l bl 01 02 0M

1
= Y S ( , ,..., )

2
η + η η η% % % %  

 
(iii) Let (1) (1) (1)

0(1) 0(2) 0(M)...η ≤ η ≤ ≤ η% % %  be the ordered values of 
(1)
0l ,η%  1≤l≤M. 

 
Stage 3 
(i) For testing (1) (1)

0 0H : =η η  against (1) (1)
A 0H : <η η  (if 

such an alternative is meaningful) at level α, define 
(1) (1)
L 0( M )= .αη η% %  Reject H0 if (1) (1)

L< .η η% %  Alternatively, 

calculate the p-value as: 
M

(1) (1)
0(l) (1) (1)( 0(l)l=1

1p=(numberof 's < ) / M = I < )M η
η η η∑ %
% % %  

(ii) For testing (1) (1)
0 0H : =η η  against (1) (1)

A 0H : >η η  at 

level α, define (1) (1)
U 0((1 )M)= .−αη η% %  Reject H0 if 

(1) (1)
ML U> .η η% %  Alternatively, calculate the p-value as:  

M
(1) (1)
0(l) (1) (1)( 0(l)l=1

1p=(numberof 's > ) / M = I > )M η
η η η∑ %
% % %  

(iii) For testing (1) (1)
0 0H : =η η  against (1) (1)

A 0H :η ≠ η  

define   the   cut-off   points  as  (1) (1)
L 0(( /2)M)= αη η% %    and  

 (1) (1)
U 0((1 /2)M)= .−αη η% %  Reject H0 if (1) (1) (1)

L U< < .η η η% % %  

Alternatively, the p-value is computed as: p = 2min 
(p1, p2), where  

(1) (1)
1 0(l)p=(numberof 's< ) /Mη η% %  

(1) (1)
2 0(l)p =(numberof 's> ) / Mη η% %  

 
 The size and power computation for test 

(1) (1) (1) (1)
0 0 A 0H : = vs.H : ,∗ ∗η η η ≠ η  log-normal is done 

through the following stages. 
 
1) For fixed n, η(1) and η(2), generate i.i.d. 

observations of size from (1) (2) (2)1
N( , )

2
η − η η , where 

(1) 21
=

2
η µ + σ , (2) 2= .η σ  

2) Get (1)ˆMLEη  and .ˆ (2)
MLEη  

3) Set (1) (1)
0=η η  ( 0H∗  value) and get the restricted 

MLE of η(2) as (2)ˆRMLEη . 

4) Now generate (l) ( l ) (l)
1 nY = ( Y ,...,Y )  i.i.d. from 

)ˆ,ˆ
2
1

( (2)(2)(1)
0 RMLERMLEN ηηη − , l = 1,…,M. Retain 

only the MLE values of η(1) be (1) (1) (1)
01 02 0Mˆ ˆ ˆ, ,...,η η η . 

Order these MLE values of η(1) as (1) (1) (1)
0(1) 0(2) 0(M)ˆ ˆ ˆ, ,..., .η η η  

Get (1) (1)
L 0( M )ˆ ˆ= αη η  and (1) (1)

U 0((1 )M)ˆ ˆ= −αη η  (these are the 

lower and upper α % cut-off points). 
5) Now bring the (1)ˆMLEη  from the above stage 2 and 

get ).ˆˆˆ(1= (1)(1)(1)
UMLELII ηηη ≤≤−  

6) Repeat the above stage 1 through stage 5 a large 
number  of  times  (say, N times) and get the I 

values as I1, I2,…,IN. Finally, the power is 
approximated by  

 
N

CAT i
i=1

1= I
N

β ∑  

 
Real data example: The data in Table 3.1 are 10 
subjects of a drug product with a long half-life. Initial 
investigations of these data and of other similar 
datasets, indicate that a log-normal model may be 
appropriate. 
 The p-values for Modified Cox method, 
generalized   p-value   method and the CAT-MLE  
method, for testing (1)

0H : = 3η  vs (1)
1H : 3η ≠  are 

0.0328, 0.009 and 0.0326, respectively. Therefore, the  
three methods  do  not reject H0. 
 
Table 3.1. Ten subjects of a drug products.  

Data 951.46 436.16 401.42 430.95 363.94 

Data 821.39 557.24 614.62 1371.97       732.89 

 
Numerical results for size and power comparison: 
We  compare  the  performance  of  our  proposed 
CAT-MLE with two methods--the modified Cox 
method and  the  generalized  p-value  method--in  
terms  of size and power. The 
 
Table 3.2: The actual size of tests when the nominal level is 0.05 

(µ,σ2)  Test  10 15 20 25 

(0,10) βMC 0.088 0.076 0.067 0.066 
  βGP 0.052 0.048 0.05 0.052 
  βCMLE 0.041 0.042 0.045 0.049 

(0.5,9) βMC 0.083 0.074 0.069 0.067 
  βGP 0.054 0.054 0.051 0.053 
  βCMLE 0.041 0.047 0.045 0.050 

(1,8) βMC 0.079 0.071 0.063 0.062 
  βGP 0.051 0.047 0.052 0.053 
  βCMLE 0.038 0.040 0.047 0.049 

(2,6) βMC 0.067 0.066 0.055 0.055 
  βGP 0.052 0.050 0.054 0.051 
  βCMLE 0.039 0.041 0.048 0.045 

(µ,σ2)  Test  30 50 100 200 

(0,10) βMC 0.059 0.054 0.053 0.051 
  βGP 0.049 0.051 0.051 0.047 

  βCMLE 0.046 0.044 0.048 0.049 
(0.5,9) βMC 0.061 0.055 0.053 0.051 
  βGP 0.053 0.049 0.049 0.049 

  βCMLE 0.048 0.047 0.046 0.049 
(1,8) βMC 0.058 0.053 0.052 0.051 
  βGP 0.048 0.048 0.052 0.049 

  βCMLE 0.046 0.045 0.048 0.050 
(2,6) βMC 0.056 0.049 0.051 0.053 
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  βGP 0.051 0.052 0.048 0.051 
  βCMLE 0.047 0.050 0.049 0.048 

 
powers of our proposed CAT-MLE (CMLE), the 
generalized p-value (GP) and the modified Cox (MC) 
are denoted by βCMLE, βGP and βMC respectively. 
 For  this  purpose we generated samples with sizes 
n = 10,  15,  20,  25,30, 50, 100, 200 from a  log-normal 
 
Table 3.3: The power of tests when the nominal level is 0.05 with η(1) 

=5.5 

(µ,σ2)  Test  10 15 20 25 

(0,11) βMC 0.057 0.043 0.037 0.034 

  βGP 0.074 0.077 0.087 0.096 

  βCMLE 0.076 0.079 0.088 0.098 

(0.5,10) βMC 0.053 0.042 0.032 0.030 

  βGP 0.079 0.085 0.097 0.104 

  βCMLE 0.075 0.085 0.098 0.106 

(1,9) βMC 0.046 0.035 0.029 0.030 

  βGP 0.094 0.103 0.111 0.123 

  βCMLE 0.093 0.105 0.115 0.126 

(2,7) βMC 0.028 0.025 0.038 0.062 

  βGP 0.137 0.161 0.190 0.218 

  βCMLE 0.135 0.165 0.193 0.220 

(µ,σ2)  Test  30 50 100 200 

(0,11) βMC 0.032 0.04 0.093 0.200 

  βGP 0.098 0.123 0.174 0.282 

  βCMLE 0.097 0.121 0.175 0.287 

(0.5,10) βMC 0.033 0.051 0.117 0.262 

  βGP 0.107 0.142 0.214 0.357 

  βCMLE 0.107 0.143 0.220 0.370 

(1,9) βMC 0.035 0.066 0.162 0.365 

  βGP 0.135 0.175 0.275 0.467 

  βCMLE 0.138 0.176 0.278 0.470 

(2,7) βMC 0.079 0.176 0.416 0.758 

  βGP 0.233 0.337 0.547 0.816 

  βCMLE 0.239 0.341 0.552 0.818 

 
distribution with parameters µ = 0.0, 0.5, 1.0, 2.0 and 

2 (1)=2( ).σ η − µ  5,000 replication were used. We 
consider the test 5=: (1)

0 ηH  vs  5: (1)
1 ≠ηH . The 

actual size of tests are given in Table 3.2 and the power 
of tests for η(1) = 5.5, 6.0 are given in Table 3.3 and 3.4, 
respectively. 
 It can be observed from the below tables that the 
actual size of test of CAT-MLE method is always less 
than the nominal level, however, this can not be happen 
in the other methods. In the generalized p-value method 
the actual size are as good as  the  CAT-MLE method,  

but the actual sizes of this method are more than the 
nominal level in somecases. 
 
Table 3.4: The  power of  tests  when  the  nominal  level  is  0.05 

with η(1) =6.0 

(µ,σ2) Test  10 15 20 25 

(0,12) βMC 0.039 0.024 0.026 0.031 
  βGP 0.116 0.133 0.154 0.179 
  βCMLE 0.121 0.135 0.155 0.178 

(0.5,11) βMC 0.034 0.020 0.025 0.039 
  βGP 0.134 0.154 0.183 0.217 
  βCMLE 0.135 0.157 0.190 0.220 

(1,10) βMC 0.027 0.018 0.029 0.053 
  βGP 0.158 0.189 0.226 0.266 
  βCMLE 0.160 0.195 0.231 0.274 

(2,8) βMC 0.021 0.044 0.094 0.166 
  βGP 0.258 0.332 0.386 0.456 
  βCMLE 0.263 0.337 0.391 0.451 

µ  Test  30 50 100 200 

(0,12) βMC 0.039 0.107 0.290 0.620 
  βGP 0.195 0.270 0.446 0.715 

  βCMLE 0.195 0.275 0.450 0.720 
(0.5,11) βMC 0.051 0.145 0.383 0.740 
  βGP 0.233 0.327 0.539 0.815 

  βCMLE 0.233 0.332 0.546 0.819 
(1,10) βMC 0.078 0.208 0.517 0.859 
  βGP 0.290 0.413 0.658 0.905 

  βCMLE 0.310 0.420 0.670 0.910 
(2,8) βMC 0.242 0.494 0.867 0.994 
  βGP 0.508 0.692 0.922 0.997 

  βCMLE 0.513 0.696 0.931 0.999 
 
The modified Cox method are very liberal. Moreover, 
in all methods, the actual size will be closer to the 
nominal level, as the sample size increases. Also, 
according to the Table 3.3 and 3.4, we see that the 
power of test in our method is better than the two 
accepted tests. 
 

CONCLUSION 
 
 In this study, we applied a new numerical method, 
CAT-MLE, for testing the mean of log-normal 
distribution based on the maximum likelihood 
estimation.  We observed, based on the  simulated data 
and real data. The results shows that the  CAT-MLE 
has superiority to the modified Cox method and 
generalized p-value method in terms of the test power 
behavior and the test significant level. The CAT-MLE 
does not require the sampling distribution and 
population distribution formulation. 
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