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Abstract: In this paper, a new method based on neural network has been developed for numerical
simulation of fuzzy nonlinear equations. The fuzzy quantities are presented in parametric form. Some
numerical illustrations are given to show the efficiency of the neural network method.
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INTRODUCTION

Fuzzy set theory is considered as a suitable setting
in order to take vagueness of real world problems into
considerations. Operating with fuzzy dependencies
among fuzzy data is a challenging problem, because it
requires special arithmetic and a powerful optimization
technique. The concept of fuzzy numbers and
arithmetic operation with these numbers were first
introduced and investigated by Zadeh [1]. One of the
major applications of fuzzy number arithmetic is
nonlinear equations whose parameters are all or
partially represented by fuzzy numbers [2-5] Standard
analytical techniques like Buckley and Qu method [6-9]
can not be suitable for equations such as

5 4 3 2ax bx cx dx ex f y+ + + + + =

x sin(x) y− =

Where x, a, b, c, d, e, f and g are fuzzy numbers [5]. 
In this paper we consider a neural network for
simulating of fuzzy nonlinear equations. An interesting
theorem   that   sheds   some   light  on  the  capabilities 
of  multilayer  networks  was  proven  by Kolmogorov
and  is  described  in  [10]. This  theorem states that
only continuous function of N variables can be
computed using only linear summations and nonlinear
but continuously increasing function of only one
variable.

Simulation of fuzzy nonlinear equations implies
the training of a Neural Network that calculates the
solution values at any point in the solution space,
including those not considered during the Neural
Network training. In this sense, the unsupervised

Neural Network learns to solve the nonlinear fuzzy
equation analytically. Because the correct form of the
nonlinear fuzzy equation solutions is unknown
beforehand, the convenient supervised algorithm for
training the neural network can not be applied here, so
we propose a new modified algorithm to train the
neural network. The feedforward neural network is
trained in an unsupervised manner using an energy
(error) function that is derived from the nonlinear fuzzy 
equation itself. The proper choice of the energy
function is crucial in training the Neural Network to
learn the analytical properties of the solution. The
solution of the fuzzy nonlinear equations in terms of
Neural Network possesses several interesting features
such as:

• Neural Networks learns to solve the fuzzy
nonlinear equations analytically.

• Small number of parameters.
• Computational complexity does not increase

quickly with number of sampling points.
• Rapid calculation of the solution values.
• Implementation ability on existing specialized

hardware (neuroprocessor), a fact that will result in 
a significant computational speedup.

The paper is organized as follows, First,we recall
some fundamental results of fuzzy numbers, then we
propose neural network method for simulating fuzzy
nonlinear equations. Finally, we illustrate some
examples and conclusions about the method.

Preliminaries
Definition 1: A fuzzy number is a fuzzy set like u:
ℜ→I = [0,1] which satisfies [1, 5, 11, 12]: 
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1. u is upper semi-continuous,
2. u(x)=0 outside some interval [c,d],
3. There are real numbers a,b such that c≤a≤b≤d and

3.1. u(x) is monotonic increasing on [c,a],
3.2. u(x) is monotonic decreasing on [b,d],
3.3. u(x)=1, a≤x≤b.

An equivalent parametric is also given in [13] as
follows.

Definition 2: A fuzzy number u in parametric form is a 
pair (u , u ) of functions u (r), u(r),0 r 1≤ ≤  which
satisfies the following requirements:
1. u (r) is a bounded monotonic increasing left

continuous function.
2. u(r)  is a bounded monotonic decreasing left

continuous function.
3. u (r), u(r),0 r 1≤ ≤ .

Remark: A crisp number α is simply represented by: 

u (r) u(r) , 0 r 1= = α ≤ ≤ .

A popular fuzzy number is the triangular fuzzy
number u = (α,c,β), with the membership function 

xu(x) , x c
c
−α

= α ≤ ≤
− α

,

xu(x) , c x
c
−β

= ≤ ≤ β
−β

,

Where, c≠α, c≠β and therefore u(r) (c )r ,= α + − α

u(r) (c )r= β + −β .

Let TF(ℜ) be the set of all triangular fuzzy
numbers. The addition and scalar multiplication of
fuzzy numbers are defined by the extension principle
and can be equivalently represented as follows.

For arbitrary u (u,u),v (v, v)= = and k>0, we
defined addition (u+v) and multiplication by real
number k>0 as

(u v)(r) u(r) v(r) , (u v)(r) u(r) v(r) ,

(ku)(r) ku(r) , (ku)(r) ku(r)

+ = + + = +

= =

ILLUSTRATION OF THE METHOD

A general structure of feedforward neural network
is shown in Fig. 1. The feedforward neural networks are 
the most popular architectures due to their structural
flexibility, good representational capabilities and
availability of a large number of training algorithm [9].
This network consists of neurons arranged in layers
which every neuron in a layer is connected to all
neurons  of  next  layer  (a fully connected network).
The  neurons  in  the  input  layer  simply  store the
input values. The hidden layers and output layer
neurons each carry out two calculations. First they
multiply all inputs and a bias (equal to a constant value 
of 1) by a weight and then they sum the result
representing input net of a neuron 'O' and then the
output of neurons 'a' calculated as a function (named
activation function) of 'O'.The choice of activation
function depends on application of the network but the
sigmoid function is normally being used. The
mathematical formulas for a neuron are:
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Fig. 1: An N-layer feedforward neural network
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Where a0=x is an n0-dimensional input vector, ak

and fk are the nk-dimensional output and the activation
function vector in the kth layer, respectively. The ωk and 
bk are:

k 1

k k k 1 k

k k k11 1n 1
k k

k k k
n 1 n n n

w w b
w , b

w w b

−

−

   
   
   = =
   

     



 



We feed the network with input data propagating
into the output and the activation function vectors in the 
network from input layer to output layer. This state of
the network is called relax state. In the train state of the 
network, the adjustable parameters of the networks
(weights and biases) are tuned by a proper learning
algorithm to minimize the energy function of the
network. We train the network via the Gradient-descend
backpropagation method [9] with the nonnegative
energy function. Gradient descent method has a number 
of advantages over other optimization techniques such
as conjugate gradient method (CGM) and limited-
Memory quasi-Newton Algorithm (LMNA) which
consider the Jacobin matrix (JM) and the Hessian
matrix(HM), respectively. HM contains second-order
partial derivatives of the error surface with respect to
the weights, while JM(or Gradient vector) contains the
first-order partial derivatives. Empirical studies have
shown that both HM and JM are almost rank-deficient
when used in multilayer perceptron Neural Network
due to the intrinsically ill-conditioned nature of the
Neural Network training problem [10]. Higher-order
methods may not converge faster and the computations
of HM and JM and their corresponding inverse are also 
computationally expensive. Both LMNA and CGM also 
involves calculation of the inverse of HM and JM
respectively.HM and JM are not always guaranteed to
be non-singular and therefore their inverse may be
uncomputable. According to the Gradient descend
algorithm the changes of the weights and bias, ∆wk, ∆bk

through the minimization of the energy function (E)
with respect to the weights wk, and bias, bk, are:

k k
k k

E Ew , b
w b
∂ ∂

∆ = −η ∆ = −η
∂ ∂

(2)

Where, η is learning rate. The value of the learning 
rate is adaptively varied from 0 to 1 according to the
following rule [9]:

1. Increases when the gradient of E with respect to a
particular weight does not change algebraic sign
after    several   (in   our   case,   four)   consecutive 

iterations that enhances the search for the minimum 
error surface.

2. Increases when the gradient of E change algebraic
sign after four consecutive iteration in the search
space, and that prevents unnecessary oscillations.

3. Otherwise, the η value remains the same. The rate
is adaptively varied to account for the change of
the error surface along different regions of single-
weight dimension [11,12]. When the gradient of
the error (energy), E, with respect to the linear
output Ok in the kth Layer is defined as [13].

k
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Where, k k k 1 k
j j j ko w a b (j 1,2,...,n )−= + =  and

k kT kT kT T
1 2 nkw [w w ...w ]= .

The recurrence relation of the gradient can be
obtained by:
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Fig. 2:The flowchart for main process and its train

subroutine

This recurrence relation is initialized at the final layer

n n n
n n

o o aE a Eδ = ∇ = ∇ ∇ (6)

In brief, we follow these steps to train the network: 
Step 1. Generate training data set.
Step 2. Initialize weights and bias.
Step 3. Present randomly sampled data.
Step 4. Calculate energy function with respect to

present values of parameters.
Step 5. Adapt the parameters.

Step 6. Repeat by going to step 3 until the desired
minimum energy has been reached.

The flowchart for main process and its train
subroutine is shown in Fig. 2. Once the network is
trained for a specific equation with its boundary and
initial conditions, the solution of the equation for a
desired input is obtained at just one cycle of relax state 
of the network.

IMPLEMENTATION OF THE METHOD

The purpose is to obtain a solution for fuzzy
nonlinear equation F(x)=0, with following parametric
form

F(x,x,r) 0, r [0,1]= ∀ ∈ ,

F(x,x,r) 0, r [0,1]= ∀ ∈ ,

A three-layer feedforward neural network is chosen, 
consisting of one input unit which represents the
membership function, r, H hidden units, and two output 
units that represent u(r)  and u(r) . We use sigmoid
functions for hidden layer neurons and linear function
for output neurons. The accuracy of neural network
solutions, depends on how close the energy function is
reduces to zero during training. We choose an energy
function of the form 

2 2E(x,x) [F(x,x,r)] [F(x,x,r)]= +  for all 0 r 1≤ ≤ .

The  energy  function is  chosen  such  that  E is
zero  if  and  only  if the  terms  in  the right-hand side 
of the equation are all identically equal to zero. To
achieve an accurate solution for outputs u(r)  and u(r) ,
training  must  reduce E,  to  a  value  that  is  as  close 
as possible to zero. Our training set consists of 3×510

points in the following range 0≤r≤1. The trained
network  generalizes  solution  values  including  points 
those  not  considered  during training state to the
solution curves. The accuracy can be controlled
efficiently by varying the number of hidden layer
neurons. By trial and error, we found that the most
trainable  three-layer  architecture  is  one  with  32
hidden nodes (H = 32).

The examples that illustrate the solution of fuzzy
nonlinear equation by neural network are presented.

Problem 1: Consider the fuzzy nonlinear equation [6]

2(3,4,5)x (1,2,3)x (1,2,3)+ =
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Fig. 3:Solution of problem 1 by feedforward neural
network

Fig. 4:Solution of problem 2 by feedforward neural
network

Without any loss of generality, assume that x is
positive, then the parametric form of this equation is as 
follows:

2(3 r)x (r) (1 r)x(r) (1 r)+ + + = + ,

2(5 r)x (r) (3 r)x(r) (3 r)− + − = − ,

Then

2(3 r)x (r) (1 r)x(r) (1 r) 0+ + + − + = ,

2(5 r)x (r) (3 r)x(r) (3 r) 0− + − − − = ,

The solution is obtained with maximum error less
than 10−6. More details are shown in Fig. 3.

Problem 2: Consider the fuzzy nonlinear equation [6].

3 2(1,2,3)x (2,3,4)x (3,4,5) (5,8,13)+ + =

Without any loss of generality, assume that x is
positive, then the parametric form of this equation is as
follows:

3 2(1 r)x (r) (2 r)x (r) (3 r) (5 3r)+ + + + + = + ,

3 2(3 r)x (r) (4 r)x (r) (5 r) (13 5r)− + − + − = − ,

Then

3 2(1 r)x (r) (2 r)x (r) (2 2r) 0+ + + − + = ,

3 2(3 r)x (r) (4 r)x (r) (8 4r) 0− + − − − = ,

The solution is obtained with maximum error less
than 10−6. More details are shown in Fig. 4.

CONCLUSION

In this paper, a new method based on feedforward
neural networks has been developed for numerical
simulation of fuzzy nonlinear equations.The fuzzy
nonlinear equations were presented in parametric form
and then solved by neural network. Some numerical
illustration were given to show the efficiency of the
neural network method.
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